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Preface

This volume contains the Proceedings of the Fifth Seminar on Stochastic Analysis,
Random Fields and Applications, which took place at the Centro Stefano Franscini
(Monte Verita) in Ascona (Ticino), Switzerland, from May 30 to June 3, 2005. All
papers in this volume have been refereed.

The previous four editions of this conference occured in 1993, 1996, 1999
and 2002. This Seminar focused on fundamental aspects of stochastic analysis,
such as stochastic partial differential equations (spde’s) and random fields, but
also emphasized applications to fields such as biostochastics, stochastic turbulence
and, as in the previous editions, financial mathematics, which was the subject of
the Fifth Minisymposium on Stochastic Methods in Financial Models.

One of the traditional topics of the Seminar, where a significant part of the
organizers’ research activity is located, is the area of stochastic partial differential
equations and more generally infinite-dimensional diffusions. The state of the art
of a large part of this subject was presented in several lectures that covered porous
media equations, well-posedness for degenerate equations, pathwise integral meth-
ods, Navier-Stokes equations, and numerical schemes for spde’s. In particular, the
study of the equations which are related to fluid mechanics presents many chal-
lenging open questions. Within the broad area of random fields, in addition to
the study of spde’s, there is much activity concerning random media in discrete
and continuous environments. One typical example of such a model is a system
of stochastic differential equations where the drift is a random (and very often an
irregular) field.

Among the areas of application we mentioned, research in biostochastics is
developing in several separate directions. This conference covered: neuroscience,
in which time series and dynamical systems, but also Gaussian random fields, are
important tools; genomic analysis, which makes strong use of tools from probabil-
ity theory such as hidden Markov chains; and adaptive population evolution, which
naturally involves spde’s and measure-valued processes.

As mentioned above, several talks were devoted to turbulence. In particular,
recent investigations in partial differential equations such as Burgers, Euler and
Navier-Stokes equations with stochastic perturbations were presented. As in the
volume devoted to the Seminar of 2002, pathwise stochastic methods have also
been implemented in several vortex filament models.

Concerning financial mathematics, an intense area of activity concerns ran-
dom volatility models: different types of mean reverting processes, which are Mar-
kovian or have long memory, are used to describe the evolution of volatility. An-
other development makes use of statistical non-parametric estimates of the volatil-
ity process to filter market microstructure contaminations. Further research in
this broad field is directed towards the valuation of volatility derivatives. Infinite-
dimensional stochastic analysis (Dirichlet forms and Malliavin calculus) are used
here for sensitivity analysis and for market stability indicators.



x Preface

Two important topics, which were beginning to emerge during the previous
edition of this conference, received special attention:

e Energy and other commodity markets. The continuing worldwide process of
electricity market deregulation has turned the analysis of the structure of elec-
tricity prices into a topic of central importance. Electricity is different from
other commodities due to its non storable nature. In this context, infinite-
dimensional tools borrowed from the analysis of the term structure of interest
rates appear, as well as Lévy processes in order to take into account price
peeks.

e Detection of insider trading. This remains a challenging subject because of
the problems caused by defaults of large companies, which are not anticipated
by rating agencies. At the mathematical level, enlargement of filtration tech-
niques and forward stochastic integrals, but also game theory approaches, are
used to analyse the asymmetric behaviour of agents.

The Minisymposium on Stochastic Methods in Financial Models took place
on June 2 and 3. As in other editions of these Ascona conferences, one afternoon
was devoted to interactions between practitioners and the academic community.
In the first part of the afternoon, talks by Marek Musiela (BNP Paribas), Franco
Moriconi (Universita di Perugia) and Hélyette Geman (Essec and Paris Dauphine)
were featured. The afternoon concluded with two conferences coorganized with the
“Dipartimento dell’ Economia e delle Finanze” of Ticino, both devoted to energy
markets. The session was opened by Paolo Rossi (Director of the “Azienda Elet-
trica Ticinese”) whose presentation was titled “Energy markets: the increasing
need for analyzing data”: it described the current state of the electricity market in
Switzerland. This was followed by the lecture of Prof. René Carmona (Princeton
University) whose title was “Energy trading: new challenges in financial mathe-
matics”.

Significant financial support for this meeting was provided by the Fonds Na-
tional Suisse pour la Recherche Scientifique (Berne), the Centro Stefano Franscini
(ETH Ziirich), and the Ecole Polytechnique Fédérale de Lausanne (EPFL). We
take this opportunity to thank these institutions.

Robert C. Dalang, Marco Dozzi and Francesco Russo
May 2007
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Detection of Dynamical Systems from Noisy
Multivariate Time Series

Yoshiyuki Asai and Alessandro E.P. Villa

Abstract. Experimental observations of physical, social, or economical sys-
tems may often be reduced to multivariate time series. The observed time
series may be investigated as random processes or realizations of stochastic
dynamical systems. Studies of natural phenomena should consider that the
time series are affected by a random noise such that some realizations of the
underlying dynamical system are missed by the observer and some observa-
tions correspond to the realizations of a stochastic process associated to the
method of measurement. Within this framework we consider discrete time
series derived from mappings by the iterations of one observable, typically
one of the system’s coordinates. The time series were altered by several levels
of noise and we show that a pattern detection algorithm was able to detect
temporal patterns of events that repeated more frequently than expected by
chance. These patterns were related to the generating attractors and were
robust with respect to the appearance of spurious points due to the noise. On
the basis of this result we propose a filtering procedure aimed at decreasing
the amount of noisy events in time series.

Mathematics Subject Classification (2000). 62M45.

Keywords. Multivariate time series, pattern detection algorithm, dynamical
systems.

1. Introduction

Discrete time series can represent the occurrences of either a deterministic or a
random process. Dynamical system theory provides powerful techniques to assess
whether a set of equations (in a suitable embedding space) underlies the dynam-
ics [1, 8, 9, 12, 13, 18, 21, 23, 24]. Beside the characterization of the embedding
space, nonlinear time series analysis can determine topological and metric invari-
ants [17]. Physical, social, or economical systems may include deterministic pro-
cesses, but their observation is limited by the quality of the measurements. The
precision of the observation cannot be absolute. It appears that studies of natural
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phenomena should consider that the observed time series are affected by a random
noise such that some realizations are missed by the observer and some observations
are not associated to the dynamical system but correspond to the realizations of
a stochastic process that depends on the method of measurement. The possibility
to filter out the noisy components from the time series observed in nature may be
a clue to ascertain the deterministic feature of the underlying dynamical process
and to study the topological characteristics of the attractor.

The study of neural dynamics is particularly interesting to this respect [28].
In neurophysiological experiments the discrete time series are obtained from the
epochs of action potentials of nervous cells (i.e., spike trains ). Chaotic determinism
in the dynamics of spiking neural networks has been observed in experimental
data [7, 10, 19, 22, 23]. This behavior was theoretically predicted and is considered
as an important mechanism for representation of learned stimuli in large scale
distributed networks [6, 14]. The “synfire chain theory” [2, 3], based on topological
assumptions of diverging/converging feed-forward layers of neurons, suggests that
whenever the same process repeats in a cell assembly in the brain, the same spatio-
temporal firing patterns should appear. Synfire chains may exhibit structures in
which a group of neurons excite themselves and maintain elevated firing rates for a
long period. Let us note that the synfire chain theory emphasizes the importance
of precise timing of spikes (precise temporal coding), while theories of attractor
neural networks, generally speaking, do not require it (noisy rate coding).

In the present study we show that a particular pattern detection algorithm
developed for the study of temporal activity in electrophysiological recordings [26,
29] is particularly well suited to detect deterministic dynamics in the presence of
noise. Starting from mathematically defined mappings such as Hénon, Zaslavskii
and Ikeda maps, the algorithm was able to detect temporal patterns of events
that repeated more frequently than expected by chance even in presence of an
increasing level of observational noise (some points were deleted at random and
an equal number of points added at random). The points belonging to all detected
patterns were merged together in order to form a reconstructed time series. The
reconstructed time series represented a significant fraction of the original points
and is related to the generating attractors. On the basis of this result we propose a
filtering procedure aimed at decreasing the amount of noisy events in time series.

2. Methods
2.1. Mappings

Below is a list of dissipative mappings that were anlayzed in the present study.
Hénon mapping (2—-dimensional)
It is defined by the equations

Tnt+1 = _ax% +yn + 1,
Yn+1 = bxnv
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z,y € R, a,beR. Let g = 0.6, yo = 0.19 be the initial conditions with parameters

a=1.6and b=0.1.

Zaslavskii map

It is defined by the equations

Tnt1 = Tn + (1 + pyn) + evp cos T, (mod. 2m)
Ynt1 =€ V(yn + £cOSTy) ,

where z, y € R, the parameters are real numbers with p = l’f;_w, v = % -100. The
initial conditions were set to zg = 0.3 and yo = 0.3.

Ikeda map

Let o )
Zn+1 = p+ Bz, gth—ie/(+]znl") (2.1)

)

where z € C and p, B, k, a € R. We rewrite Eq. (2.1) in its real form as
Tn+1 :p—‘y—BCOS(k- m) e —Bsm(k‘— m) Yny
Yn+1 = B cos (k— m) Yn + Bsin (k— m T

We take p = 1.0, B = 0.9,k = 0.4 and o = 6.0. The initial conditions were set to
xo = 0.3 and yo = 0.3.

2.2. Time series

For each mapping described above a new time series {W,,} was derived by taking
the difference between two consecutive values of the {X,} series and adding a
constant K such that w, > 0, w, = xp4+1 — 2, + K. In order to have data with
comparable timing dynamics found in usual neurophysiological experiments, the
time series generated from the mapping were scaled in order to have, on average, a
base frequency of 3 events/sec (i.e., 3 spikes/s for neuophysiological data). This
means that each point in the time series corresponded to an event in time observed
with a 1 ms resolution. Ten thousand points (N = 10,000) were generated in each
series.

The observational noise was simulated by inclusion and deletion of points in
the time series and by adding a jitter. Three levels of observational noise were
considered: 10%, 20% and 30%. The procedure to generate a noisy time series,
given an original 10,000 points time series was the following. Firstly, the list of
points to be deleted was determined by chance assuming an uniform distribution
and the given level of noise. In the case of 20% observational noise 20% of the
points belonging to the original time series {W,,}, which was derived according
to the mapping equations, were deleted at random. Then, the resulted time series
{W!} contained 0.8 x N points. Secondly, each remaining point w, belonging to
the series {W} } was shifted in time by a variable jitter AJ distributed uniformly
such that w! € [w' — AJ,w’ + AJ]. Thirdly, an amount of points, equal to the
amount of points that were deleted, was added to the time series {W)'} . The
added points were generated according to a uniform distribution on the actual
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interval and were inserted in the time series in such a way that an inserted point
could never overlap an existing point. If this overlap occurred, then the position of
insertion of the point in the time series was reselected at random. The procedure
ended when the number of added points was equal to the number of deleted points.
Then, the noisy time series {W,/"} contained exactly N points. Notice that this is
a symmetrical case of observational noise. We are currently studying the effect of
cases where the two types of noise follow different rates and different distributions.

2.3. Detection of temporal patterns

Temporal patterns of events were detected by applying the Pattern Grouping Al-
gorithm (PGA), designed to identify and evaluate the statistical significance of
temporal patterns of spikes formed by three or more different events with slight
differences in spike timing [26, 29]. The three adjustable parameters in PGA in-
clude the maximal duration of the pattern measured as a delay between the first
and the last spike in the sequence of spikes (i.e., the window duration), the level of
significance to be used for detection of significant groups, and the upper bound of
allowed jitter applied to all the groups. Fig. 1 illustrates the application of PGA
to a case study.

The main principles of the PGA algorithm can be outlined as follows. The al-
gorithm can search and cluster individual patterns which differ from each other by
a small jitter in spike timing of the order of few ms. The estimation of significance
of the detected patterns is done according to three different tests. The first test is
an extension of the Pattern Detection Algorithm, PDA [5], which does not rest on
the assumption that the spike trains behave like Poisson processes, but just on the
assumption that at any time instance ¢ the probability of getting one pre-specified
pattern is very low. However, such assumption is not valid for spikes occurring in
a burst that can be modeled by non-stationary Poisson processes with high firing
rate fluctuation. Two additional tests of significance, FPD, a modified version
of Favored Pattern Detection [11], and JTH, Joint Triplet Histogram [20] were
applied and only those patterns that passed the three tests were kept for further
analysis. The criteria used here for identifying the significant patterns were that
they included at least 3 events (triplets), within the same time series, repeated at
least 5 times within the time series, lasted less than 800 ms (window duration),
repeated with an accuracy of +5 ms and the significance level be at least 5%.

3. Results

In this section we illustrate in detail the reconstruction procedure for one specific
case. From this example it is easy to derive the procedure used for all mappings.
The case study is based on the detection of a pattern in the Zaslavskii map with
20% noise. Notice that the PGA algorithm detects a number of repetitive patterns
that depends on parameters such as the window duration and the jitter (see [25]
for a discussion of this point) and also on the type of mapping.



Detection of Dynamical Systems

Multivariate time series
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F1GURE 1. Outline of the general procedure followed by pat-
tern detection algorithms. a. Analysis of a set of simultaneously
recorded time series. Three variables, labeled cg, ¢1, and co, par-
ticipate to the multivariate time series. In this example three oc-
currences of a precise pattern are detected. Each occurrence of
the pattern has been labeled by a specific marker in order to help
the reader to identify the corresponding points. b. Estimation of
the statistical significance of the detected pattern. c. Display of
pattern occurrences as a raster plot aligned on the pattern start.
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The first step always consisted in analyzing the original time series {W,,},
without noise. In the specific case of the Zaslavskii map the PGA algorithm, with
window duration equal to 800 ms and jitter equal to 5 ms, found 153 signifi-
cant patterns formed by three points (¢riplets) and found 107 significant patterns
formed by four points (quadruplets). The set formed by these patterns is referred
to as the “original” set of patterns. Each pattern of the set appeared several times
in the analyzed series and the union of all points belonging to all repeating triplets
formed the “reconstructed” time series { R, }. A reconstructed time series is formed
by two sets of points. The first set, denoted R N W, is formed by the points that
belonged to the original time series and the second set, denoted Rg, is formed by
the spurious points, i.e., the points that were introduced by the noise. Among the
points of the first set it is important to distinguish the subset, denoted R N R,
which is formed by all points that were also observed in the reconstructed series
in the absence of noise from the subset, denoted Rp, which is formed by those
points that belong to the original time series W but that were not observed in
the reconstructed series without noise R°. From the logical calculus the subset
Rp is defined as R = (RN W) N —R°. Fig. 2 illustrates these sets of points. In
the case of Zaslavskii without noise, the reconstructed series, denoted by {R0%},
included 7148 points (= 71% of the original series). In the case of Zaslavskii with
noise level 20%, the PGA algorithm found 56 significant triplets and 17 significant
quadruplets. In this case, with a jitter &5 ms, we observed that more than one
third of the patterns found in the noisy file (triplets: n = 21/56, 38%; quadru-
plets: n = 6/17, 35%) belonged also to the original set of patterns. The remaining
patterns were found only in the noisy time series.

The general notation for a triplet is < cg, c1,co ; Aty, Aty > where ¢, ¢, C2
refer to the label of the variables of the time series in the case of multivariate time
series (Fig. 1). In the case of data from only one series all triplets are formed by
points from the same series and by default the notation is ¢ = ¢; = ¢ = #1. The
pattern start is set by definition at tgq+ = 0, Aty refers to the lag of the second
point from pattern start and Ats to the lag of the third point of the triplet.

Let us examine the case of one particular triplet found in both original and
noisy time series. The triplet denoted < 1,1, 1;444,625 > means that the second
point of the triplet occurs 444 ms after the first event and the third point 625 ms
from pattern start. The triplet < 1,1, 1;444,625 > occurred 131 times in the orig-
inal Zaslavskii time series (Fig. 3.a) and the triplet < 1,1, 1;445,625 > occurred
46 times in the time series with 20% noise level (Fig. 3.b). We assume that these
triplets represent the same fundamental event derived from the original dynamical
system. It is norteworthy that 33 out of 46 triplets observed in the noisy time
series were found both in the original and noisy set. This means that the noise
let appear 13 new triplets that were not observed previously. It is interesting to
notice the standard deviations of the occurrences of At; and Ats: in the pattern
< 1,1,1;444,625 > (original set) oas, = 1.8 ms and oas, = 3.8 ms; in the pattern
< 1,1,1; 445,625 > (noisy set) oay, = 2.7 ms and oay, = 4.3 ms. Notice that
additional patterns characterized by longer lags appear visually in both panels of
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Py
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Py
S

=

FIGURE 2. Sets of points referred in the time series. W: points
in the original time series; B: points in the noisy time series; R:
points in the reconstructed time series; R°: points in the recon-
structed time series in the absence of noise. See text for the other
definitions.

Fig. 3. Such patterns are missed by PGA either because of their occurrance for
window durations larger than the parameter used for pattern search (800 ms for
the window duration in this study) or because of their too large jitter (£5 ms in
this study).

The procedure described above was used iteratively and the absolute epochs
of the points that belonged to the triplets were recorded in order to form the
reconstructed time series. The return map determined by two consecutive inter-
events intervals can be used to plot the trajectory of the dynamical system, hence
to project the orbits of the attractors. The application of this technique to the
mappings of Hénon, Zaslavskii and Tkeda, with various levels of noise, is illustrated
at Fig. 4, Fig. 5 and Fig. 6, respectively. These figures show that the procedure is
effective in filtering much of the noise and can be considered a filtering procedure.
Table 1 gives some quantitative data on the efficiency of the filtering with respect
to the original reconstructed time series without noise.

In this table it is interesting to notice that even in presence of 30% noise level
the amount of points in the reconstructed time series always included a majority of
points that belonged to the original time series (in the range 78% for the Tkeda map
to 85% Hénon map). This result indicates that the usage of the PGA algorithm was
quiet robust with respect to the appearance of spurious points, which are totally
due to the added noise. In Table 1 it is of interest that even in the absence of noise it
may be difficult to reconstruct the original time series using the algorithm with the



10 Y. Asai and A.E.P. Villa

CZ temporal pattern <1,1,1; 444,625>

: ' A !

v 1

#1

I S I S e e e

6 % % time (ms)

444 625
b temporal pattern <1,1,1; 445,625>
#1 ,:::: ot | Yo )
0 N AN time (ms)
445 625

FiGURE 3. Raster display, aligned by displaying the first event
in the pattern at time 0, of the activity of a simulated neuron
whose dynamics was generated according to the Zaslavskii map-
ping without noise (see text for the initial conditions and parame-
ters values). a. The pattern repeated 131 times and was composed
of 3 events: an event at time 0, the second 444 ms later, and
the third event 625 ms later. The abscissa full scale is 2000 ms.
The triplet was detected with a fixed accuracy of 45 ms. b. The
triplet repeated 46 times and was detected within a time series
corresponding to the same dynamical system of panel a. with a
20% noise level.

selected parameters. Indeed, in the case of the Ikeda map only 38% of the original
points could be found by using PGA vs. 94% for the Hénon mapping. However,
the most counterintuitive result is that the noise may help to find patterns that
are not belonging to the reconstructed time series R°. In the case of Ikeda map
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Hénon original time series reconstructed time series
1000
800 4
without & 6% ! 5
noise % 4 /\ \l -
=
200 - 1 " : %, o
0] e i
noise £
level 10% %

3 .
noise
level 20% O

L
| _
noise &
level 30% _} o
N

0 200 400 600 800 1000 O 200 400 600 800 1000
wp [ms] wp [ms]

FIGURE 4. PGA based filtering procedure applied to the 2-
dimensional Hénon mapping. The left panels show the original
return maps with an increasing level of noise (from top to bot-
tom). The right panels show the corresponding return maps ob-
tained from the reconstructed time series.

11
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Zaslavskii original time series reconstructed time series

1000 | y - ' .

without
noise

noise
level 10%

noise
level 20%

noise
level 30%

wit1 [ms]

20 400 800 800 1000 O 200 400 600 800 1000
wp, [ms] wy, [ms]

FIGURE 5. PGA based filtering procedure applied to the Za-
slavskii mapping. The left panels show the original return maps
with an increasing level of noise (from top to bottom). The right

panels show the corresponding return maps obtained from the
reconstructed time series.
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Tkeda original time series reconstructed time series

without
noise

noise
level 10%

noise
level 20%

noise
level 30%

wit1 [ms]

ZDh 400 600 800 1000
wy, [ms]

FIGURE 6. PGA based filtering procedure applied to the Tkeda
mapping. The left panels show the original return maps with an
increasing level of noise (from top to bottom). The right panels

show the corresponding return maps obtained from the recon-
structed time series.
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Mapping Noise level Points in the reconstructed time series
RN RO Rp RNW Rs R
Hénon
0% 9427 0 9427 0 9427
10% 4625 168 4793 198 4991
20% 3228 207 3435 338 3773
30% 2294 120 2414 436 2850
Zaslavskii
0% 7148 0 7148 0 7148
10% 3460 524 3984 197 4181
20% 2324 523 2847 299 3146
30% 1619 329 1948 389 2337
Ikeda
0% 3859 0 3859 0 3859
10% 987 590 1577 108 1685
20% 477 423 900 179 1079
30% 309 267 576 164 740

TABLE 1. Reconstructed time series for various mappings and for
several noise levels. W: original time series; R: reconstructed time
series by PGA; R°: reconstructed time series by PGA without
noise; R N R°: points belonging to the original time series but
not included in the reconstructed time series without noise; Rp:
all points in the reconstructed time series that were part of the
original series but not included in R°; Rg: Spurious points that
belong to the reconstructed time series but did not belong to the
original series. See Fig. 2 for an illustration of the series.

with 30% of noise (last line of Table 1) about as many points (n = 267) of the
original series were not found in the reconstructed series without noise (n = 309).

4. Discussion

The current study has presented evidence that time series derived by deterministic
dynamics with chaotic attractors are able to produce patterns of events detectable
by the PGA algorithm [26, 29]. Another algorithm inspired by very similar ideas
has been presented recently [4] and should also be applied in order to validate fur-
ther our approach. In presence of noise the PGA algorithm was able to reconstruct
a time series which is mainly a subset of the original one. With noise levels as high
as 30% our approach let produce a time series with only 15% spurious points in
the case of the Hénon map and 22% of spurious points in the case of the Ikeda
map. In all cases the amount of spurious points was below the rate of noise. It
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is important to emphasize that our study was not aimed at finding the optimal
parameters of the PGA algorithm for the retrieval of the best reconstructed time
series. We have been using the algorithm with parameters very much akin to its
application in neurophysiological applications [27, 30]. We have demonstrated that
this algorithm may retrieve significant points imbedded in a noisy time series and
improve the quality of the data for subsequent study, e.g., by classical dynamical
system analytical methods, which is of considerable interest for specialists working
with practical application of time series analysis. To this aim we can foresee that
a search for the optimization of the best choice of the parameters of the algorithm
or the application of other algorithm aimed at detecting temporal patterns with
variable jitters can provide better results than those presented here. An additional
line of study would consist to investigate the effect of different types of noise on the
performance of the algorithm. In all cases we suggest that the application of PGA
offers as a valid filtering procedure to improve the study of dynamical systems
described by noisy data.

A remark of interest concerns the consequences of this study for the inter-
pretation of neural dynamics [28]. The observation of firing patterns in experi-
mental data has been considered as a strong evidence for the existence of “synfire
chains” [2, 3]. These structures are formed by diverging/converging feed-forward
layers of neurons such that the synchronous activity in one layer can propagate
the activity to the next layer with an extremely precise timing. The existence of
such structures in the brain has not been demonstrated by any anatomical studies
and remains an hypothesis given the experimental difficulty of such an investiga-
tion. Insofar the appearance of diverging/converging feed-forward structures has
been studied only in computational experiments aimed to simulate critical steps
in brain development [15, 16]. Our results show that the variance of the lags of
the events belonging to the temporal pattern tended to increase with the lag from
pattern start. A similar finding was observed in experimental studies aimed to
support the synfire chain hypothesis [20]. In our case the patterns were generated
by the dynamical system, in the absence of any synfire activity. This finding raises
the question whether significant patterns of spikes detected in neurophysiological
experimental data are due to the attractor behavior of neural networks dynamics
(a possibility suggested by this study) or if they are produced by synfire chains.
No final conclusion can be drawn from the data presented here but the current re-
sults support the hypothesis that spatio-temporal patterns of spikes and attractor
dynamics may represent two faces of the same coin, as suggested elsewhere [28].
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Abstract. We give a Bakry-Emery type criterion for self-interacting diffusions
on a compact manifold.
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Let M be a smooth compact connected Riemannian manifold without bound-
ary and V : M x M — R a smooth function. For every Borel probability measure p

on M let Vi : M — R denote the function defined by Vu(z) = / V(z,u)p(du),
M

and let V(V ) denote its gradient.
A self-interacting diffusion process associated to V' is a continuous-time sto-
chastic process { X; } which is a solution on M to the stochastic differential equation

1
dXt = th(Xt) - §V(V,th)(Xt)dt, XO =€ M7

where (WW;) is a Brownian vector field on M, and u; = % fot 0x.ds is the empirical
occupation measure of {X;}.
This type of process with reinforcement was introduced in [2] and further

studied in [3], [4], with the ultimate goal to:

(a) provide tools allowing us to analyze the long term behavior of {u:},

(b) understand the relations connecting this behavior to the nature of V, and,

(c) the geometry of M.
Let P(M) denote the space of Borel probability measures over M, A the Riemann-
ian probability on M and P.q(M) C P(M) the set of measures having a continuous
density with respect to . Let Xy be the vector field defined on P.q(M) by

Xv(p) = —p+ My (1)

We acknowledge financial support from the Swiss National Science Foundation grant 200021-
1036251/1.
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where
dlly (1) e Vr

dx S e~ VW \(dy)
Point (a) was mainly addressed in [2] where it was shown that the asymptotic be-
havior of {4} can be precisely® described in terms of the deterministic dynamical
system induced by Xy .
Depending on the nature of V, the dynamics of Xy, can either be convergent,
globally convergent or non-convergent, leading to a similar behavior for {u:}. A
key step toward (b) is the next result recently proved in [4].

Theorem 1. Suppose V is a symmetric function. Then the limit set of {p} (for the
topology of weak* convergence) is almost surely a connected subset of X‘;l(O) =
FiX(Hv).

In (the generic) case where the equilibrium set X;,'(0) is finite, Theorem 1
implies that {u:} converges almost surely. If furthermore, X, '(0) reduces to a
singleton {u*}, then {p;} converges almost surely to p* and we say that {u:} is
globally convergent.

A function K : M x M — R is a Mercer kernel provided K is continuous
symmetric and defines a positive operator in the sense that

/ K (.9) (2) () Ad)A(dy) > 0
M x M

for all f € L2(\). The following result is proved in [4].

Theorem 2. Assume that (up to an additive constant) V is a Mercer Kernel. Then
{ut} is globally convergent.

Ezample. Suppose M C R™ and V' (z,y) = f(—||z—y]||?) where ||| is the Euclidean
norm of R® and f : R — R™ is a smooth function whose derivatives of all order
1, 1", ... are nonnegative. Then it was proved by Schoenber [6] that V' is a Mercer
Kernel.

As observed in [4] the assumption that V' is a Mercer Kernel seems well suited
to describe self-repelling diffusions. On the other hand, it is not clearly related to
the geometry of M (see, e.g., the preceding example).

The next theorem has a more geometrical flavor and is robust to smooth
perturbations (of M and V). It can be seen as a Bakry-Emery type condition [1]
for self-interacting diffusions and is a first step toward (c).

Theorem 3. Assume that V is symmetric and that for oll x € M,y € M,u €
T.M,v € Ty,M

Rica (4, u) + Ricy (v, v) + Hess, o,V ((u, v), (u,v)) > K(||u||2 + ||v||2)

where K is some positive constant. Then {u:} is globally convergent.

1We refer the reader to this paper for more details and mathematical statements.
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Proof. Let P,.(M) denote the set of probabilities which are absolutely continuous
with respect to A and let .J be the nonlinear free energy function defined on P (M)
by

T = Enc) + 5 [ Vieulde)uldy)

Ent(u) = /M log (Z—i) dy.

The key point is that X;,'(0) is the critical set of J (vestricted to Peq(M)) as shown
in [4] (Proposition 2.9). On the other hand, the condition given in the theorem
makes J a displacement K-convezr function in the sense of McCann [5]. Let us
briefly explain this latter statement.

Let d¥ denote the L? Wasserstein distance on P(M) (see, e.g., [7] or [8]).
Given ¥, vt € P,.(M) McCann [5] proved that there exists a unique geodesic
path t — vt in (P,.(M),dY) and that v* is the image of 2 by a map of the form
Fy(z) = exp,, (t®) where ® is some vector field. Moreover,

w 0 t\2 T Wz 2V0 ).
B = [ dla i) (do)
Set ji(t) = J(v') = e(t) + L1 with e(t) = Ent(v") and

o= [ Vo) = [ VE@). R ),

MxM

where

Sturm [7] recently proved the beautiful result that
D%e(t) = / Ric(Fi(x), Fy(x))v° (dx)
M
1
where 9%e(t) := lim i(I)lf s_2(e(t +5) — 2e(t) + e(t — s)). Clearly

P*v(t) = /M Ny Hessr, (2,7, )V ((Ft(x)th(y))’ (Ft(x)th(y)» V0 (d)v (dy).

Hence, under the assumption of Theorem 3,
K
>

9%j(t) > (@) + [1E )P (do)e® (dy) = Kdy (v°, 012
MxM
In particular, j is strictly convex. It then follows that J (respectively Xy ) has a

unique minimum (respectively equilibrium). O

Ezample. Let M = S™ C R™*! be the unit sphere of dimension n, f : R — R a
smooth convex function and

V(z,y) = f(~|lz —yl*) = 9((z,9))
with ¢(t) = f(2¢t — 2). By invariance of A\ under the orthogonal group O(n + 1)
it is easily seen (see, e.g., Lemma 4.6 of [2]) that VA is a constant map. Hence
Ae X‘;l(O) and here, global convergence means convergence to A.
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For all (x,y) € M x M, (u,v) € T,M x T,M,

Hess(z.) V (1, 0), (u,0)) = ¢ ((2,)) (@, v) + (y,u))?
+g'((2,9)) (20w, v) = (|[ul® + [Jv]*)(z, ) -
Set t = (z,y) and assume (without loss of generality) that ||u||*+ |[v]||?> = 1. Then

|2{u,v)| < 1 and the last term on the right-hand side of the preceding equality is
bounded below by —tg’(t) — |¢’(t)|. Therefore the condition of Theorem 3 reads

tg'(t) +g'(t)] < 2(n—1) (1)
while Theorem 2 would lead to
g®(t)>0Vk eN, |t| <1. (2)

Remark that condition (1) makes J a displacement-convex function while (2)
makes J convex in the usual sense. Of course, none of these conditions is opti-
mal. For instance, suppose that g(¢t) = at. Then (1) reads |a] < n — 1, and (2)
reads a > 0. On the other hand, this example can be fully analyzed and it was
shown in [2] that py — A for @ > —(n + 1) while {u;} converges to a “Gaussian”
measure with random center, for a < —(n + 1).

References

[1] D. Bakry, M. Emery, Hypercontractivité des semi-groupes de diffusion, C.R. Acad.
Sci. Paris, I, 299 (1984), 775-778.

[2] M. Benaim, M. Ledoux and O. Raimond, Self-interacting diffusions, Probab. Theor.
Relat. Fields, 122 (2002), 1-41.

[3] M. Benaim and O. Raimond, Self-interacting diffusions II: Convergence in law, An-
nales de I'Institut Henri-Poincaré, 6 (2003), 1043-1055.

[4] M. Benaim and O. Raimond, Self-interacting diffusions III: Symmetric interactions,
Annals of Probability, 33 (5) (2005), 1716-1759.

[5] R. McCann, Polar factorization of maps on Riemannian manifolds, Geom. Funct.
Anal., 11 (2001), 589-608.

[6] I. J. Schoenberg, Metric spaces and completely monotone functions, Ann. of Math.,
39 (1938), 811-841.

[7] K. T. Sturm, Convez functionals of probability measures and nonlinear diffusions on
manifolds, J. Math. Pures. Appl., 84 (2005), 149-168.

[8] C. Villani, Topics in Mass Transportation, Graduate studies in Mathematics, AMS,
2003.

Michel Benaim

Institut de Mathématiques, Université de Neuchatel, Rue Emile-Argand 11
Case postale 2, CH-2007 Neuchatel, Switzerland

e-mail: michel.benaim@unine.ch

Olivier Raimond
Laboratoire de Modélisation Stochastique et Statistique, Université Paris Sud, France
e-mail: Olivier.Raimond@math.u-psud.fr



Progress in Probability, Vol. 59, 23-36
(© 2007 Birkhauser Verlag Basel/Switzerland

Stationary Solutions for the 2D Stochastic
Dissipative Euler Equation

Hakima Bessaih

Abstract. A 2-dimensional dissipative Euler equation, subject to a random
perturbation is considered. Using compactness arguments, existence of mar-
tingale stationary solutions are proved.
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1. Introduction

We are concerned with the dissipative Euler equations for an incompressible fluid
perturbed by a multiplicative noise, in an open bounded domain D of R? with a
smooth boundary dD which satisfies the locally Lipschitz condition (see [1]), i.e.,

ou

E—&-(u-V)uz—Vp—xu—&-f—kG(u)(, (1.1)
where u is the velocity of the fluid, p the pressure, f the external force, { is a
Gaussian random field white noise in time, subject to the restrictions imposed
below, and G is an operator acting on solution. The constant y will be called the

sticky viscosity. w is subject to the incompressibility condition
V-u(t,z) =0, te€l0,T], z€D,
the boundary condition
u-n=0 ondD,

n being the external vector. When y = 0, (1.1) is the classical Euler equation.
For an additive noise, existence of strong solutions (in the probabilistic sense) has
been proved in [3] for a bounded domain, in [15] in the whole space and in [§]

I would like to thank the referee for pointing out a mistake in the first version of the paper and
for his helpful comments.
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on the torus. For a multiplicative noise, existence of martingale solutions can be
found in [4] and [7].

2. Notation, hypothesis and main result

Let V be the space of infinitely differentiable vector fields v on D with compact
support strictly contained in D, satisfying V -« = 0. We introduce the space H of
all measurable vector fields u : D — R? which are square integrable, divergence-
free, and tangent to the boundary

H={ue [LAD)]*; V-u=0inD, u-n=00ndD}.

The space H is a separable Hilbert space with the inner product inherited from

[L2(D)]27 denoted in the sequel by < .,. > (norm |.|). Let V' be the following
subspace of H:

V:{ue [Hl(D)]Z; V-u=0in D, u~n:00n8D}.

The space V is a separable Hilbert space with the inner product inherited from
[Hl(D)]2 (norm || . ||). Identifying H with its dual space H', and H’ with the
corresponding natural subspace of the dual space V', we have the standard triple
V € H C V' with continuous dense injections. We denote the dual pairing between
V and V' by the inner product of H.

Let b(-,-,+) : V x V x V — R be the continuous trilinear form defined as

b(u,v,z)z/D(u-Vv)-z

It is well known that there exists a continuous bilinear operator B(-,-) : VxV —
V' such that

< B(u,v),z >=b(u,v, 2), for all z€ V.
By the incompressibility condition, we have

< B(u,v),v >=0and < B(u,v),z>=— < B(u,2),v>.

Let K be another separable Hilbert space. Denote by Lo(K, H) the set of
Hilbert-Schmidt operators from K to H.

Let p > 1 and m be a nonnegative integer; W™ P are the Sobolev spaces.
When p = 2, then W™? will be denoted by H™. Let 0 < o < 1; then W*»(0,T; H)
is the Sobolev space of all u € Lp(O T; H) such that

|t—s|1+a1’ tds < oo.

We impose throughout the paper the following conditions:

1. W(¢) is a K-cylindrical Wiener process.
2. feV.
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Let us assume that

(G1) G:V — Ls(K,V), is globally Lipschitz continuous,

@2) G2, 1.1y < Dolul + po,
IVAGW, ) < MIV AU+ Xolul +p1, VueV >

where VAu = Dijus—Dou; and Ag, A1, A2, po, p1 are positive constants independent
of u.
Now let us give the following definition of a stationary martingale solution.

Definition 2.1. A martingale solution of Equation (1.1) consists of a filtered prob-
ability space (Q, F,{F},~o,P), a K-cylindrical Wiener process W and a progres-
sively measurable process u : [0,00) x Q — H, with P-a.e. paths

u(.,w) € C([0,T], D(A=*/2)) N L>=(0,T; V)

for all T'> 0, and « > 1 such that P-a.s. the identity

< u(t),v > —|—/O < B(u(s),u(s)),v >ds +x/0 < u(s),v>ds
=< u(0),v > +/0 < f(s),v > ds+ </0 G(u(s))dW (s),v >

holds true for all ¢ > 0 and all v € V. The space D(A~%/2) will be defined in the
next section.

Moreover, a stationary martingale solution of Equation (1.1) is a martingale
solution such that the process is stationary in H.

Remark 2.2. A function belonging to C([0,T], D(A=%/2)) N L>(0,T;V) is weakly
continuous in H. Hence, for every ¢t > 0, the mapping w — u(t,w) is well defined
from  to H and it is weakly measurable. Since H is a separable Banach space,
it is strongly measurable (see [18, p. 131]). Therefore, it is meaningful to speak
about the law of u(t) in H. The stationarity of v in H introduced above has to be
understood in this sense.

The existence of martingale solutions has been proved in [4] and in [7]. Here,
we are interested in stationary martingale solutions.

Theorem 2.3. In addition to the assumptions (G1) and (G2), assume that

3 A
X>§/\0 and x>71.

Then (1.1) has a stationary martingale solution.
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3. The dissipative Navier-Stokes approximation

For every v > 0, we consider the equations of Navier-Stokes type
%—k(wV)u—kVp:VAu—Xu—&-f—kG(u)aa—Vf in (0,7) x D,

Vou=0 in (0,T) x D,
VAu=0 on (0,T) x 9D, (3.1)
u-n=0 on (0,T) x 9D,
Uuli=0 = ug in D.

Let a(-,+) : V x V — R be the bilinear continuous form defined in [2] as

a(u,v) = /D Vu- Vv — - k(o)u(o) - v(o)do,

where k(o) is a function defined on the boundary 9D, and we have the estimates
(see [13] for the details)

k(o)u(a) - v(o)do < C [l u |l v |,
oD

and for an arbitrary e > 0,
| Kollu(o)Pdo < e u ] +C@ul (3.2)
oD

Moreover, we set
D(A) ={ueVn(H*(D))? VAu=0},
and define the linear operator A : D(A) — H, as
Au = —Au.

We will denote the domain of A* by D(A®). Here D(A~%/?) denotes the dual
of D(A%/?), and we perform identification as above to have

D(AY?)cV c HC V' c D(A™%/?),

In place of Equations (3.1) we will consider the abstract stochastic evolution
equation

{ du(t) + vAu(t)dt + B(u(t),u(t))dt = —xu(t)dt + f(t)dt + G(u(t))dW (t),
u(0) = uyg,

for t € [0,T]. Assume that (G1) and (G2) hold and let o > 1 be fixed. We have
the continuous embedding (see [1, p. 85, Thm. 4.12 part II])

D(A*/?) c [H*(D)* C [C(D)]*.
Let P, be the operator from D(A~%/?) to D(A*/?) defined as

Pz = Z <ze;>ep, xe DAY,
i=1
Let By, (u,u) be the Lipschitz operator in P, H defined as
Bn(u7u) = WHB(U,U), u e PTLH7
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where 7, : H — [0,1] is a C* function defined as m,(u) = 1 for |u| < n and
T (u) =0 for |u| > n+ 1.
Consider the classical Faedo-Galerkin approximation scheme defined by the
processes un, (t) € P, H, solutions of
Aty () + VAU, (t)dt + Py By (tny (t), wny (t))dt
= —XUny P f(t)dt + PG (uny (1))dW (1), (3.3)
unu(O) = P,uo,
t e [0,7].
Lemma 3.1. There exist positive constants C1(p) and C, independent of n and of
v such that for each p > 2,

E( sup |uny(s)[P) < Ci(p), (3.4)
0<s<t
and, moreover,
t
v [ Blunts) Pyds < Ci. (3.5)
0

Proof. By Itd’s formula, for p > 2 we have
d|uny(t)|p < p|unu(t)|p72 < unuvdunu >

1 _
"‘5]9(29 = Dlun (8)[ 2|G(unu)|%2(K,V)dt'

Since < B(Uny, Uny ), Uny >= 0 and using the hypothesis (G2) we get
dltiny ()17 + vpltimy ()12 [Vttny |* + xpluny ()7

< Vp|um,(t)|p*2/ k|un,,|2dt —&—p|umj(t)|p*2 < frup, > dt
oD

+(1/2)p(p — Dl (017 (Nolunw (1) + po)dt
+ pltny (8P < Gty )AW, Upy, > . (3.6)

Using the Holder inequality and then the Young inequality for the second term on
the right-hand side of the above inequality, for a fixed €; > 0 we obtain

(P72 < frmy > < Juno ()P
< alun(B)|” + Cle, p)[fIP.
Using Young’s inequality for the third term, for a fixed es > 0 we get

1
520 = Dl ()" ?po < ealuny ()7 + Cle2, p).

Thus, by using (3.2) and the previous estimates, we have
Aty ()P + vp(1 — €) |ty (8) P72 |V, [2dt + xpltin, |Pdt
< Cler, p)|fIPdt + Clea, p)dt + plug, ()P~ < G (uny)AW, uny >

A
+ <70P(p —1)+ete+ upCe> |t (1) [Pt
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Now we integrate over (0,t), take the supremum on ¢ and integrate over ), we
obtain

E( sup [un,(s)[")
0<s<t

)\ t
< E(fun (O)") + (—°p<p—1>+ez+el+upce—px) / E( sup |uw<s>|p) dr
0

2 0<s<r
t

4 Cleasp)t + Cler,p) / E|f[Pds
0

+pE ( sup /OS U (1) P72 < G ) AW (1), U (1) >> .

0<s<t

Let us estimate the last term in the above inequality. By the Burkholder-Davis-
Gundy inequality (see [9, p. 82, Thm. 3.14]) we get

pE ( s [ )P < Gl )d(r) s (0 >)

0<s<t

t 1/2
<8 [ s )7 G ) )
Using (G2) in the above inequality and the Cauchy-Schwartz inequality, we get
t 1/2
9B ([ s 721G ) 06

1/2

< pE ( /0 t(Aomm,(r)Pp + po|um<r)|zp‘2>dr>

t _— 1/2
pE<sup ot (3) P/ ( / oot (I + poltns (1) 5 dr) )
0

0<s<t

IN

1 2 t 2 t
p p 22
< §E ( sup |U’TW(S)|p> + ?E/)\O sup |unu(s)|p + 3p0E/ |unu(8)| v ds.
0 0

0<s<t 0<s<o

Finally, we estimate the last term in the above inequality using Young’s inequality.
For €3 > 0 we obtain

2 t o t
B [ Junals) 7 ds < a [ fun ()P ds + Cles,p).
0 0

Collecting all the estimates, we obtain that
1 t
38 (s [0 ()7) < Bllun@P)+Co [ B ( s (o)) ar 0 37
2 \o<s<t 0 0<s<r

where

A
Coy = 70(17(17— 1)+ p®) + €1 + €2 + €5 + vpCe — px,
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and ,
Cs = Cler,p) / E|f” + Clez, p) + Cles. ).
0

Using Gronwall’s lemma we get (3.4).
Let us go back to (3.6), take p = 2 and integrate over (0,t), we get

t t
2V/ |Vum,|2—|—2x/ |um,(t)|2
0 0

t
< |un,(0)|2+2u/ / Fluny |2 +2 < fruny > dt
0 oD
t

t
+/ ()\0|um,(t)|2 +po) + 2/ < G(upy)dW, up, > .
0 0

In the above inequality integrate over €2, then
t
E/ < G(tpy )dW, tp, >= 0.
0

Now use (3.2) to estimate the second term on the left-hand side and the Cauchy-
Schwartz inequality to estimate the third term on the left-hand side. Finally, using
the estimate (3.4) we get (3.5). O

Lemma 3.2. There exists a positive constant Cy which does not depend on n and
on v such that

E/Ot | tnw () 1< Ca. (3.8)
Proof. Let &,, = V A uy,,. We apply the curl operator to Equation (3.3) and get
for ¢ € [0,T7,
A&y + VA, dt+N APy By, (Uny, Uny )dt = —x€npdt+V AP, fdt+V A (G(un,))dW.
By Ito’s formula we have
d|£7w|2 =2 <&, dny > +[V A (G(unu))|2L2(K,V)
=2 < A&y, ny > dt —2 <V A Py By (tny, tny), Eny > dt
= 2w |* +2 <V AP f 6 > dt
+ < VA (Gupy))dw, & > +|V A (G(un,,))|%2(K7V).
Since &uplop =0, < VA Py B(Uuny, tny), &n >= 0, and using (G2), we get that
d|€nu|? + 20|VE, 2dt < —2x|&nu[Pdt +2 < V A Py f, &py > dt
+ < VA (G (unn))dW, &np > M1 Enw [ + X2 |unw|* + p1.

Now using Young’s inequality for the second term on the right-hand of the above
inequality and for a fixed €4 > 0 we obtain

d|£nu|2 + 2V|v§rw|2dt < (_2X + A+ 54)|§nu|2dt + C(E4,p)|v A Pnf|
+ < VA (G () AW, Eny > 4+ Aot | + p1.
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We integrate over (0,¢) and then over ). Since

t
E/ < VA (G(tny)dW, &y >= 0,
0
we obtain the estimate

t
El6n (1) < Blém (0)F + (—2x + M + c)E / €0 (3)]2dis

t t
+ 0(64)/ VA Puf| + 2o / Efuny |2 + pit, (3.9)
0 0
Using Gronwall’s lemma, we obtain that there exists a positive constant C5 inde-
pendent of n and of v such that
E[&n,(s)[* < Cs. (3.10)
Now let us introduce the elliptic problem

—Aum, = ngnu in D,
Upy N =0 on 0D, (3.11)
§nv =0 on 0D,

where VL = (DQ7 —Dl)
We multiply the first equation of (3.11) by w,, and integrate over D, we have

— < AUy Uny >=< VEny, tny > .
Through integration by parts and in virtue of (3.2), we obtain
|vunu(t)|2 < €|vunu(t)|2 + 06|unu(t)|2 + |§nu(t)|2

for all t € (0,7) and for an arbitrary ¢ > 0. We integrate the above inequality,
respectively, over (0,¢) and over ), we obtain

¢ ¢ ¢
B /0 Vun|? < CE ( /0 |um|2) +E< /O |§W|2)
¢
CtE ( sup |um(s)|2> +E (/ |§ny|2) )
0<s<t 0

C being a constant independent of n and v. According to (3.4) and (3.10), this
yields the estimate (3.8). O

IN

IN

4. Construction of stationary solutions

Step 1. Take p =2 in (3.7) we get that
t

E|um,(t)|2 < E|um,(0)|2 + (Ao+e+e +20C — 2x)/ E|um,(s)|2ds
0

+C(eg)t+0(61)/ E|f|ds.
0



Stationary Solutions for the 2D Stochastic Dissipative Euler Equation 31

If x > %/\0 and y > % then we can choose €1, €2, €4 and 1 in the above inequality
and in (3.9) such that using Gronwall lemma we get that

Elun, ) <C Vt>0 ¥n>1 (4.1)

for some constant C' > 0. This implies that there exists an invariant measure for
(3.3) by the classical Krylov-Bogoliubov argument (see [10]). Call p,,,, one of such
invariant measures. From (4.1) we have

/ |Z)? iy (dz) < C Vn > 1. (4.2)
P,V

There exists a stochastic basis (Q, F,{F},,P), possibly larger than the one given
at the beginning, that supports a random variable u,,,, (0) which is Fy measurable,
with law g, and a cylindrical Wiener process W (t) with values in K. The solution
Un, with initial condition u,,(0) is a stationary process.

Step 2. Now let us prove that the family {L(@n,)},,, is tight in L?(0,T; H) N
C([0,T]; D(A=2/2)), for all given a > 1; in fact we decompose i, as

Uny(t) = Unu(0 —V/ Al ( )_/tPan(ﬂnu(s)vanu(s))

/Pf /Gum, ()W (s)

= Ji+--+Js
We have from the bound (4.2) on i, that
E|J|> < Cs.
From (3.7),
E| Jz ”%/VLZ(O,T;V/)g Cy.
Moreover, we have
E || Ji 20707 < Cs

for suitable positive constants Cg, C7, Cg. Using Lemma 5.1, the uniform assump-
tion (G1), and the estimate (3.4) we have

T
E|lJs 2roomm < E / | Gl 12,
T
< B ol +p)ds
0
< Cy(Mos po,7)

for v € (0,1/2), Co being independent of n and v.
Since a > 1, D(A%/?) C (L>(D))? so that

| < Blu,w),v> | < Clul | u ]| |[A], ue V, ve D(AY?)
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for some constant C' > 0. Hence, we have

T
wpwmmﬁ/|mmww%k
<t<T 0

|| J3 ”%/VLZ(O,T;D(A—”/?))S ClO 0o

for some positive constant Cyo independent of n and v. In virtue of (3.4) and (3.8),
we obtain that

E || J3 [f1.2(0,7,(a-ar2))< C11
Clearly for v € (0,1/2), W42(0,T; D(A=%/%)) ¢ W72(0,T; D(A~%/?)); collecting
all the previous inequalities we have

E || @ny [lwn2(0,17;0(4-22)) < Ch2, (4.3)

for v € (0,1/2) and « > 1, C12 being a positive constant independent of n and v.
By (3.8) and (4.3), we have that the laws £(,,) are bounded in probability in

L0, T;V) N W20, T; D(A~/?)).

Thus by Theorem 5.2, {L£ (i)} is tight in L*(0,7; H). On the other hand, by
Theorem 5.3 {£L(iin,)} is tight in C([0, T]); D(A=?/2), for a < S.

Step 3. Let us endow L2 (0, 00; H) by the distance

loc

da(u,v) = 22_"' min (|u — | £2(0,k;H) 1) ,

k=1
and, similarly, C(0, 00; D(A~?/2)) by the distance
oo
doo(u,v) = Z 2% min (Ju— V] e(0,k];D(A-5/2))5 1).
k=1

loc
thus @, is a stationary solution in H. Let us choose v = 1/n. From Prokhorov’s

theorem (see [9, p. 32]), the set of the laws {L(tn,)} is relatively compact. By
Skorohod’s theorem, there exists a basis (2!, F!, {ftl}t>0 ,P1) and on this basis,
L},.(0,00; H) N C([0, 00]; D(A~P/?))-valued random variables u!, ul,, such that
L(Tipy) = L(ub,), on L2 (0,00; H)YNC([0, 00]; D(A7P/2)), and u), — u' Pl-as.
in L2 (0,00; H)NC([0, 00]; D(A=A/2)). Since u),, and i, have the same law, u?,
is also a stationary solution. By the a.s. convergence, u' is a stationary solution
in H.
By (3.4) and (3.8) we have

E(wpwaww)<a@x

0<s<t

B[ Iu17) <ca

for all n > 1 and p > 2. Hence, we have that
u(.,w) € L2,.(0,00; V) N L{S.(0,00; H) P-a.s.

loc

Hence, we obtain that {£(iin,)},, is tight in L2, (0, 00; H) NC([0, oc]; D(A7A/2)),
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and ul, — u! weakly in L2(2x (0,00); V). Let us define the process M, (t) with
trajectories in C([0, 00]; H) as

Mm,(t)—u L(t) — Pyu —‘rl// Au )ds+/0 Pan(uiW(s),u;V(s))ds

- /0 B, f(s)ds

We will prove that M, (t) is a square integrable martingale with respect to the
filtration
o {u,lw(s)7s < t} ,

with quadratic variation
t
<< My, >>t:/ G(ul )G(ul )*ds. (4.4)
0

We shall prove the following lemma.

Lemma 4.1. Assume that (3.4) and (3.8) hold. Then

([ Patutstsraonds) — { [ Bt onas.o)

for allt € [0,00) and v € V P-a.s.
Proof.

g t P, (o) b )dso) = ([ t 08 (9) (50D 5

== [ ] b ud i) uh), 2,
0 JD i
That converges P-a.s. to

T s 220 ([ i), o

Since uy, and ul , have the same law, for a real-valued, bounded and contin-
uous function ¢ on C([0, s]; D(A~#/2)) where 0 < s <t < T, and for all v,z € V,
we have

E(< My (t) — My (s),v > @(tny)) =0 (4.5)

and

E((< Mp,(t),v >< Mp,(t),z2 > — < My, (s),v >< Mp,(s),z >

- [ Gt G ek =0, 40
By (3.4), (3.8) we can take the limit in (4.5) and (4.6) and we obtain
E(< M'(t) — M'(s),v > ¢(un,)) =0 (4.7)
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and

E((< M (t),v >< M*(t),z > — < M*(s),v >< M'(s),z >

/ Gl (M) G (1) () = 0, (4.8)

where M1(t) is defined as

1 —ul—ul tuls S t uls uls S — ‘ s)as
M) = (0)+x/0 (s)d +/OB< (s),u(5))d /Of()d

P-a.s. in C([0,T]; D(AA/2)).
From (4.7) and (4.8), with v,z € D(A™?/2), we have that A=°/2M'(¢) is a
square integrable martingale in H with respect to the filtration

o{u'(s),s <t},

with quadratic variation
t
<< AP2ppt >>t:/ ATPRGWHG(ut)* AP 2 ds.
0

We conclude by a representation theorem (see [9, p. 233]).

5. Appendix
For any progressively measurable process f € LP(Q x [0,T]; L2(K, H)) denote by
I(f) the Ito integral defined as

t
0= [ FEawes), teo.17)
0
I(f) is a progressively measurable process in LP(Q x [0,T]; H).

Lemma 5.1. Letp > 2 and v < 1/2 be given. Then for any progressively measurable
process f € LP(Q2 x [0,T); L2(K, H)), we have

I(f) e LP(Q; WYP(0,T; H)),
and there exists a constant C(p,~) > 0 independent of [ such that

T
BN W= CONE [ 1 1

Proof. See [11]. O

Theorem 5.2. Let By C B C B;j be Banach spaces, By and By reflexive with
compact embedding of By in By. Let p € (1,00) and v € (0,1) be given. Let X be
the space

X =L?(0,T; Bo) N WYP(0,T; By)
endowed with the natural norm. Then the embedding of X in LP(0,T; B) is com-
pact.
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Theorem 5.3. Let By and B two Banach spaces such that By C B with compact
embedding. If the real numbers v € (0,1) and p > 1 satisfy

> 1,
then the space WY(0,T; By) is compactly embedded into C([0,T]; B).

Proof. See [11]. O
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Volterra Equations Perturbed by a Gaussian
Noise

Stefano Bonaccorsi

Abstract. We consider, in a Hilbert space U, a class of Gaussian processes
defined by a linear filter with a cylindrical Wiener process as input process.
This noise is used as an additive perturbation to a family of fractional order
(in time) partial differential equations. We give conditions such that the sto-
chastic convolution process is well defined, both in finite time horizon and in
an infinite interval. An important example of noise that is contained in the
paper is the fractional Brownian motion.
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1. Introduction and motivating example

The purpose of this paper is to study properties of the stochastic convolution pro-
cess which arises as solution of an infinite-dimensional integral Volterra equation
perturbed by a general Gaussian noise,

B(t) :/OtK(t,s) AW(s),  t>0. (1.1)

We may interpret the integral relationship (1.1) as a filter that takes as input the
Wiener process W (t) and outputs the process B(t). Similar types of linear filters
are widely used in modeling stochastic systems (see, e.g., Wong and Hajek [26])
and choosing K from suitable families provides interesting examples of distribu-
tion processes which generalize ARMA distribution processes. Continuous time,
Gaussian fractionally integrated models are extensively used in financial applica-
tions: for instance, a general class has been introduced by Comte and Renault [10]
for modelling stochastic volatility.

Our interest concerns a noise that is infinite-dimensional. We fix a real
separable Hilbert space U, endowed with a complete orthonormal system {ey},
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and we consider a cylindrical Wiener process W, defined on a stochastic basis
(Q, F,{F:},P), of the form

Z h,er) ﬂ(k)
k=1

for h € U, where {3 (-), k > 1} is a sequence of real-valued, independent Brow-
nian motions.
In this setting, we look for a mild solution of the equation

u(t) = /O'gp(t— s)Au(s)ds + RB(t),  te[0,T). (1.2)

Here, A is a self-adjoint, negative defined operator on U; there exists a basis
{ek, k € N} of U such that

Aey, = —prex
for an increasing sequence {p, k € N} of positive real numbers. Moreover, given a
sequence {\i, k € N} of non-negative real numbers, R is a bounded linear operator

defined by
Rep, =/ ek, k>1.

Remark 1.1. Volterra integro-differential equations with respect to the fractional
kernel g,(t) = ﬁt”_l are widely considered in the literature, as they make a good
link between the heat equation (p = 1) and the wave equation (p = 2). Such kind
of equations naturally appear in different applications in mathematical physics;
for some recent developments in the case of a deterministic problem see [14, 17] or
the monograph [3]. In the stochastic case, the evolutionary integral equation (1.2)
was introduced in [8] in connection to heat equation in materials with memory
and in [9] for equations of linear parabolic viscoelasticity. Notice also the recent
paper [19] where a different class of noises is considered. In all these papers, an
arbitrary completely monotone kernel a(t) is considered; here, on the contrary, we
focus on the kernels g,(t), for p € (0,1), as they are related to explicit solutions via
Mittag-Leffler’s function, see Section 2.2. Our choice also implies that we obtain
more precise estimates on the stochastic convolution, as we shall not appeal to the
general estimates for the resolvent operator as given, for instance, in [24].

Equation (1.2) is seen as an infinite-dimensional filter of fractional order in
time, with input B(t) and output u(t). The above representation clearly shows the
causality of the system, i.e., the state of the system is determined by its history
and the present perturbation, but does not depend on the future.

It shall be clear that we may consider each component of the (infinite-
dimensional) vector u(t) separately; in the language of queueing theory, we may
say that the netput rate for class-k work is modeled following the law

=V A Br(t) — pr(gp * uk)(t), t=>0,

the quantity up > O to the output rate of class-k work produced at the station and
the quantity Ay represents the intensity of the input rate. Equation (1.2) can be
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considered as an input-output system where the properties of the working station
(the output rates py and the kernel g,) are fixed, while the large k behavior of the
Ar’s defines the spatial behavior of the noise. Our interest is to give conditions on
the kernel defining the filter (1.1) and the A’s, in order to obtain the existence of a
solution in a mild sense (compare Definition 2.5 below) over a finite time interval.
The main result of the paper is Theorem 3.1 which concernes with the estimate of
the L2-norm of the stochastic convolution process; several applications are given
in Section 3 where, in particular, we shall consider the following classes of kernels.

Remark 1.2.
1. The kernel K (t,s) is of fractional integration type: K(t,s) = gg(t — s) for

some ¥ > %; this case naturally arises in evolution equations of fractional
order in time, compare for instance [5]; the main advantage of working with
this kernel is the simplicity in the computations; however, this filter does not
preserve the stationary increment property of the input and it changes the
self-similarity index.

2. The kernel Ky (t,s) defines a fractional Brownian motion By (t). This case
is of particular interest in the applications because this filter does preserve
the stationary increments of the input process, the output process is self-
similar (with parameter H) and exhibits long-range dependence whenever
H > % However, the simplicity of this filter is considered in some cases as “a
drawback because a single parameter H determines all the characteristics” [4].

3. There are kernels which cannot be reduced to a (fractional) Brownian behav-
ior; in this sense, we show what happens when the kernel is almost regular
(e.g., K(t,s) =o((t —s)""!) as t \, s, for ¥ € (3,1) no matter how close to
1) or

4. the kernel is less regular than any of the fractional integration kernels (e.g.,
K(t,s)> (t—s)""!ast s, for any ¥ no matter how close to 3).

2. Preliminaries
Let us begin our discussion with a description of the class of admissible kernels.
Let K : (0,00) x (0,00) — R be a measurable function such that
t
/ K2(t,s)ds < oo for every t > 0
0
K(t,s)=0 if s >t

(2.1)

We introduce, following [6], the following classes of singular and smooth kernels.

Definition 2.1.

(i) We say that K is a singular (rough) kernel if it satisfies condition (2.1) and
there exists a measurable function (¢, s) — 91 K (¢, s) such that u — 01 K (u, s)
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is integrable on every [t, 7] C ) and satisfies

K(r, K(t,s) /81 (u, s)du for s < t.

Notice that fs 01K (u, s) du may be infinite. The main example is the frac-
tional integration kernel K (t,s) = gg(t — s) for 9 € (1,1).
(ii) We say that K is a smooth kernel if K is a singular kernel such that

K(r,s) — K(s,s) /61 U, S)

This is the case of the fractional Brownian motion of Hurst parameter H > %
see Section 4.1 below.

In the space of singular kernels we introduce the family of spaces E 4 p.¢, for
a given set of parameters v > 0, p > 1, ¢ > 1, endowed with the following norm:

t 1/q
T ( R ds)

n (/Ot (/t (r — sy 0K (r, S)pdr> ds)l/p <oo. (22)

We allow ¢ and p to assume the value +o00; in these cases, we suitably modify
(2.2):

if ¢ = 400, the first integral becomes sup |(t — s)YK(t, s)|?;

0<s<t
if p = +00, the second integral becomes sup |(r — s)7719; K(r, s)|?.
0<s<r<t
In the sequel we define a set (v, p, q) of admissible parameters if it verifies
1 1 1

We shall remark that, although formally smular, the situation here is quite different
from [6], in particular regarding the set of admissible parameters.

Definition 2.2 (Cylindrical Gaussian process). We shall call B = {B,, t € [0,T]}
a cylindrical Gaussian process if it has the form
o

(Bt),h) =3 (h,ex) / K(t,5)dg® Z\/_hek L (23)

k

2.1. Stochastic calculus with respect to a Gaussian process

Recently, there was an interest to define a stochastic calculus of variations (Malli-
avin calculus) with respect to a Gaussian process; in this section, we shall introduce
the basic ideas provided by Carmona et al. [6], Alos and Nualart [2]. Let us remark
that, for our purposes, it is not necessary to construct a general theory, since all
of our integrand functions are deterministic.
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We start with a real standard Brownian motion § = {3, t € [0,T]} and
define a zero mean Gaussian process B = {By, t € [0,T]} by setting

t
Bt:/ K(ts)dB(s), 0<t<T.
0

The covariance function
E(B,B,) = R(t, ) (2.4)

can be expressed in terms of K as

tAs
R(t,s) = K(t,r)K(s,r)dr.
0

Let &€ be the set of step functions on [0, 7. For any function f € £ having
the representation

N
= Z fk]I(SkvskJrl] (S)
k=1

we define the stochastic integral

/ 7(s)dB(s ka (5k41) — Blsi).

Then, Z(f) is a Gaussian random variable with zero mean and variance that can
be determined via (2.4). The set of Gaussian random variables defined by the
elements of £ is a subset of the linear space

Hy={X € L*(Q)|3fn€E : I(fn) — X in L?}.

This space shall be identified with the first Wiener chaos generated by B.
The “reproducing kernel Hilbert space” (RKHS) A is defined as the closure
of £ with respect to the scalar product

<]I[0,t]a ]I[O,s]> = R(ta S)‘
The mapping 7 : Ijo ;) — B(t) provides an isometry between A and H;.

Remark 2.3. Let us define, for f € L?(0,T),

T
5(f) = / £(s) dB(s)

0 denotes the Wiener integral with respect to the Brownian motion (.

It is well known that for a Brownian motion 3, the space L?(R ) is isometric
to the space H; of Gaussian random variables. The problem of existence of a similar
structure for a general Gaussian process has been addressed by many authors,
see [1, 2, 23].
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The kernel K defines an operator in L2(0,T), that will still be denoted by
K, given by

(Kh)(t) = /0 K(t, s)h(s) ds.

We introduce further the “transfer operator” K* from &£ into L?(0,T): for any
¢ € £ we set K*¢ to be the unique function such that

T T
/ (K*)(s)h(s) ds = / 6(5)0, (Jh)(s)ds
0 0

for any h € L?(0,T). This operator can be naturally extended to the whole A, and
the following representation holds for any measurable ¢ defined on (0,t):

(K79)(s) = Lo,1)(s)0(s) K (2, s) + Lo,0) (S)/ [6(r) = ¢(s)]01 K (r,s)dr.  (2.5)
When K is a smooth kernel, we have
(K"¢)(s) = Lo,y (s)d(s) K (s, s) +H(0,t)(5)/ @(r)0r1K (r, s)dr.

In particular, for any element ¢ € £ the element Z(¢) of H; can be written as

T
I(¢) = / (K" )(s) dB(s) = (]* ), (2.6)

where 0(u) is the integral defined in Remark 2.3.
Let us notice the following diagram:

A

L/

12(0,

A

Hy

Proposition 2.4. By the above construction, it follows that
EZ(@) = lI¢lR = (K )220, (2.7)
for any ¢ € A.

2.2. Stochastic Volterra equations

Definition 2.5. We denote by S(t), t > 0 the resolvent operator related to (1.2);
following [7], we say that the mild solution to Eq. (1.2) is the process

u(t):/OtS(t—s)dB(s), L0, (2.8)
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We shall write the stochastic convolution in (2.8) componentwise. We intro-
duce the solution s,(t) to the scalar resolvent equation

su(t) +u(su*xgp)t) =1,  t>0, p>0; (2.9)
the resolvent operator S(t) is defined by

.T—Esuk xek CL

for any x € U.
Using the representation (2.3), formula (2.8) can be written as a series

/St—rdB Z\/_/ sy (t = 1) ABW (r) ey
If we denote
sh(t,r) = (K su(t—))(r) = sﬂ(t—r)K(t,r)—&-/l[s“(t—T)—s“(t—r)]oh'lK(T, r)dr,

then, with the integration by parts formula (2.6), we can write

/St—rdB ZW/ s, (1) ABY) (1) e

Theorem 2.6. Assume the convergence of the series
oo t
ZM/ |s5, (t,7)[Pdr < oo, te0,T]. (2.10)
k=1 0

Then the stochastic convolution process u(t) defined in Eq. (2.8) is a well-defined
centered square integrable Gaussian process in U.

2.3. Mittag-Leffler’s function

Let us introduce Mittag-Leffler’s function &,(t) (see [15, Vol. 3, Ch. 18]) defined,
for any p > 0, by the formula

teR. 2.11
Z)F (pk+1) < ( )

The asymptotic behavior of £, can be explicitly controlled. Actually we have,
for any 0 < p < 2:

£,(x) = O(é), 7 — . (2.12)

Notice that the above formula does not hold for p = 2, since it is & (z) = O(1).
Moreover £,(x) is a completely monotone function for « >0 and 0 < p < 1.
The interest of this function rests on the following fact, compare [5].
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Proposition 2.7. The scalar resolvent kernel s,,, solution of Eq. (2.9), can be ex-
pressed in terms of Mittag-Leffler’s function by the formula

sult) = E,(ut?). (2.13)

Remark 2.8. As we already noticed, in case p € (0,1) the function s,(t) is com-
pletely monotonic; recalling Bernstein’s theorem, we obtain a representation of
s,(t) as a Laplace transform

where

sin(pm) pA !
_ ) 2.14
9u(N) T A2+ p2 4 2u)e cos(pm) ( )

In analogy with the norm ||K||,,qp+ introduced in Eq. (2.2), in order to
handle the function s,(t) we introduce the quantity

t 1/q'
1ol2 o = ( [ ot — sy ds)

(L1

3. Existence of the stochastic convolution

[o(t — u) — p(t — 8)](t — s)flﬂ\p du

2 1/p’
ds> . (2.15)

In this section, we give conditions on the kernel K (¢, s) and the fractional integra-
tion kernel g, in order to control the convergence of the series (2.10).

Again, we employ the fact that we may consider each class of work separately.
We consider, for any k, the scalar stochastic convolution process

bi(t) = /0 s (=) dBY) (1) = /0 tszk(t,r) AR, tel0T. (3.1

Theorem 3.1. Assume that the kernel K(t,s) belongs to E. 45+ for a set of ad-
missible parameters 0 < vy < %, q> ﬁ, D> ﬁ Then it holds that

s (8, 220,60 < OWllsull2y gy I K13 g s

Proof. Our goal is to evaluate the L?-norm of the function s,,- Recalling the rep-
resentation in (2.5),

s, (t,s) = su(t—s)K(t,s) + / [su(t — 1) — s,(t — s)|01 K(r,s)dr,
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we search for an estimate of the L2-norm of this quantity,

t
1550 )20 < 2 / s, (t — ) (t,9)] ds

0

Let us denote by I; and I the first, respectively the second, integral which appears
in the right-hand side of formula (3.2).
By Holder’s inequality we have, for any v > 0,

ns ([ lse= -9 a) w ([ e = oyeoas) v

where g and ¢’ are conjugate exponents: % + % = 1; also, we have, for a pair of

2

/ [,0(t — 1) — st — )| K (r,5)dr| ds. (3.2)

conjugate exponents % + ﬁ =1,

ne{ ([

/ 2 1/p
[sp(t —u) —su(t — 8)](u— s)_l_W‘p du) ds}

U

Thanks to definition (2.15) this concludes the proof. O

2 1/p
_g)rtt b
(u—s8)"""00K(u,s)| du| ds .

Using the properties shown in Section 2.3, it is a matter of (tedious) com-
putations to explicitly work out the quantity ||s,[*., it will be the object
of next lemma. Hence, to consider the examples proposed in the introduction, it
remains to estimate the norm of the kernels in the relevant spaces E, 4,

Lemma 3.2. Assume that v, p and q are admissible parameters and let p' and ¢’
denote the conjugate exponents, i.e., 1—17 + z% = 1, and similarly for q. Then the

quantity ||sull>, o ¢ 15 bounded by
sull2 g < O(1) [ 72900 0200/ =2

+ t(3*2(1+7)p’72p)/p"u*2/p’ + #(2w’+2p'*3)/pp’}

if2(v+p)d #1 andyp' +p' # 3 —p.
3.1. Some examples

In this section we show some applications of our results; we consider some specific
examples of Gaussian kernels, defined by the filter (1.1) with respect to some
kernels of the classes proposed in the introduction.
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The first example is a simple perturbation of a fractional convolution opera-
tor, provided by

t

9
Kﬂ(t,s):<m> 5 O<$<t<T,

this kernel belongs to Ey, 00+ and its norm remains bounded for ¢t — oo. In such
a case, we obtain from Lemma 3.2 that

||8lt||%ﬂ,1,1,t <0(1) [M—(l—Qﬂ)/l) + M—2t1—2(p+19)]

Theorem 3.3. Let {—pp, k € N} be the sequence of eigenvalues of the operator A,
g, be the fractional integration kernel, p € (0,1), and B(t) be a Gaussian process
in U, defined by Formula (2.3) with the kernel Ky(t,s), ¥ € (0,1), defined above.
Then the stochastic convolution process {u(t), t € [0,T]}, defined in Eq. (2.8), is
well defined in the following cases:

— A
(i) ifp+19<%and2—§<+oo;

=1 Mk
1
(id) ifp+q9=§andz%(“k)<+oo;
k=1 o
. > Ak
1
(111) zfp+19>§and;1W<+oo

Further, in case (iii), the stochastic convolution process is well defined for all times:

sup Elu(t)|* < 4o0.
>0

3.2. Almost regular kernel

Let us consider the kernel k(t) = log(1 + ). This kernel is completely monotonic,
with a singularity in zero: k(0+) = 4o0.
Let us consider the integral I; which appears in Eq. (3.2),

t t 1
b= [ st = Kt o) ds = [ 1€, (ns")log(1 + ) ds
0 0

_ e [° P TR ~1/p
=p Ep(5”) log(1 + ——)[*ds +
0

S (63
=I1+ 1.

ut/rt pt/e
|Ep(s”) log(1 + T)|2d5

We may compute explicitly the two terms
Iy < O(1)p!/? log? ()

and
ul/”t

1 _ #1/,; 2
Lo <O /P/ |s~Plog(1 + T)| ds =0(1)

N[— N[

12 log? (),
p=tPlog? (),

\%

[
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Hence,

—2 3 1

plog”(n),  p=3,

I, <0(1) ey ?
p~ P log (p), p> 3.

Next, we consider Io; as already mentioned, it holds that (¢t — )91 K (¢, s) is
bounded on 0 < s <t < T, and we get

now — as in the proof of Theorem 3.1 — choosing v = 0 and p > % we have

-2 1

plog(p), p=3,

L<oMm<{' ., 2
H ) p> 2"

Finally, we may summarize our result as follows.

Theorem 3.4. Let {—puy, k € N} be the sequence of eigenvalues of the operator A,
g, be the fractional integration kernel, p € (0,1), and B(t) be a Gaussian process
in U, defined by Formula (2.3) with the kernel K(t,s) = log(1+ ). Then the
stochastic convolution process {u(t), t € [0,T]}, defined in Eq. (2.8), is well defined
in the following cases:

o
Ak
(i) ifp<3 andz—’; < 400,
k=1"k
oo 3
Ag |
(i) f p=1 and ZM < o0;
k=1 Hi
ey U nd i log? (1)
(ili) if p> 5 a Z 1/p < 400.
k=1

3.3. Highly singular kernel

As a model for the case of highly singular kernel, we consider the following example.
Let

N

-
k() = —
) log(4 + 1)
and denote K (¢, s) = k(t — s). Notice that k(t) € L?(0,1) but tlirr(l) t27k(t) = +oo
for all ¥ > 0.
At first, notice that

t>0,

t
/ It — YK (¢, )[27ds < oo
0

provided 1 < ¢ < == 2 ,i.e., ¢ > 2v; then, the discussion at the end of Section 2.3

implies that, for any v € [0, %), we must choose g =

I <0(1).

1
% and
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Next, we evaluate the derivative of k(t):

piy — 2 (an)log[d+ 3]

243/2 (14 4t)log [4 + 1]

Then it holds t3/2k’(t) € L>(0,T); hence, we may proceed as in the proof of

Theorem 3.1 with v = % to get

12 § O(].),

oo
we conclude that the series in Eq. (2.10) converges if and only if Z Ak < 00.
k=1

4. Fractional Brownian motion

In this section we give an account of the situation concerning the case of a linear
stochastic Volterra equation perturbed by a fractional Brownian motion (fBm).
Because of its possible interest in the applications, we consider both the case of
a singular kernel (case H < 1) and the case of a smooth kernel (case H > 3),
although this last example differs in spirit from the remaining of the paper.

Let us start with a review of the main properties of the fBm. Fractional
Brownian motion is a natural candidate as a model of noise in several fields of
applied mathematics, compare [21]. In the last years, it has been the subject of an
intensive study by means of several authors, also from a purely theoretic point of
view, compare, e.g., [2, 22] and the references therein.

Definition 4.1. If 0 < H < 1, the fractional Brownian motion with Hurst parameter
H is the Gaussian process {Bp(t), t > 0} satisfying

By (0) =E[Bu(t)] =0 for all t > 0,

1

E[Bg(t)Br(s)] = 5 (s + 27 — |t — s> for all s, ¢t > 0.

There exist several different representations of the fBm: in the original paper
of Mandelbrot and van Ness [20] the “moving average representation” is given,

1 H-1/2 H-1/2
By(t) = /t—s —(—s dg(s), t >0,
H() Cl(H) R[( )+ ( )+ ] /6( )

where 3 is a standard Brownian motion,

s 1\ /2
Cl(H) _ (/0 [(1 + S)H71/2 o SH71/2]2 ds + ﬁ) ,

and (z)4+ denotes the positive part of z.
Other representations may be found, for instance, in [13] and [22]. Here we
recall the following result, which is proved in [1].
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Proposition 4.2. Assume that the kernel K (t,s) has the expression

, 1 t ,
Kua(t,s) = cn(t = )% + (5 — H)/ (u—s)i—3 (1 - (f)a—H) du, (4.1)
U
S
where cgr 18 a normalizing constant, given by

B 2HT (2 - H)
e <F<H+%>r<2—2ﬂ>>

1/2

Then the process
t
— [ Kult.5)d50)
0
is a fractional Brownian motion with Hurst parameter H € (0,1).

If H = 1, then By (t) coincides with a standard Brownian motion 3(t). For a
discussion on other properties of the fBm, we address to the papers quoted before.

4.1. Hurst parameter H > %

Let K(t,s) be the kernel defined in Proposition 4.2, with Hurst parameter H >
%. In this case, the elements of the Hilbert space A may not be functions but
distributions of negative orders, compare [23]. In this case, however, we can find a
linear space of functions contained in A in the following way. Let |H| be the space
of functions in L([0,T]) N L?([0,T]) endowed with the scalar product

(0,0 = aH/ / —rPH20(r)y(t) dr dt,
where oy = H(2H — 1). The isometry formula holds for every function ¢ € A:

E|Z(9)]” = llg]7-

Lemma 4.3. Assume H # p. The stochastic convolution process {b(t), t € [0,T]}
defined in (3.1) is a zero mean Gaussian random variable, with variance bounded

by
BO() = O) |- + =] (42)
for any t € [0,T7.

Proof. In view of the construction of the stochastic integral with respect to a
fractional Brownian motion, it only remains to prove (4.2). It suffices to evaluate
the |H|-norm of s, (t — 1)L+ (), and we have

aH/ / Su(t —7)0,4)(T)s,(t —O’)]I(Ovt)(d)‘T—J‘2H72d’rd0’

—aH//sﬂ —1)su(t — o)t — o2 drdo

2H/p/ / Ep(mP)] —U|2H_2d7'5,,(0”)d0. (4.3)



50 S. Bonaccorsi

Consider first the inner integral; we have

o S 1 o
E () — o 2dr = -1 ki/ kPl — rPH=2 47
| et —a S Vo | e 7

Il
e T

(—1)F L kpr2r—1 ['(kp+ DI(2H — 1)
P T(kp+1) T(kp + 2H)
> 1
=T2H - 1D)e?F 1Y (—1)f P
( Jo kZ_O( T+ 2m)’

where the last quantity is equal to
F(ZH - ].)O'QH_lgp’QH(O'p).
We introduce this quantity in (4.3) to get

ag / / 5u(t — T)0,4)(T)8,(t — )0,y ()| T — o2 dr do
Ry JR,

1 t'ul//’ B
0=z [ 118, 0m (") &,f07) do

Mittag-Leffler’s functions are bounded near the origin, and assuming H > % we

get also 2H — 1 > 0, which implies, together with (2.12), that the following de-
composition holds:

o / / su(t — 7)o, (T)s,(t — )0, (0) T — o2 drdo
o Jo

1 1 tﬂl/p
= O(l)MZH/p [/0 o211 do —&—/1 =17 5P do

1 _
- O(l)—uw/” [1+(tu1/p)2H 2/’}

_ 1 2H—2p 1
- o(1) {W e

which proves (4.2). O

Corollary 4.4. An inspection of the above proof shows that, when H = p, estimate
(4.2) shall be modified by

log (1)
E(b(t)*) = 0(1)—45—.
0
Corollary 4.5. In the above assumptions, the stochastic convolution b(t) is well
defined for t € Ry provided

H <p,
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and in such case one has

for anyt € R,

4.2. Fractional Brownian motion with Hurst parameter H < %
Here we have
t
Ky(t,s) =cy(t—s)T Y2 4 1712 (2)
S
where

z—1
Fi(z) = / 2321~ (g4 1)H1/2) dg.
0

From (4.1) we also obtain (compare [2])

8.2(_15;[(15’8) — eu(H - 1) (S)l/Z—H

2
The following result is proved in [2, Proposition 8]. For a short reference
about the main definitions concerning fractional calculus, see the remark at the
end of this section.

. (t_s)H73/2.

Proposition 4.6. The RKHS A is the space 11427H(L2) and the operator K* is
given by

(K3h)(s) = cus™> EDY2"H (hyyy 19)(s),

where h,, denotes the function hy(x) = x®h(z).

Remark 4.7. The above proposition shows that this case is strictly connected to
the case of a fractional derivative kernel K (t,s) = gpy1/2(t — s). Actually, the
RKHS A coincide in both cases, although the operators K* differ:

(Kih)(s) = D> Mh(s) while (Kjh)(s) = cus> D> (hy_y1)(5).
Using Proposition 4.6, we derive the following expression for sj;:
1
sp(t,r) = cu(t— r)H_l/zsﬂ(t —r)+ (H - §)CH$1/2_H

t
></ (27126, (t — 2) —rH Y25, (t — 1)) (x — ) H 3/ da.

which implies, in particular,

t
1
55t 0.0 < 26 [ loalt = s)(t = )7 1/2 ds o 26 (B~ 5)?
0

X/
0

t 2
sl/Q_H/ (=25, (t —r) — s Y25, (t — 5)](r — $)T=3/2qr| ds.
S
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Since H < 1/2, =12 < sH=1/2 for any r € (s,t), and

t
mmum;@ﬂswzl|%u—@u—@H*”Pm (4.4)

t t 2
+2cf (H — %)2/0 /9 [su(t —7) — s,(t — 8)](r — )T=3/2dr

ds.
Up to a constant, estimate (4.4) coincides with (3.2) in case K (t,s) = (t—s)7=3/2,
hence we can appeal to Lemma 3.2 to get the following bound for ||s7 (%, ) ||%2(0 t
5. (8 M0y = OQ) (=20 4 2.

However, as before, we shall consider separately the case p = H, where the above
bound becomes

* 2 —2H
572t )220,y = O)p /7 log(1).
Finally, we are in a position to state the main theorem in the case of a
fractional Brownian motion of parameter H.

Theorem 4.8. Let {—puy, k € N} be the sequence of eigenvalues of the operator A,
g, be the fractional integration kernel, p € (0,2), and B(t) = Bu(t) be a fractional
Brownian motion in U, with Hurst parameter H, defined by (2.3) with the kernel
K(t,s) = Kgl(t,s) defined in Proposition 4.2. Then the stochastic convolution
process {u(t), t € [0,T]}, defined in (2.8), is well defined in the following cases:

NP
(1) ifp<HandZ—§<+oo;

k=1""k
1
(ii) ifp=H andzw < +o0;
1 5,

oo
oy Ak
(iii) iof p > H and Z —5H7; < TOO
k=1 Mk
Remark 4.9. For o > 0 we can define the (right)-fractional Riemann-Liouville
integral of order a of an integrable function f on [0, 7] as

T
:/’f@may—mdy

We will denote by I$_(L?) the class of functions f in L?([0,7]) which may be
represented as an I%_-integral of some function ¢ € L?([0,T7).

The fractional derivative can be introduced, in a natural way, as the inverse
operation of the fractional integral. The (right)-fractional Riemann-Liouville de-
rivative of f of order « is given by

1
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If f € I% (L?), the function ¢ = D% _f is the unique element of L?([0,T]) such
that f = IF_¢.

A complete introduction to the subject is given in [25]. Short notes can be
found in most of the papers on fractional Brownian motion, see, e.g., [2].

4.3. An example in dimension N

It seems interesting to discuss a specific example, compare [11, Section 5.5] and [9].
Assume that O is the cube [0, 7] in RY with boundary 0. Let A be the linear
operator

D(4) = HX(0) 1 H}(0),

Au = A™u, Yu e D(A),

where A represents the Laplace operator. Then

9\ N/2
s (€) = (;) Sin(ni€y) - - sin(naEn),

while
_.2m 2m
Hngyny =M1 + oo+ ny.
Let us consider Equation (1.2) where B(t) = By (t) is a cylindrical fractional

Brownian motion of parameter H € (0, 1). Then, using the results in Theorem 4.8,
it turns out that we shall consider the following cases:

Let p < H. Then, in order to ensure the convergence of the series

1
Z (n%m+...+n§vm)27

we must assume that N < 4m.
Let us consider now the case p > H. Then we shall consider the series

1
Z (n%m ot nfvm)QH/l)'
This series converges if and only if
dmH
N

Notice that the above condition also implies that 4m/N > 1, hence a solution
exists if N < 4m.

Corollary 4.10. In the above framework, a solution to Equation (1.2) exists if

4mH
N < 4m and, moreover, p < mT

It is also of some interest to consider the special case p = 1. In this case,
Equation (1.2) becomes a linear stochastic differential equation in U:

du(t) = Au(t)dt + dBg (t). (4.5)

The above construction defines in which cases such an equation has a mild solution.
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Corollary 4.11. In the above framework, a solution to Equation (4.5) exists if
N < 4dmH. In particular, if N = 1 and m = 1, this implies that a sufficient

condition for a solution to (4.5) to exist is H > 7
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Dirichlet Forms Methods:
An Application to the Propagation of the Error
Due to the Euler Scheme

Nicolas Bouleau

Abstract. We present recent advances on Dirichlet forms methods either to
extend financial models beyond the usual stochastic calculus or to study sto-
chastic models with less classical tools. In this spirit, we interpret the as-
ymptotic error on the solution of an sde due to the Euler scheme (Kurtz and
Protter [39]) in terms of a Dirichlet form on the Wiener space, what allows
to propagate this error thanks to functional calculus.
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Keywords. Squared field operator, Wiener space, density, Dirichlet process,
stochastic differential equation, Dirichlet form, error.

Introduction

Considering a Dirichlet form amounts to consider a strongly continuous symmetric
contraction semi-group on an L2-space which possesses in addition the property
of being positive on positive functions (cf. [13, 28, 44]). This is a particular case
of Markovian potential theory, with several special features due to the use of
Hilbertian techniques and to the fact that positivity and contraction properties
extend to infinite dimensional framework thanks to Fatou’s lemma in measure
theory. Many Dirichlet structures are constructively obtained on the Wiener space
and on the fundamental spaces of probability theory (Poisson space, Monte Carlo
space) which may be thought as hypotheses in order to study error propagation
through stochastic models (cf. [8]).

Since the discovery by M. Fukushima, at the end of the 1970s, that Dirichlet
forms allow to extend the stochastic calculus to processes which are not semi-
martingales (cf. [27]) a lot of works have been developed in this direction, even
beyond the Dirichlet forms framework. To this extend we quote the approach to
time-dependent Dirichlet forms developed by Oshima [50] and the more recent
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approach of Stannat [58] and Trutnau [59] about a new theory of generalized
Dirichlet forms. As in finance the heart of the complete market property and
more generally of the portfolio management is the stochastic integral, a particular
interest has been devoted to methods giving rise to new stochastic integrals.

We shall give, at first, a short outlook on recent results related to Dirichlet
forms and connected with financial motivations. We include some Malliavin calcu-
lus approaches when they amount to the use of the Ornstein-Uhlenbeck structure
on the Wiener space. After recalling, in a second part, the main properties of
Dirichlet forms and the interpretation of the functional calculus on the squared
field operator in terms of error propagation, we focuse, in a third part, on the
question of the asymptotic error due to the resolution of a stochastic differential
equation by the Euler scheme. We show that the asymptotic error may be repre-
sented by a Dirichlet structure on the Wiener space and we apply this to propagate
the error on the example of a level volatility model for pricing and hedging pro-
cedures. We put the general question of the validity of such a propagation as an
asymptotic calculus principle, and we give partial arguments for this principle.

1. Some recent works

First must be mentionned the idea of using Malliavin’s integration by parts tech-
nique to speed up the computation of the Greeks or other quantities in finance.
After the collective papers of Fournié et al. [25, 26], improvements have been
brought to complex options [29] and to the more general question of the sensi-
tivity to some parameters with the aim of calibration of a model. As integration
by parts formulae are available in more general Dirichlet forms situations than
the Ornstein-Uhlenbeck structure on the Wiener space (cf. [8, Chapter V]), the
same approach may be performed, for instance, on the Poisson space for studying
models with jumps [17].

One of the first successes of Malliavin calculus was about proving existence of
densities for solutions of sde’s with smooth coefficients and Dirichlet forms meth-
ods have been able to extend such results to the case of Lipschitz coefficients [13].
Several authors remarked that these tools give also means of improving the com-
putation of densities and establishing estimates for the laws of random variables
with some regularity assumption. Let us quote [5, 11, 14, 38] whose results are not
limited to applications in finance. With suitable hypotheses it is possible, to get
explicit closed formulae for the density even with some liberty in the choice of a
weight function allowing an optimization for Monte Carlo simulation.

After the classical works of M. Fukushima and Y. Le Jan on stochastic cal-
culus for additive functionals of symmetric Markov processes associated with a
Dirichlet form [42] the role of past and future o-algebras have been clarified by
Lyons and Zheng (cf. [43, 59]) and the main current of research, in order to leave the
semi-martingale context, starts with the abstract definition of a Dirichlet process
as sum of a local martingale and a process with zero quadratic variation (see [22]).
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Because the quadratic variation, as formal Dirichlet form, does not possess the
closedness property, the Dirichlet form framework is replaced here by functional
analytic arguments. The integral is generally defined by a discretization proce-
dure (cf. [6, 23, 24]) or by a regularization procedure (see [52, 53]). These ways
have been deepened with the center example of the fractional Brownian motion
(cf. [1, 19, 20, 30, 31, 54, 62]). The connections of these works with finance are
many: attempting to generalize Girsanov’s theorem in order to define martingale
measures by erasing more general drifts and using generalized stochastic integra-
tion (forward, symmetric and backward integrals) in order to deal with exotic
models (cf. [21]). About “inside trading” and the use of forward integrals it is
worth to quote [41].

At last, let us mention some uses of Dirichlet forms or Malliavin calculus
to deal with processes with jumps by equipping the general Poisson space with a
differential structure (cf. [15, 47]) and the forthcoming book of P. Malliavin and A.
Thalmaier [46] whose last chapter is devoted to calculus of variations for markets
with jumps, the other ones being strongly related with the above topics.

2. Dirichlet forms theory seen as error propagation theory

Let us begin with a very simple but crucial remark about the magnitude of errors.
If we consider an erroneous quantity with a centered small error and apply to it a
nonlinear map, we observe by an easy Taylor expansion argument that

e the error is no more centered in general: a bias appears
e the variance transmits with a first-order calculus.

Now if we go on, applying anew several non-linear applications,

e the variances and the biases keep (except special cases) the same order of
magnitude
e the biases follow a second-order differential calculus involving the variances.

With natural notation,

UTQL+1 = fT/Lal(xn)Urzm

. . 1
bias,+1 = fé+1($n)b1a8n + §f7/{+1(33n)0721,-

The first relation has been discovered, even in several dimensions, with correlation
between the errors, by Gauss at the beginning of the nineteenth century.

From this observation, in order to represent the propagation of small errors
we may consider that

1) the variances of errors have to be managed by a quadratic first-order differ-
ential operator T,

2) the biases of errors have to be represented by a linear second-order differential
operator A,
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the propagation of errors being the result of the following change of variable for-
mulae:

DF(X1,. ., Xin), GV, Vo) = S Fl(X1, ., X)) Gy (Y, -, Yo )T[XG, Y
ij

A[F(Xy,. . X)) =D F/(X1, ... X)) ALXG] + % > Ff(Xy, . X TIXG X
K3 1]

Because of these propagation rules for the variances and the biases, little errors
may be thought as second-order vectors. This old notion of differential geometry
has been revived at the beginning of the 1980s by the study of semi-martingales
on manifolds (cf. [18, 48, 56]).

Now, instead of germs of semi-martingales and second-order vectors, we will
use Dirichlet forms, carré du champ and generator. There are two important rea-
sons for this, that I shall give just after recalling some definitions and examples.

Definition 2.1. An error structure is a term
S =(Q,AP,D,T)
where (2, A4, P) is a probability space, and:
(1) D is a dense subvector space of L?(2, A, P) (also denoted L?(P)).
(2) T is a positive symmetric bilinear application from D x D into L (P) satisfying
“the functional calculus of class C' N Lip”. This expression means
YueD™, VYoeD", VF:R™—-R, VG:R"—R

with F', G being of class C! and Lipschitzian, we have F(u) € D, G(v) € D
and

oF , [ 0G
IF(u),Gw)] = Z () =— ()T [ui, v;]  P-as.
i Bxi 81’j
(3) The bilinear form E[u, v] = 4E[L'[u,v]] is “closed”. This means that the space
D equipped with the norm

1/2
leullo = (llulzqe) + €l )

is complete.
If, in addition

(4) the constant function 1 belongs to D (which implies I'[1] = 0 by property 2),
we say that the error structure is Markovian.

We will always write E[u] for £[u, u] and I'[u] for T'[u, u).

With this definition, the form £ is known in the literature as a local Dirich-
let form on L?(Q, A, P) that possesses a “squared field” operator (or a “carré du
champ” operator) I'. These notions are usually studied on o-finite measurable
spaces. We limit ourselves herein to probability spaces both for the sake of sim-
plicity and because we will use images and products of error structures.
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Under very weak additional assumptions, to an error structure (also to a
Dirichlet form on a o-finite measurable space) a strongly-continuous contraction
semigroup (Pt) >0 O1L L?(P) can be uniquely associated, which is symmetric with
respect to P and sub-Markov. This semigroup has a generator (A4, DA), a self-

adjoint operator that satisfies

82F
Z 6x, axlax] ul, uj] P-a.s.

for F: R™ — R of class C? with bounded derivatives and u € (DA)™ such that
I'[u;] € L*(P).

Ezample 2.2 (Ornstein-Uhlenbeck structure in dimension 1). 2 = R, A = Borel
o-field B(R), P = N(0,1) reduced normal law, D = H*(N(0,1)) = {u € L*(P),
v’ in the distribution sense belongs to L(P)}, I'[u] = u'2, then
(R, B(R),N(0,1), H'(N(0,1)),T)
is an error structure with generator
DA = {f € L*(P): f"— xf in the distribution sense € L*(P)},

1 1
Af — " _ 1. ¢
f=51"=51f
where [ is the identity map on R.

Ezample 2.3 (Monte Carlo structure in dimension 1). Q = [0,1], A = Borel o-
field, P = Lebesgue measure, D = {u € LQ([O 1], dx) the derivative v’ in the
distribution sense over ]0, 1] belongs to L*([0,1],dxz)}, I'[u] = u2.

Ezample 2.4 (Friedrich’s extension of a symmetric operator). Let D be a connected
open set in R? with unit volume. Let P = dz be the Lebesgue measure on D. Let
I' be defined on C°(D) via

Ou Ov
v = — u,v € C°(D
} ;6%‘, 6l‘j ]9 k ( )a
where the functions a;; satisfy

Qij € Lloc(D)

eLloc(D) i7j7k:17~-~ada
Za,] x)6€, >0 VeEeD,

aij(m) =a;;(z) Ve D,
then the pre-structure (D, B(D),P,C:°(D),T") is closable.
Let us now come back to the question of using Dirichlet forms instead of
second-order vectors as germs of semi-martingales.

The first reason is the closedness property. That gives all the power to this
theory. It is similar to o-additivity in probability theory. Without the closedness
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property, we have an apparently more general framework (as additive set functions
are more general than o-additive ones), but it becomes impossible to say anything
on objects which are defined by limits, error propagation is limited to explicit
closed formulae. Instead, this closedness property allows to extend error calculus
to infinite dimensional frameworks and to propagate errors through typically limit
objects as stochastic integrals. As David Hilbert argued against intuitionists, more
theorems is better. The philosopher Carl Popper made this mistake about axiom-
atization of probability theory emphasing that his system (without o-additivity)
was more general than that of Kolmogorov (with o-additivity).

What is particularly satisfying is that this closedness property is preserved
by products. Any countable product of error structures is an error structure and
the theorem on products (cf. [8]) gives explicitely the domain of the new I" oper-
ator. Starting with the Ornstein-Uhlenbeck structure in dimension 1, the infinite
product of this structure by itself gives the Ornstein-Uhlenbeck structure on the
Wiener space. Less surprisingly, the image of an error structure, defined in the
most natural way, is still an error structure, as an image of a probability space by
a measurable map is still a probability space.

The second reason is related to simplicity. Let us come back to the first
remark at the beginning of this part. We said that starting with a centered error,
centeredness is lost after a non linear map. But what is preserved by image? Which
property is an invariant? It is the global property of symmetry with respect to a
measure. If the operators describing the error are symmetric with respect to some
measure, the image of the error has still this symmetry with respect to the image
measure. Centeredness is nothing but symmetry with respect to Lebesgue measure
(not a probability measure, a o-finite measure but this doesn’t matter really here).

The gradient and the sharp (#)

In addition to the operators I' and A we will need the notion of gradient which is
a linear (Hilbert-valued) version of the standard deviation of the error.

Definition 2.5. Let H be a Hilbert space. A linear operator D from D into L?(P, H)
is said to be a gradient (for S) if

Vu €D Tu] =< Du, Du >y .

A gradient always exists as soon the space D is separable. It satisfies neces-
sarily the chain rule:

Proposition 2.6. Let D be a gradient for S with values in H. Then Yu € D* VF €
C N Lip(R™),

D[F ou) = Z gf ouDlu;] a.e.
i=1 v

What we denote by theA shAarp # is a sgecilalAcase of the gradient operator
when H is chosen to be L?(Q, A,P) where (2, A, P) is a copy of (22, A, P). It is
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particularly usefull for structures on the Wiener space because stochastic calculus
and Ito formula are available both on (Q, A, P) and (Q, A, P).

Let us give some definitions and notation we will need later on about the
weighted Ornstein-Uhlenbeck structure on the Wiener space: let B be a standard
Brownian motion constructed as coordinates of the space C([0,1]) equipped with
the Wiener measure and let a be a positive function in L}, [0, 1]; there exists an
error structure (cf. [8]) satisfying

T { /0 1 u(s)st} - /0 sy (s)ds

for u € C(]0, 1]). It is the mathematical expression of the following perturbation of
the Brownian path:

w(s):/ dBuH/ e_ﬂg")gdBu_F/ 1/1_e—a(1t)sdBu’
0 0 0

where B is an independent standard Brownian motion. This structure possesses
the following #-operator:

(/01 “(S)dBS># - /O1 Va(s)u(s)dB,, Vu e L*((0,1], (1 + a)d),

which satisfies for regular adapted processes H

1 # 1 1
(/ Hsst> :/ \/a(s)Hsst—i—/ H¥dB,.
0 0 0

Let us end this part by a comment on the passage from a random walk to
the Brownian motion in the context of erroneous quantities. Donsker’s theorem
says that if U, are i.i.d. square integrable centered random variables, the linear
interpolation of the random walk 22:1 Uk, i.e., the process

L

X, (t) = NG > Uk + (nt = [nt])Upng 41
k=1

for t € [0,1], where [z] denotes the entire part of z, converges in law on the space
C([0,1]) equipped by the uniform norm to a Brownian motion. Invariance princi-
ples follow giving a way to approximate properties of the Brownian motion by the
corresponding ones of the random walk. A quite natural question is how this may
be extended to the case where the U,,’s are erroneous. To extend weak convergence
of probability measures we use convergence of Dirichlet forms on Lipschitz and C*
functions. Then supposing the errors on the U,,’s are equidistributed and uncorre-
lated, the error structure of the process X, converges to the Ornstein-Uhlenbeck
structure on the Wiener space (cf. [10]). Invariance principles follow giving ap-
proximations of the variance of the error of Brownian functionals, for example for
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the sup-norm of the paths:

BT () = B [ s i50l] & [ [ (Dull 1l 8] =i

where D denotes the Ornstein-Uhlenbeck gradient with values in L?([0,1]) and

T is the random time where the absolute value of the Brownian path reaches its
maximum.

3. Propagation of the error due to the Euler scheme

If an asset X is represented by the solution of an sde, prices of options, hedging
portfolios and other financial quantities are obtained by stochastic calculus as
functionals of X. If we suppose the sde is solved using the Euler scheme, the
asymptotic error on X discovered by Kurtz and Protter in the spirit of a functional
central limit theorem takes the form of a process solution to an other sde. In order
to propagate this assymptotic error through stochastic calculus, we have to take
the derivative in a suitable sense of non-differentiable functionals as stochastic
integrals. This may be performed by the theory of Dirichlet forms. Let us recall
the situation.

The error due to the Euler scheme

In 1991 Thomas Kurtz and Philipp Protter obtained an asymptotic estimate in
law for the error due to the Euler scheme.
In the simplest case, considering the sde

if X7 is the Euler approximatlon of Xy and U™ = X" — X, then (B,/nU™)
converges in law to (B, U) where U is solution to the linear sde

1
dUt = a/(Xt)UtdBt + bl(Xf)Utdt + ﬁa'(Xt)a(Xt)th, U() = 07

where W is a Brownian motion independent of B.
Such an “extra-Brownian motion” appeared in a work of H. Rootzen [51] who
studies limits of integrals of the form fg U (s)dBs where v, is an adapted process.

In the case where fg f(Bs, s)dBs is computed by the Euler scheme

[nt]

[ ooz, = X BBy = B+ F (B bt /) B~ B

he obtains for regular f,

Vi [ wdn = [ s ) 4 o [ g
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This kind of result is restricted to adapted approximations. As Wong and Zakai
have shown (1965) other natural approximations of the Brownian motion give rise
to stochastic integrals in the sense of Stratonowitch.

The discovery of the asymptotic error due to the Euler scheme has been
followed by a series of works which extend it to the case of an sde with respect to
a continuous or discontinuous semi-martingale and which obtain some statements
as necessary and sufficient conditions ([34, 35]).

In addition, asymptotic expansions have been recently obtained by the sto-
chastic calculus of variation [45].

In the sequel, we shall consider the result of Kurtz-Protter in dimension 1
under the following form:

Let X; be the solution starting at x( to the sde

dXt = G(Xt, t)dBf + b(Xt, t)dt,
let X* be the approximate solution obtained by the Euler method, which may be
written
X = wo, dX{' = a(X{.y, [nt]/n)dBy + b(X 1.y, [nt]/n)dt,

and let U* = X" — X, be the approximation error, then if a and b are C! with
linear growth

(B,v/nU"™) 2 (B,U) on €([0,1]),
where the process U may be represented as
1
U() =0 dUt = a_;(Xt, t)UtdBt + b;(Xt7 t)Utdt + —a_;(Xt, t)a(Xh t)th7

V2

which is solved by the usual method of variation of the constant: introducing the
process

t 1t t
M, = exp {/ al (Xs,s)dBs — 5/ a?(Xs,s)ds —|—/ b (X, s)ds}
0 0 0

gives

U, = M, /t a’(XS7s)a;c(XSa s) AW,
0 \/§Ms
Let us consider the weighted Ornstein-Uhlenbeck error structure on the Wie-
ner space with weight « as explain above. If the coefficients a and b are regular,
then X, € D and X/ satisfies
t

t L t
X = / al (Xs,8)X#dB, + / a(Xs, s)\/a(s)dB, + / V.(Xs,8)XFds. (%)
0 0 0

Comparing with the equation of the asymptotic error due to the Euler scheme,

t t / Xq t
U= / CL_;(XS7 S)Usst + / a'(st S)dee + / b_;(XS, S)Ust, (**)
0 0 V2 0

shows that
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e if we could take a random and adapted weight a(t) = 1a’2(Xy,1),
e if the obtained structure is closable with carré du champ and if the calculus
of the #-operator is still (x),
then X# would be the asymptotic error due to the Euler scheme, and we would
be able to propagate this error through the stochastic computations obtaining the
variance of the error on any r. v. Y € D by the equation T'[Y] = E[Y #2].

The Ornstein-Uhlenbeck structure with random weight
From now on « is a measurable random process defined on the Wiener space, non-
negative, non necessarily adapted. We assume that this process satisfies E fol adt <
+00, and a(w,t) > k(t) >0 P x dt-a.e. where k is deterministic.

Let us denote by DX, the domain of the Ornstein-Uhlenbeck structure with
deterministic weight k& and by D, its gradient. On the domain

D= {Y €Dk, /0 ]E[(D’g’u[Y](t))Q%]dt < +oo}

which is dense, the form

el =5 [ BUOLII0P L

is Dirichlet and admits
1

rv) = [ (kw107 S
0

as carré du champ operator.

Indeed, let V be the space of linear combinations of exponentials of the form
Y = exp{i fol hydB,} with h deterministic bounded, by fol Ea(t)dt < 400, we
have V € D and D¥,[Y] = Y (ihvk), hence D is dense.

Let X,, be a Cauchy sequence in L? and for £. Let X be the limit of X,, in
L?. Then X,, is Cauchy for £%, which is closed, hence X € D, and there exists a
sub-sequence X,/ such that

Dt X, ] — DEJX] Exdtps.,

ou ou

and by Fatou’s lemma
[ &[]

1 1

= / E [lim(D’gu[Xn/])Q@} dt < lim inf/ E [(D’gu[Xn/])Q@} dt < 400
0 k(t) 0 k(t)

since X,, is Cauchy for £. Hence X € D. Now again by the Fatou lemma we show
as classically that X,, converges to X in .

Contractions operate on (£,D) by the functional calculus for DF,, hence
(€,D) is a Dirichlet form. The definition of the carré du champ operator ([13, Def.
4.1.2]) is satisfied.
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The generator (A, DA) is given by

1
DA={FcD,3G € L?VH €D, %E/ D’;U[F]D’;U[H]@dt =—-<G,H>},
0
AF =G,

hence if F' € DA, then %Dfu[F] € dom 6%, and

AF = — Lt PD’“ F}

_5 ou | .7 ou

where 6% is the Skorokhod integral with weight k.

ou

Adapted case
Let us now add the hypothesis that « is adapted. If & is in L>(R,.),

ED [F /0 1th} _E [F /0 1 h(s)a(s)st} .

E[G < DF,hy/a >] = —E[F < DG,hy/a >| +E {FG/hadB] .

If F,GeDnL>,

And if v is adapted and in dom 4,

Sv] = /01 Vs/0sdBs.

At last, for finance, the following properties are important, they use the fact that
« is adapted:

A[E[X|F;]] = E[A®[X]|F]
where A° is constructed as A with the weight a(t)1:<,;},
DIE[X|F]](t) = E[D[X](t)1i<s| ],
E[.|Fs] is an orthogonal projector in D,
(E[X|F])* = E[X*|F,],

where #, is constructed as # with the weight a(t)1y¢<,. If X is Fy-measurable,
then AX, I'[X] are F;-measurables.
Concerning the operator # we have the formulae

([ con)

Hence Formula (x) is satisfied.

1 1
— / ¢#dB, + / ¢.\/asdB,.
0 0
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Application to diffusion models
Let us consider the following model of an asset:
dXt = XtO'(Xt, t)dBt + Xtr(t)dt,
and let us put on the Wiener space the Ornstein-Uhlenbeck structure with weight
a'Q(Xt, t) - (0’(_th7 t) + XtO—;(Xtv t))2
2 2

which represents the asymptotic error due to the Euler scheme. ¢ is supposed to be
strictly positive, C*and Lipschitz and the preceding hypotheses on a are assumed.

Such a modelling is coherent. The error is attached to the asset X and any

functional of X, including the Brownian motion itself, and its error may be com-
puted thanks to the equation

ap =

dXy

B=——"
d ¢ XtO'(Xt7t)

- Xt'l"(t)dt

which gives

(Bt)#:/o Va(s)dB, F[Bt]:/o a(s)ds.

Let us show how financial calculi may be performed before proposing some com-
ments on the use of such an analysis. Putting M; = exp{fg VasdB, — % fg asds +
fg r(s)ds} we have

" X20%(Xs, 8)

_ 2
F[Xt] = Mt A Tzasds,

X202 (X, u)
0 M3
The price of a European option with payoff f(Xr) at exercise time T,

T[X,, X;] = M, M, audu.

Vi=E

T
(exp— / r(s)ds)f(XTnft] ,

becomes erroneous (in the sense of error structures) with an error obtained thanks
to the #:

T 2
IVi] = <6Xp_2/t T(S)dS)(]E[f’(XT)MTlft]> F]Eff;]a

T T
TV, V] = (exp(— / r(u)du — /t r(v)dv)) E[f' (Xr)Mr| 7]

X E[f/(XT)MT|.7:t] F[])\J(Sié\jft]

The quantity of asset in the hedging portfolio is

T
H, = <exp—/t r(s)ds) E[f/(XT)MT|}—t]MLf
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and we have

P[] = <exp—2 / Tr(s)ds> (e[S cerare + f’<XT>z?>|ftD2 3

with

T T
zl = / L,dBs — / /s L Msds,
t t

Ly =all2(Xs,s) = 200, (X5, s) + Xs002(Xs, 5).
Tt is still true, as in the case of deterministic weight (cf. [8]), that the proportional
error on X; divided by the volatility:

T[X,] 1
X, o(X,t)

is a finite variation process (cf. [4] on the “feed back” effect).

Discussion

Thanks to this construction of an error structure, i.e., a local Dirichlet form with
squared field operator, on the Wiener space, hence by image, on C([0, 1]) equipped
with the law of the process X, we have at our disposal a powerful mean to propa-
gate the error done on X toward sufficiently smooth functionals of X. In order to
assess the interest of this tool, the question arises of knowing whether the prop-
agated error is the same as the one we would obtain by a direct computation of
the functional thanks to the approximation X™ of X. For instance, in the simplest
case, does the convergence in law

VA(F(X]) = (X)) 2 F/(X) X

hold for f € C' N Lip? Can we justify an asymptotic calculus principle which says
that the Dirichlet form allows effectively to compute the errors on the quantities
which are erroneous because of the approximation X™ of X7 We will not exhaus-
tively examine this principle here, for it is a too large enterprise. Nevertheless, in
the important current of research whose fruitfulness has been confirmed these last
twenty years, which may be called the “tightness programm”, the authors, among
which we must at least quote P.-A. Meyer, W. A. Zheng, J. Jacod, A. N. Shiryaev,
A. Jakubowski, J. Mémin, G. Pages, T. G. Kurtz, P. Protter, L. Stominiski, D. Ta-
lay, V. Bally, A. Kohatsu-Higa and many others, have already done a major part
of the work by stating their results of convergence in law, of stable convergence,
of tightness of processes, under a sufficiently general form for propagating itera-
tively the properties through stochastic integrals and sde’s in the semi-martingale
framework.

Let us give some results in the direction of this asymptotic calculus principle
keeping the hypotheses of the present part III.

Let F be a real function of class C! and Lipschitz defined on C([0, 1]) equipped
with the uniform norm. Such a function satisfies

F(z+h) = F(z)+ < F'(z),h > +|[h]lea(h)  Va,h € C([0,1])
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where the mapping z — F’(x) is continuous and bounded with values in the
Banach space of Radon measures on [0, 1], €, (h) is bounded in z and h, and goes
to zero when h — 0 in C([0, 1]). Then we have

VA(F(X™) = F(X)) % (F(X))* = X7 F(X)(d).
[0,1]
The equality on the right-hand side comes from the functional calculus in error
structures (see [10]). Putting U™ = X™—X as before, the fact that /n||U"||ex (U™)
tends to zero in probability, reduces the proof to the study of the convergence in
law of

< F/(X), JaU" >= Vi / (X7 — X,) F'(X)(dt)

to fo# F’'(X)(dt). Considering the measure F’'(X)(dt) as the differential of a
finite variation process adapted to the constant filtration G; = B(C(]0, 1])), the fact
that the process to be integrated /nU™ converges stably to X# implies (cf. [40,
Thm. 2.2]) that the stochastic integral [ /nU™ F'(X)(dt) converges in law to
JXF (X))

We obtain also the convergence in law of the stochastic integrals H../nU" 4
H.X# for H deterministic or adapted and that of

VA ( / )Xy - / . s)dxs>

to 1 # 1 1
(/ f(X&s)dXS) :/ f’(Xs,s)deXer/ f(X,,s)dX?
0 0 0

for f C' and Lipschitz.

More generally, we can make more explicit the research programm of deter-
mining the domain of the asymptotic calculus.

Let X,, and X be two random variables with values in a measurable set
(E,F), and let ay, be a sequence of positive numbers. Let Dy denote a set of
simple functions included in L?(Px) and in L?(Px,) Vn. Let us suppose that
there exists an error structure

S=(E,F,Px,DT)
such that Dy C D and V¢ € Dy
lim an E[(p(Xn) — 9(X))*] = E[L[p]]; 3.1)

we shall say that the asymptotic calculus principle extends to D for Dy C D C D
if the limit (3.1) extends to ¢ € D.

If, as above, a #-operator is available (which occurs as soon as D is separable),
in order to prove (3.1) on D, since # is a closed operator, it suffices for any ¢ € D
to find a sequence ¢, € Dy such that

1. ¢p — ¢ in L*(Px)
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2. ¥ converges in L?(Px X ]ﬁ;{)
3. anE[(X,) — 9(X))?] may be approximated uniformly in n by

o Blpp(Xn) — SDP(X))Q]’

When (F,F) is a normed vector space, obtaining (3.1) from a convergence in law
of /o (¢p(Xn) — p(X)) uses generally a uniform integrability of a,, | X, — X/||%.
We shall go deeper in this problem in a separate work.

Let us end by some remarks from the point of view of finance. The interest
of considering a financial asset as erroneous is not evident since it is one of the
best known quantities continuously quoted in a financial market. Such an error
may be justified (cf. [8]) by the inaccuracy of the instants of transaction, possibly
also to represent an infinitesimal bid-ask. But this would rather justify specifi-
cally constructed error structures instead of the one induced by the Euler scheme.
This error structure is relevant only in order to assess the errors in Monte Carlo
simulations performed to calculate financial quantities in a given model.

Several authors ([16, 32]) remarked that the stochastic integral which is the
active hedge of a future contingent claim, in a model where the underlying asset is
a semi-martingale, is an instance of application of limit theorems on discretization
errors. This is different from the Euler scheme error and it would be worth to
examine this error from the point of view of an asymptotic Dirichlet form.

A more general and complete study of the bias operators and the Dirichlet
form yielded by an approximation, with applications related to the part III of the
present paper, is to appear ([12]).
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Individual-Based Probabilistic Models of
Adaptive Evolution and Various Scaling
Approximations

Nicolas Champagnat, Régis Ferriére and Sylvie Méléard

Abstract. We are interested in modelling Darwinian evolution, resulting from
the interplay of phenotypic variation and natural selection through ecological
interactions. Our models are rooted in the microscopic, stochastic description
of a population of discrete individuals characterized by one or several adap-
tive traits. The population is modelled as a stochastic point process whose
generator captures the probabilistic dynamics over continuous time of birth,
mutation, and death, as influenced by each individual’s trait values, and in-
teractions between individuals. An offspring usually inherits the trait values
of her progenitor, except when a mutation causes the offspring to take an in-
stantaneous mutation step at birth to new trait values. We look for tractable
large population approximations. By combining various scalings on popula-
tion size, birth and death rates, mutation rate, mutation step, or time, a
single microscopic model is shown to lead to contrasting macroscopic limits,
of different nature: deterministic, in the form of ordinary, integro-, or par-
tial differential equations, or probabilistic, like stochastic partial differential
equations or superprocesses. In the limit of rare mutations, we show that a
possible approximation is a jump process, justifying rigorously the so-called
trait substitution sequence. We thus unify different points of view concerning
mutation-selection evolutionary models.

Keywords. Darwinian evolution, birth-death-mutation-competition point pro-
cess, mutation-selection dynamics, nonlinear integro-differential equations,
nonlinear partial differential equations, nonlinear superprocesses, fitness,
adaptive dynamics.

1. Introduction

In this paper, we are interested in modelling the dynamics of populations as driven
by the interplay of phenotypic variation and natural selection operating through
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ecological interactions, i.e., Darwinian evolution. The fundamental property of
evolving systems is the propensity of each individual to create and to select the
diversity. This feature requires to focus on the stochastic dynamics of each indi-
vidual in the population. The study of such evolutionary-ecological models is very
complicated, and several approximations have been proposed. Firstly, Bolker and
Pacala [2] and Dieckmann and Law [11] have introduced the moment equations of
the distribution of traits in the population and studied different moment closure
heuristics. Secondly, various nonlinear macroscopic models (integro-differential
equations, partial differential equations, superprocesses) have been proposed with-
out microscopic justification. Finally, the emerging field of adaptive dynamics has
proposed a new class of macroscopic models on the evolutionary time scale, de-
fined as jump processes and ordinary differential equations (trait substitution se-
quences, Metz et al. [22], canonical equation of adaptive dynamics, Dieckmann
and Law [10]). In all these cases and from a biological point of view, the pathway
from microscopic to macroscopic models deserves a firm mathematical pavement,
at least to clarify the significance of the implicit biological assumptions underlying
the choice of a particular model.

In this work, we unify several macroscopic approximations by recovering them
from a single microscopic model. In particular, we point out the importance of
large population assumptions and that the nature of the approximation strongly
depends on the combination of various scalings of the biological parameters (birth
and death rates, mutation rate, mutation step and time).

This paper starts (Section 2) with the microscopic description of a population
of discrete individuals, whose phenotypes are described by a vector of trait values.
The population is modelled as a stochastic Markov point process whose generator
captures the probabilistic dynamics over continuous time of birth, mutation and
death, as influenced by each individual’s trait values and interactions between in-
dividuals. The adaptive nature of a trait implies that an offspring usually inherits
the trait values of her progenitor, except when a mutation occurs. In this case, the
offspring makes an instantaneous mutation step at birth to new trait values. We
will refer to the state space parameterized by adaptive traits as the trait space,
and will often (slightly abusively) call trait the actual trait value. This process is
defined as the solution of a stochastic differential equation driven by point Poisson
measures (Section 2.1). In Section 2.2, we give an algorithmic construction of the
population point process and propose some simulations, for various parameters, of
an asymmetrical example developed in Kisdi [18]. Next, we prove that the point
population process is a measure-valued semimartingale and compute its character-
istics (Section 2.3). Then we look for tractable approximations, following different
mathematical paths. Our first approach (Section 3) aims at deriving deterministic
equations to describe the moments of trajectories of the point process, i.e., the
statistics of a large number of independent realizations of the process. We explain
the difficult hierarchy between these equations coming from competition kernels
and preventing, even in the simple mean-field case, decorrelations and tractable
moment closure. The alternative approach involves renormalizations of the point
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process based on a large population limit. The measure-valued martingale proper-
ties of the renormalized point process allow us to show that, according to different
scalings of birth, death and mutation rates, one obtains qualitatively different
limiting partial differential equations and the appearance or not of some demo-
graphic stochasticity. We show in Section 4.1 that by itself, the large-population
limit leads to a deterministic, nonlinear integro-differential equation. Then, in
Section 4.2.1, we combine the large-population limit with an acceleration of birth
(hence mutation) and death according to small mutation steps. That yields either
a deterministic nonlinear reaction-diffusion model, or a stochastic measure-valued
process (depending on the acceleration rate of the birth-and-death process). If now
this acceleration of birth and death is combined with a limit of rare mutations,
the large-population limit yields a nonlinear integro-differential equation either
deterministic or stochastic, depending here again on the speed of the scaling of
the birth-and-death process, as described in Section 4.2.2.

In Section 5, we model a time scale separation between ecological events (fast
births and deaths) and evolution (rare mutations), for an initially monomorphic
population. The competition between individuals takes place on the short time
scale. In a large population limit, this leads on the mutation time scale to a jump
process over the trait space, where the population stays monomorphic at any time.
Thereby we provide a rigorous justification to the notion of trait substitution
sequence introduced by Metz et al. [21].

2. Population point process

Even if the evolution manifests itself as a global change in the state of a population,
its basic mechanisms, mutation and selection, operate at the level of individuals.
Consequently, we model the evolving population as a stochastic interacting indi-
vidual system, where each individual is characterized by a vector of phenotypic
trait values. The trait space X is assumed to be a closed subset of R?, for some
d>1.

We will denote by Mp(X) the set of finite non-negative measures on X. Let
also M be the subset of Mp(X) consisting of all finite point measures:

M:{Zdwﬂ n>07m1,...,xn€X}.
i=1

Here and below, d, denotes the Dirac mass at x. For any m € Mp(X), any mea-
surable function f on X, we set (m, f) = [, fdm.

We aim to study the stochastic process v4, taking its values in M, and de-
scribing the distribution of individuals and traits at time ¢t. We define

I(t)

vy = Z 5X;‘a
i=1
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I(t) € N standing for the number of individuals alive at time ¢, and X}, ..., XtI(t)

describing the individual’s traits (in X).

For a population v = Zle 6., and a trait x € X, we define the birth
rate b(z,V x v(z)) = b(x,Zf:I V(x — 2*)) and the death rate d(z,U * v(z)) =
d(zx, 21‘1:1 U(z — x')) of individuals with trait z; V and U denote the interaction
kernels affecting, respectively, reproduction and mortality. Let p(z) and M (z, z)dz
be, respectively, the probability that an offspring produced by an individual with
trait = carries a mutated trait and the law of this mutant trait.

Thus, the population evolution can be roughly summarized as follows. The
initial population is characterized by a (possibly random) counting measure vy €
M at time 0, and any individual with trait x at time ¢ has two independent random
exponentially distributed “clocks”: a birth clock with parameter b(z, V xvy(z)), and
a death clock with parameter d(z,U * v(x)). If the death clock of an individual
rings, this individual dies and disappears. If the birth clock of an individual with
trait  rings, this individual produces an offspring. With probability 1 — p(z) the
offspring carries the same trait x; with probability u(z) the trait is mutated. If
a mutation occurs, the mutated offspring instantly acquires a new trait z, picked
randomly according to the mutation step measure M (x, 2)dz.

Thus we are looking for a M-valued Markov process (v¢)¢>0 with infinitesimal
generator L, defined for real bounded functions ¢ by

I
Lo(v) = Z b(a', Vo« v(a) (1 = p(z"))(¢(v + 851) — ¢(v))
+ Z b(a', Voxv(a'))u(e') /X(qﬁ('/ +0z) — (V) M(a", 2)dz

I
+ Y d(@ U s v(@)(@(v — 8,1) — d(v)). (2.1)
i=1
The first term of (2.1) captures the effect on the population of birth without
mutation; the second term that of birth with mutation, and the last term that of
death. The density-dependence makes all terms nonlinear.

2.1. Process construction

Let us justify the existence of a Markov process admitting L as infinitesimal gener-
ator. The explicit construction of (14)¢>¢ also yields three side benefits: providing a
rigorous and efficient algorithm for numerical simulations (given hereafter), laying
the mathematical basis to derive the moment equations of the process (Section 3),
and establishing a general method that will be used to derive some large population
limits (Sections 4 and 5).

We make the biologically natural assumption that the trait dependency of
birth parameters is “bounded”, and at most linear for the death rate. Specifically,
we assume
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Assumptions (H):

There exist constants b, d, U, V and C and a probability density function M on
R? such that for each v = Zle 0, and for z,z € X,

These assumptions ensure that there exists a constant C, such that the total
event rate, for a population counting measure v = Zle 04, obtained as the sum
of all event rates, is bounded by CI(1 + I).

Let us now give a pathwise description of the population process (v4)¢>0. We
introduce the following notation.

Notation 2.1. Let N* = N\{0}. Let H = (H',...,H*,...) : M  (RH)N" be
defined by H (3°1" 1 02,) = (To(1),---»To(n)»0,...,0,...), where x5y X --- <
Ty (n), for some arbitrary order < on R (for example, the lexicographic order).

This function H allows us to overcome the following (purely notational) prob-
lem. Choosing a trait uniformly among all traits in a population v € M consists in
choosing 7 uniformly in {1, ..., (v, 1)}, and then in choosing the individual number
i (from the arbitrary order point of view). The trait value of such an individual is
thus H'(v).

We now introduce the probabilistic objects we will need.

Definition 2.2. Let (Q,F, P) be a (sufficiently large) probability space. On this
space, we consider the following four independent random elements:

(i) an M-valued random variable v (the initial distribution),

(ii) independent Poisson point measures M;(ds,di,df), and Ms(ds,di,df) on
[0,00) x N* x R*, with the same intensity measure ds (Zk21 Jk(di)> dé

(the “clonal” birth and the death Poisson measures),

(iii) a Poisson point measure Ms(ds,di,dz,df) on [0,00) x N* x X x RT, with

intensity measure ds (Zk>1 Ok (dz)) dzdf (the mutation Poisson measure).

Let us denote by (F:)¢>0 the canonical filtration generated by these processes.

We finally define the population process in terms of these stochastic objects.
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Definition 2.3. Assume (H). A (F;);>o0-adapted stochastic process v = (v4)>0 is
called a population process if a.s., for all ¢ > 0,

v =1 +/ O (wem) Li(va- 1))
[0,¢] xN* xR+
L{O<b(H (van ) Vv (H (van ) (1= (i (v, )))y M1 (ds, i, dO)

+/ Oz (i< (v 1))

[0,8] xN* x X xR+

L 19<b(Hi(vo_ ), Vv (H (vs ) u(H? (ve_ ) M(H (vs),2)} M2(ds, di, dz, df)

_/ O (v, ) i va 1)y LO<A(H? (v ) Usve— (1 (vo )y M (ds, i, dB).

[0,¢] xN* xR+

(2.2)

Let us now show that if v solves (2.2), then v follows the Markovian dynamics
we are interested in.

Proposition 2.4. Assume (H) and consider a solution (v¢)i>0 of Eq. (2.2) such
that E(sup,;sp{v¢,1)?) < 400, YI' > 0. Then (v;)i>0 is a Markov process. Its
infinitesimal generator L is defined for all bounded and measurable maps ¢ : M —
R, all v € M, by (2.1). In particular, the law of (vt)¢>0 does not depend on the
chosen order <

Proof. The fact that (14)¢>0 is @ Markov process is classical. Let us now consider a

function ¢ as in the statement. With our notation, vy = Zgi‘}” O i (vy)- A simple
computation, using the fact that a.s.,

o) = 6(v0) + 3 (Gvs + (vs — ) — D)),

s<t

shows that

/ dWoe + 01w, ) — O(Vs—)) Lii<(u, 13}
0 t]xN*x]R+
L0 <b(H (v ),V s (H (v5-))) (1= u(H (v ))) 1 M1 (ds, di, dB)
/ (O(vs— +62) — d(Ws—)) Liicw._ 1))
0,t] X N* x X xR+
L{0<b( i (vy - ),V svae (H (v, ) iu(Hi (vs- ) )M (H (v, ),2)} Ma(ds, di, dz, dB)
/ (p(vs— — i, ) — d(vs=)) Lii<(u,_ 1)}
[0,t] xN* xR+
Lio<d(Hi(v,_),Usvs_ (Hi(v._))y M3(ds, di, db).
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Taking expectations, we obtain
E(() = E(6(w)
+ [ S { (65 + 8110y) — 6(04)
| B (1), V v () (1 — u(H (1))
[ 00 +82) 60 bH ),V B (v ) H )M (B 02), 20

H

[}

1

+
><

b (00 = B) = 900)) AU 02, U (B 0)) | ) s
Differentiating this expression at ¢ = 0 leads to (2.1). O

Let us show existence and moment properties for the population process.

Theorem 2.5. (i) Assume (H) and that E ((vo,1)) < co. Then the process (Vt)i>0
defined by Definition 2.3 is well defined on R.
(i) If furthermore for some p > 1, E ({1, 1)¥) < oo, then for any T < oo,

E| sup {v,1)? | < . (2.3)
te[0,T

Proof. We first prove (ii). Consider the process (v¢)i>0. We introduce for each n

the stopping time 7,, = inf {¢ > 0, (14,1) > n}. Then a simple computation using

Assumption (H) shows that, neglecting the non-positive death terms,

sup (s 1)7
SE[0,tAT,]
< o)+ / (e 1) + 1P — (e D)) Lo 1y
[0,tATR] X N* xR+

L0 <b(H (v ),V sva (H' (vs-))) (1—u(HE (v )))} M (ds, di, dB)
+f (o 1) + 1P = (e D) Lo 1y
[0,t] xN* x X xR+
L0<b(H (1), Vsve (H (vs_))) u(H' (ve_ ) M(H' (vs_),2)} M2 (ds, di, dz, dB).

Using the inequality (1 + )P — 2P < Cp(1 + 2P~!) and taking expectations, we
thus obtain, the value of C), changing from line to line,

E <SE[(S)?ZT”] (Vss 1>p> <Gy (1 +E (/OMT” b((vs—, 1) + (vs—, 1)) ds>>
<c, (1 +E (/Of (1+ (Varr,, 1)7) ds)) .
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The Gronwall lemma allows us to conclude that for any T < oo, there exists a
constant C), 7, not depending on n, such that

E sup (g, 1)’ | < Cpr. (2.4)
te[0,TATy)

First, we deduce that 7,, tends a.s. to infinity. Indeed, if not, one may find a Ty < oo

such that ey, = P (sup,, 7, < Tp) > 0. This would imply that

Bl s 1)) > enn
tG[O,To/\Tn]

for all n, which contradicts (2.4). We may let n go to infinity in (2.4) thanks to
the Fatou lemma. This leads to (2.3).

Point (i) is a consequence of point (ii). Indeed, one builds the solution (4)¢>0
step by step. One only has to check that the sequence of jump instants 7T;, goes
a.s. to infinity as n tends to infinity. But this follows from (2.3) with p = 1. O

2.2. Examples and simulations

Let us remark that Assumption (H) is satisfied in the case where
b,V xv(a) = bia),  d(w,U % v(x)) = d(x) + a(a) / Uz — y)w(dy),
x

where b, d and « are bounded functions.

In the case where moreover, 4 = 1, this individual-based model can also
be interpreted as a model of “spatially structured population”, where the trait is
viewed as a spatial location and the mutation at each birth event is viewed as
dispersal. This kind of models have been introduced by Bolker and Pacala (]2, 3])
and Law et al. ([19]), and mathematically studied by Fournier and Méléard [15].
The case U = 1 corresponds to a density-dependence in the total population size.

We will consider later the particular set of parameters for the logistic inter-
action model, taken from Kisdi [18] and corresponding to a model of asymmetrical
competition:

X =104, dz)=0, aofx)=1, pz)=npn,
2 1
K (1 141, 2exp(—4(z — y))> (2:5)

and M (x,z)dz is a Gaussian law with mean x and variance o2 conditioned to
the fact that the mutant stays in [0,4]. As we will see in Section 4, the constant
K scaling the strength of competition also scales the population size (when the
initial population size is proportional to K). In this model, the trait = can be
interpreted as body size. Equation (2.5) means that body size influences the birth
rate negatively, and creates asymmetrical competition reflected in the sigmoid
shape of U (being larger is competitively advantageous).

bx) =4 -z, Ulx—y)=
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Let us give an algorithmic construction for the population process (in the
general case), simulating the size I(t) of the population, and the trait vector X;
of all individuals alive at time ¢.

At time ¢ = 0, the initial population v contains I(0) individuals and the cor-
responding trait vector is Xy = (Xé)lg,;g 1(0)- We introduce the following sequences
of independent random variables, which will drive the algorithm.

e The type of birth or death events will be selected according to the values of
a sequence of random variables (Wj)ken+ with uniform law on [0, 1].

e The times at which events may be realized will be described using a sequence
of random variables (7 )xeny With exponential law with parameter C.

e The mutation steps will be driven by a sequence of random variables (Z)xen
with law M (z)dz.

We set Ty = 0 and construct the process inductively for k& > 1 as follows.

At step k — 1, the number of individuals is Ix_1, and the trait vector of these
individuals is X7, _,.
Tk Tk
Lot Ty = Thor I (Ig—1 + 1) LI +1)
time between jumps for I_; individuals, and C'(Ix—1 + 1) gives an upper bound
on the total event rate for each individual.

. Notice that represents the

At time Ty, one chooses an individual i, = ¢ uniformly at random among
the I alive in the time interval [T_1,T}); its trait is X, (If Ix—1 = 0, then
ve=0forallt> Ty 1.)

i Iy i j
A X7, 205 Uy, — X7, )

o<W, < = WX ' the ch
) S C(Ix-1 +1) 1 (X7, y) e chosen

indivjdual dies, and I = Ip—1 — 1.
o If Wi (Xp,_,) < Wi, <W3(Xrp,_,), where

. . (1= (X X, 35 VX, — X, )
WZ X — WZ X k—1 Iifl )= k—1 k—1
2( Tk—l) 1( Tk71)+ C(Ik;,l—i—]_) s

then the chosen individual gives birth to an offspring with trait X%k_l, and
Iy = I + 1. '
o If W3 (Xrp, ) < Wi < W5(Xrp,_,,Zk), where

Wé(Xkawzk’) = WQZ‘(Xkal)
i i I i j i i
n ﬂ(XTk,l)b(XTk,la > - 1 V(XT,Q,1 - X%,C_l))M(XTk,laXTk,l + Zk)

=

CM(Zi)(Ix—1 + 1) ’

then the chosen individual gives birth to a mutant offspring with trait Xj,  +
Zy., and I}, = Ii1 + 1.
o If Wi, > Wi(Xr,_,, Zk), nothing happens, and I, = Ij,_;.
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Then, at any time ¢ > 0, the number of individuals is defined by
I(t) = > p>0 l{T<t<T 1y Ik and the population process is obtained as v =

im0 L <tatinn) Yit Oxi, -

The simulation of Kisdi’s example (2.5) can be carried out following this
algorithm. We can show a very wide variety of qualitative behavior according to
the value of the parameters o, 1 and K.

In the following figures, the upper part gives the distribution of the traits in
the population at any time, using a grey scale code for the number of individuals
holding a given trait. The lower part of the simulation represents the dynamics of
the total size I(t) of the population.

These simulations will serve to illustrate the different mathematical scalings
described in Sections 4 and 5. Let us observe for the moment the qualitative differ-
ences between the cases where K is large (Fig. 1 (¢)), in which a wide population
density evolves regularly (see Section 4.1) and where p is small (Fig. 1 (d)), in
which the population trait evolves according to a jump process (see Section 5.1).

The simulations of Fig. 2 involve an acceleration of the birth and death
processes (see Section 4.2) as

b(z,{) = K" +b(x) and d(z,() = K"+d(x)+ a(z)(.

There is a noticeable qualitative difference between Fig. 2 (a) and (b), where
n = 1/2, and Fig. 2 (c) and (d), where = 1. In the latter, we observe strong
fluctuations in the population size and a finely branched structure of the evolu-
tionnary pattern, revealing a new form of stochasticity in the large population
approximation.

More discussions about these simulations are given in [7], especially about
the branching pattern of some of them.

2.3. Martingale properties

We finally give some martingale properties of the process (v4)¢>0, which are the
key point of our approach.

Theorem 2.6. Assume (H), and that for some p > 2, E ({1p,1)") < .

(i) For all measurable functions ¢ from M into R such that for some constant
C, for allv € M, |¢(v)| + |Lo(v)| < C(1 + (v, 1)"), the process

o) — (o) — / Lo(va)ds

is a cadlag (Fi)i>o0-martingale starting from 0.
(ii) Point (i) applies to any function ¢(v) = (v, f)?, with 0 < ¢ < p—1 and with
f bounded and measurable on X .
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FIGURE 1. Numerical simulations of trait distributions (upper
panels, darker is higher frequency) and population size (lower pan-
els). The initial population is monomorphic with trait value 1.2
and contains K individuals. (a—c) Qualitative effect of increasing
system size (measured by parameter K). (d) Large system size
and very small mutation probability (u).
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(a) p=0.1/K" K = 10000, o = 0.1,
n = 0.5.
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(¢) u=0.3, K = 10000, 0 = 0.3/K"/?,
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(b) u = 0.3, K = 10000, 0 = 0.3/K"/2,
n=1.

(d) p=0.00001, K = 3000, o = 0.1.

FIGURE 2. Numerical simulations of trait distribution (upper
panels, darker is higher frequency) and population size (lower pan-
els) for accelerated birth and death and concurrently increased
system size. Parameter 7 (between 0 and 1) relates the accelera-
tion of demographic turnover and the increase of system size. (a)
Rescaling mutation step. (b) Rescaling mutation probability. (c—
d) Rescaling mutation step in the limit case n = 1; two samples
for the same population. The initial population is monomorphic
with trait value 1.2 and contains K individuals.
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(iii) For such a function f, the process

Mtf Vtaf> V07f>

/ / { ( 2))b(z, V xvs(z)) — d(2, U Vs(a:))) f()
+ pu(z)b(z, V * ve(x)) /X f(z)M (x, z)dz}ys(dx)ds (2.6)

is a cadlag square integrable martingale starting from 0 with quadratic vari-
ation

arfy = | t / {((1 — ()b, V 5 (@) — (U w») ()

+ p(z)b(x, V * vs(x)) /X f2(2)M (, z)dz}l/s(dx)ds. (2.7)

Proof. First of all, note that point (i) is immediate thanks to Proposition 2.4
and (2.3). Point (ii) follows from a straightforward computation using (2.1). To

prove (iii), we first assume that E ((1/07 1>3) < 00. We apply (i) with ¢(v) = (v, f).
This yields that M/ is a martingale. To compute its bracket, we first apply (i) with
é(v) = (v, f)* and obtain that

i 1Y% — (v, / / {( )b, V 5 va()) (f2(2) + 2£(2) (v £))
(e, U s (@) (2 (@) — 2£(2) (v, f>>)

+ w(@)b(z, V * vs(z)) /X(fz(Z) +2f(2) (vs, f)) M (z, Z)dZ}Vs(dw)ds
(2.8)

is a martingale. In another hand, we apply the It6 formula to compute (v, f >2
from (2.6). We deduce that

(v, )2 = (vo, f)?
_/Ot2<Vs,f>/X{((l—u(az))b(a‘/*us(m))—d(:mU*Vs(ff)))f(x)

+ p(z)b(x, V * vs(x)) /X f(z)M(x, z)dz}us(dx)ds — (M7, (2.9)

is a martingale. Comparing (2.8) and (2.9) leads to (2.7). The extension to the
case where only E( 1o, 1 ) < oo is straightforward, since even in this case,
E((MY);) < oo thanks to (2.3) with p = 2. O



88 N. Champagnat, R. Ferriére and S. Méléard

3. Moment equations

Moment equations have been proposed by Bolker and Pacala [2, 3] and Dieckmann
and Law [11] as handy analytical models for spatially structured populations.

The philosophy of moment equations is germane to the principle of Monte-
Carlo methods: computing the mean path of the point process from a large number
of independent realizations. (Another approach, as we shall see in Section 4, is to
model the behavior of a single trajectory when it is the initial number of individuals
which is made large).

Let us define the deterministic measure F(v) associated with a random mea-

sure v by /X o(z)E(v)(dr) = E(/X p(z)v(dx)). Taking expectations in (2.6), we

obtain some formula for [, ¢(z)E(v)(dx) involving the expectations of integrals
with respect to v(dz) or to v(dx)v(dy). Nevertheless, this equation is very intri-
cate and presents an unresolved hierarchy of nonlinearities. Writing an equation
for E(v(dx)v(dy)) could be possible but will involve integrals with respect to
v(dz)v(dy)v(dz) and so on. Whether this approach may eventually help describe
the population dynamics in the trait space is still unclear.

Let us consider the case of spatially structured population (see Section 2.2)
where d(z, () = d(z) + a(z)(, b(z,() = b(z) and p(xz) = 1. Let N(t) = E(I(t))
where I(t) is the number of individuals at time ¢. Taking expectations on (2.6)
with ¢ = 1 yields:

N(t)=N(0)+ /O & ( /X (b(a)—d(z))vs (dz) — / a(x)U(a:—y)sz(dx)ys(dy)>ds.

XXX
(3.1)
In the specific case where b, d and « are independent of (the spatial location) x,
(cf. [19]), (3.1) recasts into

N=(b—dN—aF (/XXX Ula — y)z/t(dx)yt(dy)) .

Even in the specific mean-field case where U = 1, we get

N =(b—d)N —aFE (/XX z/t(d:r)ut(dy)> : (3.2)

The quadratic term corresponding to spatial correlations can not be simplified and
(3.2) allows us to precisely identify the mathematical issues raised by the problem
of moment closure. In Section 4.1, we will see that one needs the additional large
population hypothesis to decorrelate the quadratic term and to refind the well-
known logistic equation.

Nevertheless, even if we are not able to produce a closed equation satisfied by
E(v), we are able to show, in the general case, the following qualitative important
property concerning the absolute continuity of the expectation of v;.
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Proposition 3.1. Assume (H), that E({vg,1)) < oo and that E(vg) is absolutely
continuous with respect to the Lebesgue measure. Then for all t > 0, E(vy) is
absolutely continuous with respect to the Lebesgue measure.

Remark 3.2. This implies in particular that, when the initial trait distribution
E(vp) has no singularity w.r.t. the Lebesgue measure, these singularities, such as
Dirac masses, can only appear in the limit of infinite time.

Proof. Consider a Borel set A of R with Lebesgue measure zero. Consider also, for
each n > 1, the stopping time 7,, = inf {¢ > 0, (14,1) > n}. A simple computation
allows us to obtain, for all t > 0, all n > 1,

E ((vinr,, 14)) < E({vo, 1)) + b E( / /X La(a)vs <dx>ds)

+BE( /0 o /X ( /X 1A(2)M(a:,z)dz) I/S(d:r)ds)

By assumption, the first term on the right-hand side is zero. The third term is
also zero, since for any z € X, [, 14(z)M(z, z)dz = 0. By Gronwall’s lemma, we
conclude that for each n, E((vtrr,,14)) is zero. Thanks to (2.3) with p = 1, 7,
a.s. grows to infinity with n, which concludes the proof. O

4. Large-population renormalizations of the individual-based process

The moment equation approach outlined above is based on the idea of averaging a
large number of independent realizations of the population process initiated with
a finite number of individuals. If K scales the initial number of individuals, the
alternative approach consists in studying the exact process by letting that system
size become very large and making some appropriate renormalizations. Several
types of approximations can then be derived, depending on the renormalization of
the process.

For any K, let the set of parameters Ux, Vi, bx, dx, Mk, i satisfy the
Assumption (H). Let v/ be the counting measure of the population at time ¢t. We
define the measure-valued Markov process (X{):>o by

XK = %yg(.
As the system size K goes to infinity, we need to assume the

Assumption (H1):

The parameters Uk, Vi, b, di, Mk and pk are all continuous, ¢ — b(z, () and
¢ — d(x, () are Lipschitz for any € X, and

Uk(z) =U(x)/K, Vk(z)=V(z)/K.
A biological interpretation of this renormalization is that larger systems are

made up of smaller individuals, which may be a consequence of a fixed amount of
available resources to be partitioned among individuals. Thus, the biomass of each
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interacting individual scales as 1/K, which may imply that the interaction effect
of the global population on a focal individual is of order 1. Parameter K may also
be interpreted as scaling the resources available, so that the renormalization of Uk
and Vi reflects the decrease of competition for resources.

The generator L of (v/<);>0 is given by (2.1), with parameters Uy, Vi,
br, dic, My, px. The generator LE of (X[/);>¢ is obtained by writing, for any
measurable function ¢ from Mp(X) into R and any v € Mp(X),

LK 6() = 0B (X[ )imo = O Brcu (G0l /K imo = 165 (Kcw)
where ¢¥ (1) = ¢(11/K). Then we get
LX) = K [ b,V s v(@))(1 = pac(@) (0l + 5o6) = 60))wida)

+K/ / bic(, V o+ v(a) )i (x )(¢(y+%5z) — o)) M (@, 2)dzv(dz)

+ K/X dic (2, U * (@) ($(v — %596) — o)) u(d). (4.1)

By a similar proof as the one of Section 2.3, we may summarize the moment
and martingale properties of XX,

Proposition 4.1. Assume that for some p > 2, E((X{#,1)P) < +oc.

(1) For any T > 0, E(sup,cjo,r(X; K 1)P) < +o0.

(2) For any bounded and measurable functions ¢ on Mp such that |d(v)| +
|ILE¢(v)| < C(1+ < v, 1 >P), the process qﬁ(XtK)—qﬁ(Xé()—fot LEy(XE)ds
is a cadlag martingale.

(3) For each measurable bounded function f, the process

mt XfK7f> <X0 7f>
/ [ eV« XE (@) = i,V XE @) @)X ()
/ /MK Vore (2, V * XK (x (/f VMg (x,2)dz — f(x ))XSK(dx)ds
is a square integrable martingale with quadratic variation
0y = e [ [ oo v x5 (@)
( / F2(2) M (r, 2)d= — fQ(x)>XSK (dx)ds
X
4 /0 /X (b (@, V % XE(2)) + dic (2, U 5 X5 () fz(x)XsK(dx)ds}. (4.2)

The search of tractable limits for the semimartingales (X%, f) yields the dif-
ferent choices of scalings of the parameters developed in this section. In particular,
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we obtain the deterministic or stochastic nature of the approximation by studying
the quadratic variation of the martingale term, given in (4.2).

4.1. Large-population limit
We assume here that by = b, dx =d, ug = p, Mg = M.

Theorem 4.2. Assume Assumptions (H) and (H1). Assume moreover that the ini-
tial conditions X converge in law and for the weak topology on Mp(X) as K
increases, to a finite deterministic measure &y, and that supx E((XE,1)3) < +o0.

Then for any T > 0, the process (X )i>o0 converges in law, in the Skorohod
space D([0, T], Mp(X)), as K goes to infinity, to the unique deterministic contin-
wous function & € C([0,T], Mp(X)) satisfying for any bounded f: X — R

En f) = (6o, f / / F@I = p@)b(a, V 5 £4(2)) — (2, U * £ (2)))Ea (da)ds

/ / b(z, V * &z (/ F(2)M(z, 2) dz) ¢4 (dx)ds. (4.3)

The proof of Theorem 4.2 is let to the reader. It can be adapted from the
proofs of Theorem 4.3 and 4.5 below, or obtained as a generalization of Theorem 5.3
in [15]. This result is illustrated by the simulations of Figs. 1 (a)—(c).

Main Examples:

(1) A density case. Following similar arguments as in the proof of Proposi-
tion 3.1, one shows that if the initial condition &y has a density w.r.t. Lebesgue
measure, then the same property holds for the finite measure &, which is then
solution of the functional equation:

0e&e(x) = [(1 — pu(x))b(x, V x & (2)) — d(, U * & (x))] & ()
+ [ My, 2)pu(y)b(y, V * & (y)) & (y)dy (4.4)

Rd
for all x € X and ¢ > 0. Desvillettes et al. [9] suggest to refer to & as
the population number density; then the quantity n, = [ ¢ &t(w)dz can be
interpreted as the total population density over the whole trait space.
(2) The mean field case. As for moment equations (cf. Section 3), the case of
spatially structured populations with constant rates b, d, « is meaningful. In
this context, (4.4) leads to the following equation on ny:

ong = (b—d)ny — « /X . Uz — y)& (dx)& (dy). (4.5)

With the assumption U = 1, we recover the classical mean-field logistic equa-
tion of population growth:

ong = (b —d)ny — omf.
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Comparing (4.5) with the first-moment equation (3.2) obtained previously
stresses out the “decorrelative” effect of the large system size renormalization
(only in case U = 1). In (3.2), the correction term capturing the effect of
spatial correlations in the population remains, even if one assumes U = 1.
(3) Monomorphic and dimorphic cases without mutation. We assume here that
the population evolves without mutation (parameter 1 = 0); then the popu-
lation traits are the initial ones.
(a) Monomorphic case: only trait z is present in the population at time
t = 0. Thus, we can write X = nff(2)d,, and then X = nf(2)d, for any
time ¢. Theorem 4.2 recasts in this case into nf (z) — ny(x) with & = ny(2)6,,
and (4.3) writes

%nf(x) = ny(x) (b(ﬂc7 V(0)ne(zx)) — d(=x, U(O)nt(a:))), (4.6)

(b) Dimorphic case: when the population contains two traits z and y,
i.e., when X = nf(2)d, +nl(y)d,, we can define in a similar way n(z) and
n(y) for any ¢ as before, such that & = n.(z)d, +n¢(y)d, satisfies (4.3), which
recasts into the following system of coupled ordinary differential equations:

%nt (@) =n(z) (b(z, V(0)ne(2) +V (z—y)ne(y)) —d(@, U (0)ns(2) +U(z—y)n(y)))

int(y) =n(y) (b(y, V(0)ne (y)+V (y—2)ne () —d(y, U(0)ne (y) + U (y —z)ne(x))).

dt
(4.7)

4.2. Large-population limit with accelerated births and deaths

We consider here an alternative limit of a large population, combined with acceler-
ated birth and death. This may be useful to investigate the qualitative differences
of evolutionary dynamics across populations with allometric demographies (larger
populations made up of smaller individuals who reproduce and die faster, see [5, 8]).

Here, we assume for simplicity that X = R? Let us denote by Mp the
space Mp(R?%). We consider the acceleration of birth and death processes at a rate
proportional to K" while preserving the demographic balance. That is, the birth
and death rates scale with system size according to

Assumption (H2):
b (z,¢) = K"r(z) +b(,(), dr(z,¢)=K"r(z)+d(,().

The allometric effect (smaller individuals reproduce and die faster) is parame-
terized by the function r, positive and bounded over R?, and the constant 7. A
detailed discussion of the biological meaning of these parameters in terms of allom-
etry and life-history scalings can be found in [7]. As in Section 4.1, the interaction
kernels V' and U are renormalized by K. Using similar arguments as in Section 4.1,
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the process XX = %VK is now a Markov process with generator

L¥o(v) = K | (K"r(z) +b(z,V *v(2)))(1 - ux () (6(v + %695) — o(v))v(dx)

Rd

+ K ” (K"r(z) + b(x,V xv(x)))px ()

[ (6l + 262) = 6(0) Mic (. 2)dzv(da)

R4

+ K (K"r(z) +d(z,U xv(z)))(o(v — %535) — ¢(v))v(dx).
R4

As before, for any measurable functions ¢ on Mp such that |¢p(v)| + |LE¢(v)| <
C(1 + (v,1)3), the process

t
SOXK) = o) - [ LR o(xK)ds (48)

0
is a martingale. In particular, for each measurable bounded function f, we obtain

M = (XI ) — (X5 1)
//R (2, V X5 (2)) = d(x,U » X5 (2))) f(2) X [ (dw)ds
—/0 /Rdux(w)(K”r(m)+b(m7v*X§(x))) (4.9)
( » f(2)Mg(x, 2)dz — f(x)>XsK(dx)ds,

is a square integrable martingale with quadratic variation

(M™T),

{/ /R QK(@) + b, V + X5 (2)) + d(w, U « X5 ()))£2(2) XX (de)ds

+ Nl'*

/ / ,uK(a:)(K"r(a:)—&—b(ac,V*XsK(x))) (4.10)

0 Rd
( | F2 )M (@, 2)dz - f2(w)> XK (da:)ds}.

Two interesting cases will be considered hereafter, in which the variance ef-
fect puxMpg is of order 1/K7. That will ensure the deterministic part in (4.9)
to converge. In the large-population renormalization (Section 4.1), the quadratic
variation of the martingale part was of the order of 1/K. Here, it is of the order of
K" x 1/K. This quadratic variation will thus stay finite provided that n € (0, 1],
in which case tractable limits will result. Moreover, this limit will be zero if n < 1
and nonzero if n = 1, which will lead to deterministic or random limit models.
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4.2.1. Accelerated mutation and small mutation steps. We consider here that the
mutation rate is fixed, so that mutations are accelerated as a consequence of ac-
celerating birth. We assume
Assumptions (H3):
(1) px = p
(2) The mutation step density Mg (z, z) is the density of a random variable with
mean z, variance-covariance matrix X(z)/K" (where X(z) = (X;;(2))1<i,j<d)
and with third moment of order 1/K""¢ uniformly in z (¢ > 0). (Thus, as
K goes to infinity, mutant traits become more concentrated around their
‘progenitors’).
(3) VX denoting the symmetrical square root matrix of ¥, the function /Sru is
Lipschitz continuous.
The main example is when the mutation step density is taken as the density
of a vector of independent Gaussian variables with mean = and variance o?(x)/K":

0\ /2
Mg (x,2) = (%) exp[—K"|z — z|?/20%(z)] (4.11)

where o2(x) is positive and bounded over R9.
Then the convergence results of this section can be stated as follows.

Theorem 4.3. (1) Assume (H), (H1), (H2), (H3) and 0 < n < 1. Assume also
that the initial conditions X converge in law and for the weak topology on
Mp as K increases, to a finite deterministic measure &, and that

sup E((XE, 1)) < +o0. (4.12)
K

Then, for each T > 0, the sequence of processes (X) belonging to
D([0,T], Mp) converges (in law) to the unique deterministic function (& )¢>o0
€ C([0,T], MF) satisfying: for each function f € CZ(R?),

€ f) = o)+ [ [ 0V +6@) —d@U = &)@ dn)ds

[ [ @) X su@oh rwednds (1.13)

1<i,j<d

where afjf denotes the second-order partial derivative of f with respect to x;
and z; (v = (z1,...,2q)).

(2) Assume moreover that there exists ¢ > 0 such that r(x)u(z)s*3(x)s > c||s||?
for any = and s in R%. Then for each t > 0, the measure & has a density

with respect to Lebesgue measure.

Remark 4.4. In case (2), Eq. (4.13) may be written as

016e) = (0le. Vi&e) e, Us6a(o) 6oy 3 O (o). (4.14)

1<ij<d
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Observe that, for the example (4.11), this equation writes

& (x) = (b(x7 Vs &(x)) —d(x,U * &(a:))) &(x) + %A(er,u&)(x). (4.15)

Therefore, Eq. (4.15) generalizes the Fisher reaction-diffusion equation known from
classical population genetics (see e.g. [4]).

Theorem 4.5. Assume (H), (H1), (H2), (H3) and n = 1. Assume also that the
initial conditions X< converge in law and for the weak topology on Mp(X) as K
increases, to a finite (possibly random) measure Xo, and that supx E((XE,1)3) <
+o00.

Then, for each T > 0, the sequence of processes (X)) converges in law in
D([0,T], MF) to the unique (in law) continuous superprocess X € C([0,T], Mp),
defined by the following conditions:

sup E ((Xy,1)%) < oo, (4.16)
te[0,T]

and for any f € CZ(R?),

ol _ _1 ' x)r(x il 2 T x)as
W = (X f) - Xouf) 5 Adu()()l<§<d213( )08, ()X (do)d

_ /0 [ @) (4o V o+ X, () = .U 5 X)) X, (da)ds (4.17)

s a continuous martingale with quadratic variation

(317), = 2 /0 /R @) @) X, (dr)ds. (4.18)

Remark 4.6. (1) The limiting measure-valued process X appears as a general-
ization of the one proposed by Etheridge [12] to model spatially structured
populations.

(2) The conditions characterizing the process X above can be formally rewritten
as equation

0X,(2) = (e V * Xi(o) = dlo U+ Xi(0) ) Xi(0)

1 .
+ 3 Z afj (ruX; Xe)(z) + M
1<i4,5<d

where M, is a random fluctuation term, which reflects the demographic
stochasticity of this fast birth-and-death process, that is, faster than the
accelerated birth-and-death process which led to the deterministic reaction-
diffusion approximation (4.15).

(3) As developed in Step 1 of the proof of Theorem 4.5 below, a Girsanov’s
theorem relates the law of X; and the one of a standard super-Brownian
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motion, which leads to conjecture that a density for X; exists only when
d =1, as for the super-Brownian motion.

These two theorems are illustrated by the simulations of Figs. 2 (a), (c)
and (d).

Proof of Theorem 4.3. (1) We divide the proof in several steps. Let us fix T' > 0.

Step 1. Let us first show the uniqueness for a solution of the equation (4.13).
To this aim, we define the evolution equation associated with (4.13). It is
easy to prove that if £ is a solution of (4.13) satisfying sup,¢ (o (e, 1) < 0o, then

for each test function vy (z) = 1(t,x) € C*(Ry x RY), one has

(&t t) = (€0, o) / / (z,V % &(x)) — d(z, U * £5(x)))h(s, )& (da)ds
/ /]Rd 0sv(s, ) _T ZZU (2))&s(dx)ds

Now, since the function \/Xru is Lipschitz continuous, we may define the transition
semigroup (P;) whith infinitesimal generator f +— %r,uz 2”8 . f. Then, for each

function f € CZ(R?) and fixed ¢ > 0, to choose (s, x) = Pt Sf( ) yields

(0 f) = (€0, Pof) + / / 2V % u(x) — d(, U 5 £4(2))) Pocs f (264 () ds,

(4.19)
since 9y1(s, ) + 1r(z)p(z) Do S (2)97;1s(z) = 0 for this choice.
We now prove the uniqueness of a solution of (4.19).
Let us consider two solutions (&)i>0 and (&)i>0 of (4.19) satisfying
SUPse(o,7] <§f +&,1) = Ap < +o00. We consider the variation norm defined for
1 and e in My by

i1 = pall = sup | (1 = pia, f) -
FeL=®%), ||fll<1

Then, we consider some bounded and measurable function f defined on X such
that ||f||cc <1 and obtain

(& =&, f)]
< / | / (€a(d) — Eu(da)] (b(a, V * £a(x)) — d(z, U * £4(x))) Prs f ()| ds

§ (dx)(b(x, V * &5(x)) — bz, V x E5(2)) Py_s f ()| ds

d(w,U * & () — d(a,U * &, (2))) Pres f ()| ds

Since ||f||Oo < 1, then ||Pi—sf||oo <1 and for all z € RY,

|(b(z, V * &s(2)) — d(, U * &5(2)))Pe—s f(2)| < b+d(1+ UAr).

(4.20)
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Moreover, b and d are Lipschitz continuous in their second variable with respective
constants K and K4. Thus we obtain from (4.20) that

t
(& =&, f)| < [b+d(1+UAr) + KyApV + KqApU] /0 |1€s — &sllds.

Taking the supremum over all functions f such that |[f|l < 1, and using the
Gronwall Lemma, we finally deduce that for all t < T, ||§; — &]|| = 0. Uniqueness
holds.

Step 2. Next, we would like to obtain some moment estimates. First, we check
that for all T' < oo,

sup sup E((X/[,1)?) < o0 (4.21)
K te[0,T]

To this end, we use (4.8) with ¢(v) = (v,1)3. (To be completely rigorous, one
should first use ¢(v) = (v, 1)3 A A, make A tend to infinity). Taking expectation,
we obtain that for all ¢ > 0, all K,

B ((X{,1)%) = B (X5, 1)%)

" /OtE</R ([K"“‘lr(w) Kbz, V 5 XK (@) {[(XSK, 1)+ 2P — (XK, 1>3}
{K"™r(2) + Kd(z,U « XX (2))} {[<X§‘7 1) — %]3 — (XK, 1>3} )Xf(da:)) ds.
Dropping the non-positive death term involving d, we get
E((X{,1)%) < B (X5 1)%)
w ([ (vt {1 4 (0 - g - 20507
Kb,V « XK (2)) {[<X§‘, 1+ (X 1>3} )XSK(dx)) ds.

But for all z > 0, all € € (0,1, (z + €)® — 2> < 6¢e(1 + 2?) and
|(z + €)3 + (x — €)3 — 223| = 6e%x. We finally obtain

t
E (XK. 1)) < E((X5,1)%) +C/ E((XE D)+ (XE 1%+ (XF1)%) ds.
0
Assumption (4.12) and the Gronwall lemma allows us to conclude that (4.21)

holds. Next, we wish to check that

sup E( sup (X[, 1)?) < <. (4.22)
K te[0,T]

Applying (4.9) with f =1, we obtain
(X, 1) =(Xg", 1)

t « XE(2) —d(z,U « XE(z Ka:smK’l
[ 0V X @)~ dlo U < XE @) XE(da)ds 4 mi,
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Hence

¢
sup (XK 1)2 < C<<X§,1>2 +B/ (XK 1)%ds + sup |MSK’1|2>.
s€[0,t] 0 s€[0,t]
Thanks to (4.12), the Doob inequality and the Gronwall Lemma, there exists a
constant C; not depending on K such that

E( sup (XX 1)) <Cy (14 E ((M1),)).

s€[0,t]

Using now (4.10), we obtain, for some other constant C; not depending on K,
t
B(()) <€ [ (B (X5, 1)+ (01)2) )ds <
0

thanks to (4.21). This concludes the proof of (4.22).

Step 3. We first endow M with the vague topology, the extension to the weak
topology being handled in Step 6 below. To show the tightness of the sequence
of laws Q¥ = L(XX) in P(D([0,T], Mr)), it suffices, following Roelly [23], to
show that for any continuous bounded function f on R?, the sequence of laws
of the processes (XX, f) is tight in D([0,7],R). To this end, we use the Aldous
criterion [1] and the Rebolledo criterion (see [17]). We have to show that

sup E( sup |<X3K,f>|) < 00, (4.23)
K t€[0,T]
and the tightness, respectively, of the laws of the predictable quadratic variation
of the martingale part and of the drift part of the semimartingales (XX, f).

Since f is bounded, (4.23) is a consequence of (4.22): let us thus consider a
couple (5, S") of stopping times satisfying a.s. 0 < § < 5’ < S+ < T'. Using (4.10)
and (4.22), we get for constants C, C’

S+95
E((M5Tyg — (M%) < CF </
S

(XK, 1)+ (XK, 1)?) ds> < C's.

In a similar way, the expectation of the finite variation part of (X%, f) — (XX, f)
is bounded by C’6.

Hence, the sequence Q¥ = £(X¥) is tight.

Step 4. Let us now denote by @ the limiting law of a subsequence of Q%. We
still denote this subsequence by Q¥. Let X = (X;)¢>0 a process with law Q. We
remark that by construction, almost surely,

sup sup (X ) — (XE DI < /K.
te[0,T] feL>=(R4),|[f|lx<1
This implies that the process X is a.s. strongly continuous.

Step 5. The time 7' > 0 is fixed. Let us now check that almost surely,
the process X is the unique solution of (4.13). Thanks to (4.22), it satisfies
supeo,r){Xt, 1) < +oo as., for each 7. We fix now a function f € C3(R?) (the
extension of (4.13) to any function f in C? is not hard) and some ¢ < T'.
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For v € C([0,T], M), denote
Ul (v) = (v, ) — (vo, f / /Rd x,V xvs(x)) —d(x,U xvs(x))) f(x)vs (dz)ds,
_ _/0 /Rd o Z S35 (2)02 f (2)vs (d)ds.

We have to show that
Eq (|9¢(X) + ¥F(X)]) = 0. (4.24)
By (4.9), we know that for each K,
M = v (X5 + PR (x5,

where

o ) b x XK
) == [ e ot e XE@)
( f(2)Mg(z,z)dz — f(m))Xf(dx)ds.
]Rd
Moreover, (4.22) implies that for each K,
E (IM/ ) = B ("))

CfK e e Cf’TKn
(/{X 1)+ (XK, 1) }d) oK

which goes to 0 as K tends to infinity, since 0 < 1 < 1. Therefore,

lim B(| W3 (X5) + 0" (X)) = 0.

Since X is a.s. strongly continuous, since f € C7(R?) and thanks to the
continuity of the parameters, the functions ¥} and ¥? are a.s. continuous at X.
Furthermore, for any v € D([0,T], MF),

(Wi (v) + Ui ()] < Cpr osup (14 (vs,1)?).
s€[0,T]

Hence using (4.21), we see that the sequence (U} (X %) + U2(XK))x is uniformly
integrable, and thus

lim B (|7 (X7) + OF(XT)]) = B (J3(X) + $F(X)]).

We have now to deal with U2 (X %)~ W¥2(XX). The convergence of this term
is due to the fact that the measure Mg (x, z)dz has mean x, variance X(x)/K",
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and third moment bounded by C/K"*¢ (¢ > 0) uniformly in z. Indeed, if H f(z)
denotes the Hessian matrix of f at =z,

/ fR)Mg(z, z)dz
]Rd

= [ (1@ G0 @)+ e 0 B~ 0) 4 0 - 2
Rd
Mg (z,2)dz

£@)+ 3 3202 1) + o55) (4.25)

where K"0(35) tends to 0 uniformly in z (since f is in C}), as K tends to infinity.
Then,

]Rd
X <_ § S'I](nx) 972]f(x) 0( F:v,r] ))‘(S (daj)as’

2]

and
wP (X)) (X F) < 0p < XE 1> LKk (— ! ).
! K K
Using (4.22), we conclude the proof of (4.24).

Step 6. The previous steps imply that (X %) converges to & in D([0, T, M),
where Mr is endowed with the vague topology. To extend the result to the case
where M is endowed with the weak topology, we use a criterion proved in Méléard
and Roelly [20]: since the limiting process is continuous, it suffices to prove that
the sequence ((X 1)) converges to (¢, 1) in law, in D([0, 7], R). One may of course
apply Step 5 with f = 1, which concludes the proof.

(2) Let us now assume the non-degeneracy property r(z)u(z)s*X(x)s >
c||s||> > 0 for each z € R% s € R?. That implies that for each time ¢ > 0, the
transition semigroup P;(z,dy) introduced in Step 1 of this proof has for each = a
density function p;(x,y) with respect to the Lebesgue measure. Then if we come
back to the evolution equation (4.19), we can write

[ st = [ ([ somtey) oo
w [ ot veeon - o ( [ rwpeteai)ed)s

Using the fact that the parameters are bounded, that sup,<7(&:,1) < 400
and that f is bounded, we can apply Fubini’s theorem and deduce that

/ f (@) (dz) = / Hy(y)f (y)dy
]Rd ]Rd
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with H € L>([0,T], L*(R%)), which implies that ¢ has a density with respect to
the Lebesgue measure for each time t < T
Equation (4.14) is then the dual form of (4.13). O

Proof of Theorem 4.5. We will use a similar method as the one of the previous
theorem. Steps 2, 3, 4 and 6 of this proof can be achieved exactly in the same
way. Therefore, we only have to prove the uniqueness (in law) of the solution to
the martingale problem (4.16)—(4.18) (Step 1), and that any accumulation point
of the sequence of laws of XX is solution to (4.16)—(4.18) (Step 5).

Step 1. This uniqueness result is well-known for the super-Brownian process
(defined by a similar martingale problem, but with b=d=0,r=p=1and ¥ =
Id, cf. [23]). Following [12], we may use the version of Dawson’s Girsanov transform
obtained in Evans and Perkins [14, Theorem 2.3], to deduce the uniqueness in our
situation, provided the condition

E t [b(z,V * Xy(x)) — d(x, U * X4(x))]* Xs(dx)ds ) < 400
0 JRd

is satisfied. This is easily obtained from the assumption that sup,¢(o 1) E[(X,1)3]
< oo since the coefficients are bounded.

Step 5. Let us identify the limit. Let us call QX = £(X*) and denote by
@ a limiting value of the tight sequence Q¥, and by X = (X;);>0 a process
with law Q. Because of Step 4, X belongs a.s. to C([0,T], Mr). We have to show
that X satisfies the conditions (4.16), (4.17) and (4.18). First note that (4.16) is
straightforward from (4.22). Then, we show that for any function f in CP(R9),

the process M, defined by (4.17) is a martingale (the extension to every function
in Cf is not hard). We consider 0 < s; < --- < s, < s < t, some continuous
bounded maps ¢1,...,¢, on Mg, and our aim is to prove that, if the function ¥
from D([0,T], Mr) into R is defined by

V() = 91(v) -+ (v, ) { (e, £) = (v f)
_/ /Rd@u(x)r(x) Z 2405 (@) + f(@) [b(z, V * vy (2)) — d(z, U * yu(x))])

Uy (dx)du},

then
E(¥(X))=0. (4.26)
It follows from (4.9) that

0= B (:(XE) -+ 0 (XE) { M/ = MIT) = B (w(X5)) - Ar,
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where Ag is defined by
Axe = B(61(XE) -+ g (XE)

/ /R b, Vo XS ( ))[/Rd(f(z)—f(x))MK(m)dz]
e[ ) 0 B ] )

(]

It turns out from (4.25) that Ax tends to zero as K grows to infinity, and us-
ing (4.22), that the sequence (|¥(XX)|)f is uniformly integrable, so

lim B ((0(X)]) = Fg (|#(X)]).
Collecting the previous results allows us to conclude that (4.26) holds, and thus
M/ is a martingale.

We finally have to show that the bracket of M7 is given by (4.18). To this
end, we first check that

N = (X, f)* = (Xo, f / /RdZT X, (dx)ds
—2/ Xs7f/ f(@)[b(z, V x Xs(x)) — d(z,U * Xs(x))] Xs(dz)ds

/ (X, f) / ZE” X, (dx)ds (4.27)

is a martingale. This can be done exactly as for Mt , using the semimartingale
decomposition of (X[, f)2, given by (4.8) with ¢(v) = (v, f)2. On the other hand,
It6’s formula implies that

(Xe, )2 = (Xo, )2 — (M1}, — / (Xa f) / sz X, (d)ds

—2/ Xs,f/ f(@)[b(z,V * Xy(z)) — d(z, U * X,(2))] Xs(dz)ds

is a martingale. Comparing this formula with (4.27), we obtain (4.18). O

4.2.2. Rare mutations. In this case, the mutation step density M is fixed and the
mutation rate is decelerated proportionally to 1/K™:

Assumption (H4):
_ -
Mg =M, px= T
Thus only births without mutation are accelerated.

As in Section 4.2.1, we obtain deterministic or random limits, according to
the value of n € (0, 1].
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Theorem 4.7. (1) Assume (H), (H1), (H2), (H4) and 0 < n < 1. Assume also
that the initial conditions X[ converge in law and for the weak topology
on Mp(X) as K increases, to a finite deterministic measure &, and that
supy E((XE,1)3) < +oo.

Then, for each T > 0, the sequence of processes (X) belonging to
D([0,T], Mp) converges (in law) to the unique deterministic function (§)i>0 €
C(]0,T], Mr) weak solution of the deterministic nonlinear integro-differential
equation:

() = (e, V # &4()) — d(, U+ &,(a /My, ))& ) dy
— u(@)r(@)E(a). (4.28)

(2) Assume now n = 1 and that XI converge in law to Xo. Then, for each
T > 0, the sequence of processes (X&) converges in law in D([0,T], Mg) to
the unique (in law) continuous superprocess X € C([0,T], M), defined by
the following conditions:

sup E ((X¢,1)%) < oo,
te[0,T]

and for any f € CZ(R?),

Mt = (X, /Y — (Xo, f / /Rd r(zx) M(a:,z)(f(z) — f(z))dzXs(dz)ds
_ /0 [ @) (bl Vo X, (0) = (.U 5 X, (0) X, (o)

is a continuous martingale with quadratic variation

/Ot /Rd r(2) f2(x) X (dx)ds

In a SPDE formalism, one can write the last limit as formal solution of the
equation

0 Xi(x) = [b(x, V * Xy (2)) — d(z, U X (2))] X (2) + 9 M (y, z)p(y)r(y) Xe(dy)

+ M — p(x)r(2) X (), (4.29)

where M is a random fluctuation term.

The proof of Theorem 4.7 is similar to proofs of Theorems 4.3 and 4.5 and we
leave it to the reader. Theorem 4.7 (1) is illustrated in the simulation of Fig. 2 (b).



104 N. Champagnat, R. Ferriére and S. Méléard

5. Rare mutation renormalization of the monomorphic process and
adaptive dynamics

In the previous section, Eqgs. (4.28) and (4.29) have been obtained at the pop-
ulation growth time scale (ecological time scale), under an assumption of rare
mutation. Here, we are interested in the behavior of the population process at the
evolutionary time scale, when mutations are extremely rare, as illustrated by the
simulation of Fig. 1 (d). We hence recover rigorously the stochastic “trait substi-
tution sequence” jump process of adaptive dynamics (Metz et al. [22]) when the
initial condition is monomorphic. The biological idea behind such a scaling of the
population process is that selection has sufficient time between two mutations to
eliminate all disadvantaged traits, so that the population remains monomorphic
on the evolutionary timescale. Then the evolution proceeds by successive invasions
of mutant traits, replacing the resident trait from which the mutant trait is born,
occuring on an infinitesimal timescale with respect to the mutation timescale. Our
result emphasizes how the mutation scaling should compare to the system size (K)
in order to obtain the correct time scale separation between the “mutant-invasions”
(taking place on a short time scale) and the mutations (evolutionary time scale).

5.1. Statement of the result
We consider here a limit of rare mutations combined with the large population
limit of Section 4.1 (Assumption (H1) and bx = b, dx = d and My = M). We
assume
Assumptions (H5):
(i) pre (@) = urcp(e).
(ii) For any constant C' > 0,
1
—CK
¢ SUKS Tk
(thus ug — 0 when K — 400), or, equivalently, for any C' and ¢ > 0,
t
log K < —— < 9K, 5.1
g K < Kux <e (5.1)
(iii) For any = € X, ( — b(z,() and ¢ — d(z,() are positive functions, non-
increasing and increasing, respectively, satisfying
Va € X, b(z,0) —d(x,0) > 0,

CETOO ;ggf d(z, () = +o0. (5.2)

(iv) There exists a constant U > 0 such that U(h) > U for any h € R%.
Assumption (H5)-(i) entails the rare mutation asymptotic, and (H5)-(ii) gives
the correct scaling between the mutation probability and the system size in order
to obtain the correct time scale separation. Observe that (H5)-(ii) implies that
Kug — 0 when K — 400, so that the timescale ¢/ Kug, which corresponds to
the timescale of mutations (the population size is proportional to K, and each
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birth event produces a mutant with a probability proportional to ux, which gives
a total mutation rate in the population proportional to Kug) is a long timescale.
Our result gives the behavior of the population process on this long timescale.

Assumptions (H5)-(iii) and (iv) will allow to bound the population size on
the mutation timescale, and to study the behavior of the population when it is
monomorphic or dimorphic between two (rare) mutation events. Specifically, the
monotonicity properties of b and d in Assumption (H5)-(iii) ensures, for any z € X,
the existence of a unique non-trivial stable equilibrium 7(z) for the monomorphic
logistic equation (4.6) of Example 3 in Section 4.1. Moreover, since b(z, V(0)u) —
d(z,U(0)u) > 0 for any v < 7(zx) and b(z, V(0)u) — d(z,U(0)u) < 0 for any
u > n(z), any solution to (4.6) with positive initial condition converges to 7(z).

Concerning the dimorphic logistic equations (4.7), an elementary linear anal-
ysis of the equilibrium (72(x),0) gives that it is stable if f(y,x) < 0 and unstable
if f(y,z) > 0, where the function

fly, ) = by, V(y —z)n(z)) — d(y, U(y — z)n(z)) (5.3)

is known as the “fitness function” ([21, 22]), which gives a measure of the selective
advantage of a mutant individual with trait ¢ in a monomorphic population of trait
x at equilibrium. Similarly, the stability of the equilibrium (0,7(y)) is governed
by the sign of f(z,y).

In order to ensure that, when the invasion of a mutant trait is possible, then
this invasion will end with the extinction of the resident trait, we will need the
following additional assumption:

Assumptions (H6):

Given any x € X, Lebesgue almost any y € & satisfies one of the two following
conditions:

(i) either f(y,z) <0 (so that (7(x),0) is stable),

(ii) or f(y,z) > 0, f(z,y) < 0 and any solution to (4.7) with initial condition
with positive coordinates in a given neighborhood of (7i(x),0) converges to
(0,7(y))-

In the case of linear logistic density-dependence introduced in Section 2.2
(b(z,¢) = b(z) and d(z,¢) = d(z) + a(x)(), the equilibrium monomorphic den-
sity n(x) writes (b(z) — d(x))/a(x)U(0) and the condition (H6)-(ii) is actually
equivalent to f(y,x) > 0 and f(z,y) < 0 (see [6]).

Our convergence result writes

Theorem 5.1. Assume (H), (H1), (H5) and (H6). Given x € X, v > 0 and a
sequence of N-valued random variables (Vi) ken, such that vk /K is bounded in 1!
and converges in law to v, consider the process (X[t > 0) of Section 4 generated
by (4.1) with initial state Z£5,. Then, for anyn > 1, >0 and 0 < t; <tz <
e <ty <00, and for any measurable subsets I'y,... Ty, of X,
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. . . K — .
KETDOP(Vz €{l,....n}, Jz; €y : Supp(Xy ey, ) = {wi}

and |<X5/KUK,1> —n(x;)| <e)=P(Vie{l,...,n}, i, €y) (5.4)

where for any v € Mp(X), Supp(v) is the support of v and (Yz,t > 0) is a Markov
jump process with initial state © generated by

Apla) = [ (o) = pla))alo. )M (. )dy

where

[fy, z)]+
(v, V(y — x)n(x))’

9(y,2) = p(@)b(z, V(0)n(z)n(z) (5.5)

and []1 denotes the positive part.

Corollary 5.2. With the same notation and assumptions as in Theorem 5.1, assum-
ing moreover that i / K is bounded in L9 for some q > 1, the process (XtI/(KuK ,t >
0) converges when K — 400, in the sense of the finite dimensional distributions
for the topology on Mp(X) induced by the functions v w— (v, f) with f bounded
and measurable on X, to the process (Z,t > 0) defined by

7 _ YOz ift=0
t n(Y;)dy, ift>0.

This corollary follows from the following long time moment estimates.

Lemma 5.3. Under (H), (H1), (H5)(iii) (5.2) and (iv), and if supg~; E((X{*,1)7)
< 400 for some q > 1, then

sup supE((Xf,l)q) < 400,
K>1 t>0

and therefore, if ¢ > 1, the family of random wvariables {<X1:Ka1>}{K21,t20} is
uniformly integrable.

Proof of Lemma 5.3. Observe that, if we replace b(x,V * v) by b and d(x, U * v)
by g(U({v, 1)) where ¢g(¢) := inf,ex d(z, () in the indicator functions of each terms
of the construction (2.2) of the process X/<, we can stochastically dominate the
population size (X, 1) by a birth and death Markov process (Z[);>o with initial
state Z& = (X, 1) and transition rates

ib from i/K to (i +1)/K,
ig(U%) from i/K to (i — 1)/K.

Therefore, it suffices to prove that sup>qsup;>g E(ZE)?) < +oo.
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Let us define pf = P(ZK = k/K). Then

d o (k)7 dpk
GE =3 () 4

k>1

1 . B k+1
= DK [b(k —pi '+ (k+1)g (QT> pit!

Sfosa(it))]
b6 ) e (- e

Now, by (H5) (iii) (5.2), g(o) — 400 when o — +o00, so there exists ag such
that, for any o > ag, g(Ua) > 2b. Therefore, for k > Kag, b((1 + 1/k)9 — 1) +
gUk/K)(1-1/k)7—1) < —b[3—2(1—1/k)?— (1+1/k)9], the term on the right-
hand side being equivalent to —bq/k. Therefore, enlarging « if necessary and using
in the first inequality the facts that (1+a)? —1 < «a(27—1) and (1 —a)?7—1<0
for any a € [0, 1], we can write

]'Kaolfl

GE@m < Y e (g)d- X E(5)
k=1 k>[Kag]
S gk ba K bq K
<3 Bla/2+ 2 - Dok~ LB((ZE)) < o - B
k=1

where C' = (1+2(27 — 1)/q)ad. This differential inequality solves as
E((Z{)") < C+[B((2§)") = Cle ™72,

which gives the required uniform bound. U

Proof of Corollary 5.2. Let T' be a measurable subset of X. Let us prove that

i B[, 10)] = B0V Lyier]. (5.6)

By (H5)-(iii)-(5.2), there exists (y > 0 such that for any ¢ > {y and =z € X,
d(x,¢) > b. Therefore, by (H5)-(iv), for any = € X, a(x) € [0,({y/U]. Fix ¢ > 0,
and write [0, /U] C UY_,I;, where p is the integer part of (o/(Ue), and I; =
[(i — 1)e,ie]. Define I'; = {z € X : i(z) € I;} for 1 < i < p, and apply (5.4) to
the sets 'NT'y,...,I'NT, with n =1, t; =¢ and the constant ¢ above. Then, by
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Lemma 5.3, for some constant C' > 0 and for sufficiently large K,

lllgiiuogERXt/Kqul r)] < lll(miupERXt/KuKV1F>1(X5KMK n<c] +e

< thbupE[( t/KuK,lrnr )L xx 1><c} te

K—>+OO t/Kug /=

e

©
Il
—

<Y i+ 1DePY,el’nIy) +e

M”@

(E[T_L(Yi)lxtepmpi] + 2€P(Yt S Fi)) +e
1

< E[a(Y;)ly,er| + 3e.

o
I

A similar estimate for the lim inf ends the proof of (5.6), which implies the con-
vergence of one-dimensional laws for the required topology.

The same method gives easily the required limit when we consider a finite
number of times 1, ..., t,. O

Observe that the fact that the limit process is not right-continuous prevents
the possibility to obtain a convergence for the Skorohod topology on D([0,T],
Mp(X)).

5.2. Idea of the proof

Theorem 5.1 can be proved in a similar way as in Champagnat [6]. Let us give an
idea of the method in order to explain the assumptions, the various parameters
appearing in Theorem 5.1 and the tools involved in the proof. It is based on two
ingredients: the study of a monomorphic population before the first mutation, and
the study of the invasion of a single mutant individual in this population.

1) The first part obtains from large deviation results for the convergence of
XK to ny(z)d, when the initial population is monomorphic with trait x, where
n¢ () satisfies (4.6). Any positive solution to (4.6) converges to (z) when t — +o0,
and hence reaches a given neighborhood of 7(z) in finite time, i.e., on an in-
finitesimal time scale with respect to the mutation time scale. Large deviations
theory allows us to show that the exit time of (X/€,1) from this neighborhood
behaves as exp(KC) for some C' > 0 (problem of exit from a domain, Freidlin
and Wentzell [16]). Thanks to the right part of Assumption (5.1), we can prove
that, with high probability, (X/<, 1) is close to 7 (x) when the first mutation oc-
curs. Therefore, the total mutatlon rate is close to ugp(z)Kn(x)b(z, V(0)n(z))
and so, on the mutation time scale t/Kug, the rate of mutation is close to
n(z)u(x)b(z, V(0)n(z)), which explains the left part of the right-hand side of (5.5).
This argument can be made rigorous using stochastic domination results similar
to the one used at the beginning of the proof of Lemma 5.3, and leads to the
following result:
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Population size

Time (t)

F1GURE 3. The three steps of the invasion and fixation of a mu-
tant trait y in a monomorphic population with trait x. Plain
curves represent the resident and mutant densities (X7, 1¢,1) and
(XK, 14,3), respectively. Dotted curves represent the solution of
Eq. (4.7) with initial state ng(x) = i(z) and ng(y) = €.

Lemma 5.4. Let 7y denote the first mutation time and P)IgK the law of X with
0

mitial state Xé(. Given © € X and a sequence of integers (zix)x>1 such that
2k /K — 2 >0,
(a) For anye >0,

lim P%Sx <7’1 >logK, sup [(X[F,1)—a(z)| > 5) =0

K—+o0 tellog K,71]
and
. K -
KLHEOOP%{%(H <logK) =0.
In particular, under PIZLK(S , XIIO(gK — n(z)8y and XE_ — 7i(x)d, in proba-
K 9z
bility.

(b) For anyt >0,

t
. K -
Kl_l)IEOOPz?K(Sm (7’1 > TK) =exp (— B(2)t),

where B(x) = p(x)n(z)b(z, V(0)a(x)).

2) The study of the invasion of a mutant individual with trait y can be divided

in three steps represented in Fig. 3.
Firstly, the invasion of the mutant (between 0 and ¢; in Fig. 3) can be defined
as the growth of the mutant density (X{*,1;,}) from 1/K (one individual) to a
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fixed small level e (¢K individuals). As long as the mutant density is small, the
dynamics of the resident density (X[, 1¢,}) is close to the one it followed before
the mutation, so it is close to ni(x) with high probability. Therefore, between
0 and t;, the birth and death rates of an individual with trait y are close to
b(y, V(y — z)a(x)) and d(y,U(y — x)n(z)), respectively. Therefore, the number
of mutant individuals is close to a binary branching process with the parameters
above. When K — +00, the probability that such a branching process reaches level
eK is close to its survival probability, which writes [f(y, z)]+/b(y, V(y — )7 (x)).
This gives the second part of the right-hand side of (5.5).

Secondly, once the invasion succeeded (which is possible only if f(y,z) > 0),
the dynamics of the densities of traits = and y are close to the solution to the
dimorphic logistic equation (4.7) with initial state (7i(z), €), represented in dotted
curves between t; and t in Fig. 3. Because of Assumption (H6), the resident
density can be proved to reach level € with high probability (at time ¢5 in Fig. 3).

Finally, a similar argument as in the first step above allows us to prove
that the resident population density (X[, 1) follows approximately a binary
branching process with birth rate b(y, V(z — y)n(y)) and death rate d(y,U(x —
y)(y)). Since f(z,y) < 0 by Assumption (H6), this is a sub-critical branching
process, and therefore, the resident trait x disappears in finite time t3 with high
probability.

We can show, using results on branching processes, that ¢; and t3 — t5 are of
order log K, whereas to — t; depends only on e. Therefore, the left part of (5.1)
ensures that the three steps of the invasion are completed before the next mutation,
with high probability. The previous heuristics can be made rigorous using further
comparison results, and leads to the following result.

Lemma 5.5. Assume that the initial population is made of individuals with traits
x and y satisfying assumption (H6) (i) or (ii). Let 6y denote the first time when
the population gets monomorphic, and Vo the remaining trait. Let (zx)x>1 be a
sequence of integers such that zx /K — n(z). Then,

I P[Z( ) _ _ [f(ya )]
KB P s ks, V0 =0 = o Ry
B o U < o _
i Phades, (0 = 2 = L= g, oy
Vn >0, hrEOOPzK5+15 (90>—/\T

and Ve >0, Khm PZK5 +1s, (|< 00> >—TLVE))

— 400
where f(y,x) has been defined in (5.3).

Once these lemmas are proved, the proof can be completed by observing that
the generator A of the process (Y, ¢t > 0) of Theorem 5.1 can be written as

Ap(z) = /Rl (p(y) — ¢(x))B(x)r(z, dy), (5.7)
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where ((x) has been defined in Lemma 5.4 and the probability measure x(z, dh)
is defined by

A L
k(z,dy) = (1 /]Rl V(s —m)ﬁ(m))M( ,2)d >5ac(dy)
[f(yax)]Jr

b(y, V(y — z)n(x))
This means that the process Y with initial state = can be constructed as follows:
let (M(k),k =0,1,2,...) be a Markov chain in X with initial state 2 and with
transition kernel x(x, dy), and let (N(t),t > 0) be an independent standard Poisson

process. Let also (T},)n>1 denote the sequence of jump times of the Poisson process
N. Then, the process (Y;,t > 0) defined by

)

is a Markov process with infinitesimal generator (5.7) (cf. [13, Chapter 6]).

Let P, denote its law, and define (S, ),>1 by T, = fOS" B(Ys)ds. Observe that
any jump of the process Y occurs at some time .S, but that all S, may not be
effective jump times for Y, because of the Dirac mass at z appearing in (5.8).

Fix t > 0, z € X and a measurable subset I' of X. Under P,, S; and Yg, are
independent, Sp is an exponential random variable with parameter §(x), and Yg,
has law x(x,-). Therefore, for any n > 1, the strong Markov property applied to
Y at time S; yields

+

M(z,y)dy. (5.8)

Pz(5n§t<5n+lv Y}GF)

t
_ / B(z)e—B@)s / Py(Sn_1 <t—s<Sn Yies € Dz, dy)ds (5.9)
0 R!

and
Py(0<t<Si, Vi €T) =1gerye PO (5.10)
Using the Markov property at time 7, and Lemmas 5.4 and 5.5, we can prove
that, when we replace S,, by the n-th mutation time of XgKuK and Y; by the
support of XgKuK (when it is a singleton) in the LHS of (5.9) and (5.10), the
same relations hold in the limit K — +oo. Therefore, Theorem 5.1 is proved for

one-dimensional time marginals. A similar method generalizes to finite dimensional
laws.
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A Note on Evolution Systems of Measures for
Time-Dependent Stochastic Differential
Equations

Giuseppe Da Prato and Michael Rockner

Abstract. We consider a stochastic equation in R™ with time-dependent co-
efficients assuming that it has a unique solution and denote by Ps:,s < ¢
the corresponding transition semigroup. Then we consider a family of mea-
sures (v¢)ier such that [p, Psio(z)vs(de) = [pa p(z)ve(dr),s < t, for all
continuous and bounded functions ¢. The family (v:):er is called an evo-
lution system of measures indered by R. It plays the role of a probability
invariant measure for autonomous systems. In this paper we generalize the
Krylov—Bogoliubov criterion to prove the existence of an evolution system
of measures. Moreover, we study some properties of the corresponding Kol-
mogorov operator proving in particular that it is dissipative with respect to
the measure v(dt, dz) = vi(dx)dt.

Mathematics Subject Classification (2000). 60H10, 37140, 37A25.

Keywords. Stochastic differential equations, evolution systems of measures,
non-autonomous systems.

1. Notation
We fix d € N. We shall use the following notation.
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e By(R™) is the set of all bounded Borel functions in R™. It is endowed with
the norm

lello = sup [p(x)], ¢ € By(R").

z€R4

Cy(R™) is the subspace of B,(R™) of all uniformly continuous functions.
B(R™) is the o-algebra of all Borel subsets of R”.
P(R™) is the set of all probability measures on (R™, B(R")).
Cy(R™) is the topological dual of C,(R™).
We shall denote by (-,-) the duality between C,(R™) and Cj (R™).

We shall identify P(R™) with a closed convex subset of C}(R™) by the mapping
w € PR™) — F, € Cy (R"),

where
Fue) = [ plnldy), ¢ € CuRY).

We shall write £}, = ;1 in what follows.

We are concerned with the following stochastic differential equation in R¢,
dX (t) =b(t, X (t))dt + o(t, X (¢))dW (t), t>s,
(1.1)
X(s) =uw,
where

e bc C(R x R%RY,
e 0 € C(R x R% L(R™,RY)),
e IV is a standard Brownian motion in R taking values in R™.

We shall assume that problem (1.1) has a unique solution X (¢, s,z). We denote
by P, the transition semigroup,

Pyup(x) = E[p(X(t,5,2))], s<t, € ByR?), z € R,
and by 75 +(x,-) the law of X (¢, s, ). So,

Pap(@) = [ ow)masle.dy
R
and
Ps,t]-A :Ws’t(l'7A), AGB(H)
Moreover, the semigroup law holds,
Ps,tpt,u:Ps,u; s<t<u.
We shall denote by Py, the transpose semigroup in Cp(R™). It is clear that
Plp € P(R™) for all u € P(R"),
and that
PffuR:,t = P* s<t<u.

s,u
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If the coefficients of (1.1) are regular, then by the Ité formula it follows that
u(t, s, ) = P, () is the solution of the backward Kolmogorov equation
Dsu(t,s,z) + K(s)u(t,s,z) =0, (1.2)
u(t7 t’ m) = (p('r)’ '

where )

K(s)p = 3 Tr [o(s, 2)0* (s, 2) D?¢] + (b(s,z), D).
Let us list some useful properties of Ps; and Pg*f for s < 't, whose proofs are well
known,

DsPs,tSD = _K(S)Ps,t(pa ® € CI?(Rd)a

and
DiPyrp = PoyK(t)p, ¢ € Cy(RY).
Finally,
DsPiy = —P7 K" (s)
and

DtPs*,t =K" (t)P:t

2. Evolution system of measures indexed by R

A mapping R — P(R"™), t — 14 is called an evolution system of measures indexed
by R if

/ Ps o(x)vs(dx) :/ o(@)v(dx), s<t, p€ Cy(H). (2.1)
Rd ]Rd

(2.1) is equivalent to
Plivs=v, s<t.

So, v, t > 0, is a measure-valued solution of the Kolmogorov equation (1.2)
with values measures in the sense of the paper [1]. The difference with respect to
that paper is that v4 is here defined for ¢ in the whole R.

A solution of (2.1), that is, an evolution system of measures indexed by R, is
the natural generalization of the concept of invariant measure for an autonomous
system.

If the coefficients of (1.1) are regular, identity (2.1) is equivalent to

Dtyt = K*(t)l/t7 teR. (22)
We set
Lu(t,z) = Dyu(t,z) + K (t)u(t,z), teR, xR,
and consider the formal adjoint
L*v(dt,dx) = —Dyw(dt, dz) + K*(t)v(dt, dz).
So, (2.1) implies (and in regular cases is equivalent to)
L*v =0,
where v(dt, dx) = v de.
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The evolution system of measures v, is called strongly mizing if

lim P p(z) = /]Rd p(x)(de) peCy(H), teR.

§——00

Ezample. We take m = d, b(t,z) = A(t)r and o(t,z) = I, where A(t) € L(R%).
We denote by U(t,s) the evolution operator corresponding to A(t). We assume
that there are w > 0 and M > 0 such that (see [4] for a sufficient condition based
on the Floquet exponents of A(t))

U, s|| < Me™t=%) ¢ >
Then we have

X(t,s,z)=U(t,s)x + /t U(t, 7)dW (1),

and so
Pup(@) = [ (Ut )2+ 1) Nogw () (23)

where Ng(;,s) is the Gaussian measure in L(R?) of mean 0 and covariance operator

¢
Q(t,s) :/ U(t,7)U*(t,7)dr.
By (2.3) it follows that

lim P, p(x) = /H P(Y)NQ(t,—o0) (dy)-

§——00

Thus, setting

t
Vi = No, o)y Q(t,—00) = / Ut U™ (t, 7)dr,

—00

we see that 1 is a strongly mixing evolution system of measures.

3. Existence of evolution sytems of measures

There are at least (to our knowledge) two methods to prove the existence of evo-
lution sytems of measures. For the first, based on the use of Lyapunov functions,
see [2]. The other one is a straightforward generalization of the Krylov—Bogoliubov
theorem. We shall briefly present the latter.

We assume here that P, € Cp(RY) for any ¢ € Cp(R?), that is, Py, is
Feller.

Fix zg € RY. For any T > 0, t > —T, set

1 t

= ——— st(xo, E)ds, F e B(R%Y), T >0.
T _TW(,t(l’o )ds € BRY), T >

pre(E)

Theorem 3.1. Let xg € R be fived. Assume that for any n € N the set (i1, —n)T>0
1s tight. Then there exist evolution sytems of measures for P;.
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Proof. By the Prokhorov theorem and a diagonal argument there exists a sequence
T, T oo such that for all n € N the weak limit

_pi= 1 _
H—n N_)QQ:U’TNy n

exists.
Let t € R and choose n € N such that ¢ > —n. Define
ve = P2, fn.

Note that this definition is indeed independent of n, since because each P is
Feller we have for every ¢ € Cy(R?)

[ otomtan) = [ Pt
R4 Rd
= lim / P_pnp(w)pr, ,—n(dz)
N—oo R4
. 1 o
= lim —— Py n(P_pntp)(z0)ds

N—oo —N + TN B
—n

1
= 1' —_— P d
NI Ty [, Poretmn)
which is obviously independent of n, n < t. Now for s < ¢t we have for any n € N,
—-n < s,

Ps*,t;“fn = Ps*,tpin,s/ifn
= (an,sps,t)*/ifn
= Pin,t/i*ﬂ
= Vg.
So, (Vt)ter is an evolution system of measures for (Pst)s<¢. O

4. The equation Lu — \u = f
We are here concerned with the equation
Dou(t,z) + K (t)u(t, z) — Mu(t,z) = f(t,z), zeR% t>0, (4.1)

where f € Cy(R x R?) and A > 0. By a mild solution of (4.1) we mean a function
u € Cy(R x R?) such that for any T € R,

T
u(t,z) = e MNP, pu(T, ) — / e AP, f(s,x)ds, t<T, zeRL (4.2)
¢

We assume that coefficients of (1.1) are regular. Since || Py s f]lo < || f]lo for all

f € Cyp(R?), the following is straightforward. We include the proof for the reader’s
convenience.

Proposition 4.1. There exists a unique solution of (4.1) given by

“+o00
u(t,x) = —/ e_)‘(s_t)Pt,sf(s,x)ds, teR, z e R% (4.3)
t
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Proof. Eristence. We check that the function u given by (4.3) is a solution of (4.2).
Let in fact T € R. Then we have,

+o0
u(T,x) = —/ e*A(S*T)PT,Sf(S, z)ds, = €R%

T
Consequently,
+oo
e ANT=OP, pu(Tyz) = — e*A(S*t)Pt,TPT,Sf(S,x)ds
T
+oo
= —/ e*A(S*t)Ptlsf(s,x)ds
T
and so,

T
ef’\(Tft)Pthu(T, x)—/ eiA(sft)Pt,sf(s,x)ds
t
“+o0 T
= —/ e*A(S*t)Pt,Sf(s, x)ds — / e*A(S*t)Pt,Sf(s, x)ds
T t

+oo
= —/ e*A(S*t)Pt,Sf(s, x)ds = u(t, x),
t

and (4.2) is fulfilled.

Uniqueness. Let u be a solution of (4.2). Since

Llim e A= p, (T, ) = 0,

(recall that u is bounded), letting 7' — o0 in (4.2) yields (4.3). The proof is
complete. O

Assume now in addition that there exists an evolution sytem of measures v;.
Then, for any u € C§°(R x R?) we have

//}Rd Lu(t, x)vy(dx)dt = 0. (4.4)

We have in fact, taking into account (2.2),

u(t,x)ve(de) = /Rd ug(t, x)ut(dx)—&—/ u(t, x)dvy (do)

E Rd R4
:/ ug(t, ) (dx)  + / u(t, o) K (t) v (dx) = Lu(t, z)vy (dx).
R R

Integrating with respect to ¢ over R, yields (4.4).
By (4.4) we find the identity

// Lu(t, x)u(t, z)vy(dx)dt = ——// |Du(t, x)| 2y (dx)dt.
R4 Rd

This shows that the operator L is dissipative in the space

LY (R x R%1): = {u : /]R » lu(t, 2)|?v; (dr)dt < oo}.
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Remark 4.2. If the coefficients of (1.1) are not regular, one can try to take a
regularized equation

Dyun(t, ) + Ky, (t)un(t, ) = f(t,x),

where the K, are regular, and then to prove the essential m—dissipativity of L
proceeding as in the autonomous case, see, e.g., [3].

5. The equation Lu = f with final condition
Here we want to consider the equation
Du(t,z) + K(t)u(t,z) = f(t,x), t>0, zcR?
where f € Cy((0,T]) x R?) with the final condition
uw(T) = uo.
Lemma 5.1. Let v € C5°((0,T]) x RY). Then we have

/OT /Rd Lo(t, v)vi(dr)dt = — /w o(T, 2)vr(dz).

Dt/ v(t, x)v(dx) = Duw(t,z)ve(dx) — | K(@)v(t, z)ve(dx).
Rd

R4 R4

Proof. We have

Consequently,

/ / Lo(t, z)v(dx)dt = / g (Dyo(t, ) + K (t)v(t, z))ve(dx)dt

/ D, /Rd (t, z)v(dx)dt = / (T, z)vp(dz). .

Proposition 5.2. For any v € C§°((0,T]) x R? we have

/ dt/ Lo(t,z) v(t,z) ve(dz)

.- / it [ 1D.utt.0)Putd) — [ T syor(as).

Proof. The conclusion follows by Lemma 5.1 replacing v with v? and using the
elementary identity

L(v?) = 2vLv + | Du(t, x)|?. O

By Proposition 5.2 it follows that L is dissipative in L?((0,T] x H,v); con-
sequently it is closable and its closure is dissipative in L%([0,7] x H,v).
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Remarks on 3D Stochastic Navier-Stokes
Equations

Franco Flandoli

Abstract. Stochastic Navier—Stokes equations could be a suitable model to
address questions of statistical fluid mechanics. For stationary measures aris-
ing from the Galerkin scheme, energy balance relations are reviewed, a notion
of scaling law inspired by Kolmogorov theory is introduced, and a few results
and remarks are given in dimensions 2 and 3.

Mathematics Subject Classification (2000). 60H15, 76F05, 76M35.

Keywords. Stochastic Navier—Stokes equations, statistical fluid mechanics, in-
variant measures, Kolmogorov scaling law.

1. Introduction

Consider the stochastic Navier-Stokes equations on the torus 7 = [0,1]°,
0 > '
—u—|—(u-V)u+Vp:yAu+Zaihi (z) B, (1), (1.1)
ot P

divu =0, periodic b.c.,

where u = w (¢, z) is the random velocity field, p = p (¢, z) is the random pres-
sure field, v > 0 is the kinematic viscosity, h; (z) are the eigenfunctions of the
Stokes operator, 3; (t) are independent Brownian motions, and o; are the noise
intensities. A certain amount of foundational material is known, like the existence
of martingale solutions, the existence of Markov selections and their continuous
dependence on initial conditions under special assumptions on the noise, see the
review [2] and references therein (although the well-posedness is still open).

One of the most important open problems is concerned with quantitative
information on the invariant measures, related, for instance, to statistical fluid
dynamics and the laws of turbulence. In conceptual terms, a turbulent fluid is a
non-equilibrium system, so no general Gibbs paradigm is expected to hold a priori.
Similarly, from the mathematical side it is not gradient-like.



124 F. Flandoli

To attack such a problem for the deterministic equation seems extremely dif-
ficult, with some attempt by the theory of Ruelle-Sinai-Bowen (not yet applicable
even to much simpler models). There is hope that the stochastic model with ad-
ditive white noise, although artificial, may allow us to capture more easily some
feature, see instances of this attempt by [7] and [8] (2D case) and [9] (3D case).

In this note, following Kolmogorov [6] and much of the literature on tur-
bulence (see [4] for a review), we try to understand whether a scaling law may
hold for the so-called structure function. We extract and expand some ideas of the
work [3] (see also [2]). Equation (1.1) looks like an excellent model for this sort of
investigations, as pointed out by [9], since in the limit of vanishing viscosity the
mean rate of energy dissipation remains (formally) constant.

Our considerations are limited to the following remarks: in dimension 2 no
scaling law is possible, if we adopt a certain rather natural definition of scaling
law. In dimension 3 we do not know the answer, but we at least point out the
necessity of an intense vortex stretching mechanism in order to hope for a scaling
law.

1.1. Notation

We (formally) rewrite equation (1.1) as an abstract stochastic evolution equation
in the Hilbert space H,

du(t) + [vAu(t) + B (u(t), u(t))] dt = Z oshidf; (),

where, denoted by D> the space of all infinitely differentiable divergence-free, zero
mean, periodic fields, H is the closure of D> in L?, V is the closure of D> in H!,
D(A) is the closure of D* in H?, A: D(A) C H — H is the operator Au = —Au
(componentwise), {h;};cy C H is a c.o.s. of eigenvectors of A (with eigenvalues
0< A <A <00 ), Z;’il 0? < oo (so the noise is the time derivative of an H-
valued Brownian motion), in fact often Y ;= A\;0? < oo (to have more regularity
of certain measures), V.C H C V' is the usual triple built on these spaces, (-,) 4
and (-, -)V’V, denote inner product in H and dual pairing between V and V', and
B(-,-): V xV — V' is the bilinear mapping defined as

3
an
(w, B(u,v))yy = Z /Tu,-a—xiwjdm.

i,j=1

Other notation used below will be @ for the operator in H defined as Qz =
>, 07 (z,h;) g hi. Given a monotone diverging sequence of positive integers {N,,},
we also consider the finite-dimensional Hilbert space H,, spanned by h1,...,hn,,
embed it into H, denote by 7, the orthogonal projection from H to H,, denote
by A,, the restriction of A to H,, and by By, (.,.) : H,, xH, — H, the continuous
bilinear operator defined as

By, (u,v) = mp B (u,v), w,v € Hy.
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2. Preliminaries on Galerkin approximations

2.1. Energy balance for solutions

Consider the stochastic ordinary differential equation in H,,

AX] = [-vAX]" — By (X, XD dt 4 700/ QdWy,  t >0, (2.1)
where (VVf,)2520 is a Brownian motion in H with covariance operator @, defined on
a filtered probability space (Q, F, (ft)tzo , P). The following result is well known,
see [2] for a complete proof.

Lemma 2.1 (L? bounds and energy equality). For every Fo-measurable r.v. Xg :

Q — H, there is a unique continuous adapted solution (X}'),~, of equation (2.1)
with initial condition m, Xg. It satisfies

T
E( sup X2 +v / ||X§||2Vds>
0

t€[0,T]
t
< (Bl TrQ.T) X7 + 20 [ X7 ds
0

= | X0+ Trm,Q t + M}

where M is a square integrable martingale,
1o r 2 1 ione 1
LB + y/ XIS ds = SEIXG R + S TrmQ T,
0

Remark 2.2. This result indicates the right topologies for the solutions of the
Navier—Stokes equations (1.1) and gives us the main uniform-in-n bounds to prove
the existence of solutions to the martingale problem associated to (1.1), see [2].

Remark 2.3. More important for the purpose of this note, this result is a mean
energy balance:

. %Tr Th@Q = vaz’l 0? is the mean rate of energy injected into the system (the
finite-dimensional system (2.1))

o VE fOT ||Xf||%, ds is the mean energy dissipated on [0, T

o iE |X%|fq is the mean (kinetic) energy of the system.

For stationary solutions the energy balance is even more interesting (see [2]).

Corollary 2.4. If (th)tZO s a stationary, continuous, adapted solution, then

VB |IX7 = T
Remark 2.5. The mean rate of energy dissipation balances the mean rate of in-
jected energy. In view of Kolmogorov theory, it is very interesting that the mean
rate of energy dissipation has a finite limit when the viscosity goes to zero. It is not
clear how to realize such a condition without using a white noise and It6 calculus.
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2.2. Invariant measures of the Galerkin approximations

It is not difficult to prove that equation (2.1) defines a Markov process with the
Feller property (see [2]). Invariant measures are then well defined, for (2.1). By
the classical Krylov-Bogoliubov method one has:

Theorem 2.6. There exists at least one invariant measure pu™ for equation (2.1).

Remark 2.7. If @ is invertible, then ™ is unique and ergodic. More interesting,
Weinan E and Mattingly [1] in d = 2 and Romito [10] in d = 3 have proved
ergodicity when only very few modes are randomly excited.

The analog of the previous energy balance relations for invariant measures
is:

Theorem 2.8. All invariant measures u™ satisfy

e ] = T
v 2u
Let us remark that, with respect to the problem of obtaining quantitative
information on the invariant measures of Navier—Stokes models, this is a first
example of a result.

2.3. Galerkin stationary measures for the 3D equation

Let us come to the infinite-dimensional equation. Since Markov property and clas-
sical notion of invariant measures are difficult issues, and also in order to take
advantage of the finite-dimensional estimates proved above, we do not analyze the
limit equation but simply define the following concept, in analogy for instance with
infinite volume measures in statistical mechanics (but an analog of DLL conditions
is not known).

We say that a Borel probability measure 1 on H (shortly u € Pr(H,B)) is a
Galerkin stationary measure if there is a subsequence nj T co and corresponding
invariant measures p,,, of the finite-dimensional equations (2.1) such that p,, — p
weakly on H. We denote by Pﬁasl”ki” the set of all Galerkin stationary measures.

Theorem 2.9. Pﬁgl”ki” is non empty. Fvery p € Pﬁgl”ki” satisfies

2
2 207
v (I11) < &575

Remark 2.10 (open problem). For the finite-dimensional approximations we have
the equality. In the limit, under the assumption >, o2);, for the 2D Navier—Stokes
equations we still have the equality (from suitable integrability estimates for the
vorticity). On the contrary, for the 2D Navier—Stokes equations, the equality is an
open problem.

Several other results can be proved (see [2]). If .07\, < oo, then
p(D(A)) = 1 for every p € PGaerkin and p {|Am|$_(/3} < oo. If the Brownian
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motion Y .o, o;hif; (t) is space-homogeneous and partially (in the sense of rota-
tions compatible with the torus) isotropic, then there exists u € PGalerkin that is
space-homogeneous and partially isotropic.

3. Remarks on K41 theory

3.1. Second-order structure function

Let us work under the assumption Y \;0? < oo, and of a space-homogeneous

and partially isotropic noise. Given v > 0, denote by Pﬁgl”km (v) the set of all
Galerkin stationary measures for equation (1.1) with viscosity v, that are space-
homogeneous and partial isotropic. For all of them we have p (D(A)) =1 and

o] [ 1Du ()P as] < 22

Denote by M the set of all pairs (u, v) such that u € PGaler* (). Let us introduce
the second-order structure function

S5 (r) = i [llutr-e) = u ()]

for some coordinate unitary vector e, with r > 0. The definition is independent of
e and the observation point (taken here to be 0).

The following is observed in many experiments on turbulent fluids (see [4] for
a review): in log-log coordinates, the plot of the function r — S% (r) has, for small
viscosity, a plateau with approximate slope 2/3, for a certain range I (v) C (0,1)
of r’s:

2
log S4 (1) ~ 3 logr + const, rel(v),
and the interval I (v) = [r_ (v),r4 (v)] has (at least) the property
Vhi% r_(v) =0.
log % (1) i3 approximatel 1to 2 in I (v). Th -
Toer pproximately equal to 5 in I (v). The approx

imation is good for small v and small r € I (v).
It is also customary to write approximate expressions like

Sk (r) ~ Cr?/3

adding some qualification about the range of the r’s, as above.

It is important to realize that this is not a limit property in a classical sense.
Common concepts would be that S§ (r) has a certain power behavior as r — 0, or
as v — 0, but this is not the case (we shall see that, for given v > 0, the expected
behavior of S} (r) as r — 0 is like r?; and for given r > 0, it is like 2 as v — 0).
The previous scaling property has another structure, it specifies a power behavior
in an intermediate range of the r’s, with such range that it extends towards zero
when v — 0.

Thus the function r —
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Possibly there is not a unique way to capture the previous property in a
rigorous manner. We attempt a definition in the next subsections.
3.2. A temptative general definition of scaling law

Let us work with a general function f (v,7), having in mind S (r) in the easiest
case when there is only one stationary measure u for a given value of v (so S% (r)
in fact depends on (v, 7)).

Definition 3.1. We say that R C (0,1) x (0,1) is an admissible region for a scaling
law if it has the form

R={(v,r)€(0,1)x (0,1):rel(v)}
where I (v) = [r— (v),r4 (v)], with r_,ry : (0,1) — (0,1) such that r_ (v) <
ry (v) and )

0Ty (v)

lir% ry (v) =0,

Definition 3.2. Let R C (0,1) x (0,1) be an admissible region for a scaling law.
Let @« > 0and f:(0,1) x (0,1) — (0,00) be given.
We say that f satisfies a weak scaling law with exponent a on R if

i oS )
v—0 logr
(v,r)ER

To explain the previous notation let us recall that given a function g : R — R,
one writes
lim ¢g(v,r)=1
v—0
(v,r)ER
if for every € > 0 there is vy > 0 such that |g(v,r) — 1| < ¢ for every (v,r) €
RN ((07 VO) X (Oa 1))
To understand the definition, let us relate it to another form of scaling law.

Definition 3.3. Let R be a region as above and o > 0, f: (0,1) x (0,1) — (0, 00)
be given. We say that f satisfies a strong scaling law with exponent a on R if
there are vy > 0 and C > ¢ > 0 such that

c-r*< f(v,r) <C-r* forevery v € (0,15] and r € I (v).

Proposition 3.4. If f satisfies a strong scaling law with exponent « on R, then it
satisfies also a weak scaling law with exponent o on R.

Proof. ¥ v € (0,1], r € I (v) we have
log C ta< log f (v,r) < logc

logr ~  logr ~ logr Tt
hence |
ogC o< log f (v,7) < logc
logry (v) —  logr T logr_(v)

This implies the result. O
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Proposition 3.5. Let R be a region as above and o > 0, f:(0,1) x (0,1) — (0, 00)
be given. If f satisfies a weak scaling law with exponent o on R, then for every
a” < a<at there is vy > 0 such that

re’ < fv,r)<r
for every v € (0,1v9] and r € I (v).
Proof. For every € > 0 there is vy > 0 such that V v € (0, ], r € I (v) we have

logr

hence
rete < f () < e -

r—(v) _ 0

Finally, we have to comment on the non trivial requirement lim, ¢ ) =

imposed in the definition of an admissible region. If we do not impose it, but only
2

the other requirements, functions like f (v,7) = =~ satisfy a strong scaling law

with any exponent « € (0,2), thus such a definition would not correspond to any

meaningful concept of scaling law. For a proof, see [2].

3.3. Absence of weak scaling laws in 2D

We are indebted to M. Hairer for some original ideas of this section; see [3] for a
different presentation of related results.

Consider equation (1.1) in 2D, namely on the torus 7 =[0,1]°. To simplify
the exposition, let us work under a set of assumptions on the noise that guarantees
the uniqueness of invariant measures, namely that Pﬁgl”km (v) is a singleton for
every v > 0. See [5] for the most advanced result in this direction and references
therein. Under this assumption the structure function depends on (v,r), so we
may write S¥ (r) in place of S5 (r). In the general case we should just modify
some details of the definition of scaling law.

We do not give all the rather classical details, but the essential point in our
analysis is that the vorticity field £ = curl u is orthogonal to the plane of the fluid,
or, in other words, the vorticity can be described by the scalar field

g = VJ"U,7 VLU = (—82U1, 8111,2)
that satisfies the equation

23

En +(u-V)E=vAE+ ZUithiﬁi (t).

i=1
This equation is a powerful tool to get estimates in stronger topologies than those
discussed above for weak solutions. One of the results is:

Lemma 3.6. Let u € PG~ (v). Then

1 o0
V- Du (z 2da:}:— o,
x| f1puen @] =53
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2 1
Ve UT DV u ()] dw} = 5;@2)\1».
Since [, HDQuH2 de = [, HDVluH2 dx, we readily have

1 o0
v- ,u{/ | D?u (2)|| dx} :EZ;J?/\,;.

Essentially from Taylor formula we get the following behavior.

Proposition 3.7. Let 02,62 be the constants

2

1 g

2 2
— E of, 0= —=——5—.
21‘ 1 ' E i=1 03A7

Then
o r

2 2 o2 g2 9
L vy Zl. )
T <85 (r) < 5 Vr e (078] (3.1)

Proof. We have to use Taylor’s formula, but the measures p are concentrated a
priori only on W22-vector fields. For sake of brevity, we give the proof under the
additional assumption that

u(D(4) N O (1)) =1
for all the measures p involved. In [3] one may find the proof of a related lemma
in the general case, performed by mollification.
By space-homogeneity of p,

() —won?] <2 [ u[1Duoe) ) do

2
o
= r2u[IlDulf] =22

and thus the right-hand inequality of (3.1) is proved for every r > 0.
On the other side, for smooth vector fields we have

u(re) —u (0) = Du (0) re 4 12 /0 D%y (ve) (e, €) do,

i

IB G

and thus

p[IDu-rel?] < 2 [[lu(re) - w (0))?]

1
+2u ||| / D?u (ce) (e, e)do
0

Again from space-homogeneity of u,

u[rQ

/01 D?u (oe) (e, e) do
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and from discrete isotropy we have (see the appendix of [3])

p[IDu-el?] = Su [IDul?].

Therefore,

T2 2
p [l re) = w O] > Zope [1Dul?] = vty [ D%ul?]
Therefore, by definition of 6,

1 r?\ o
v > o . 2
52 (r) 2 (4 92> w "
This implies the left-hand inequality of (3.1) for r € (0, %]. The proof is complete.
O
Corollary 3.8. Let R be an admissible region for a scaling law with the property
logv
lim ————— =
ulir%) log T+ (V) 5i
with By > B_ > 0. Then
log S¥ (r+ (v
B (e () _,
2 ogra (v)

and thus there is no exponent o € (0,2) such that S¥ (r) satisfies a weak scaling
law with exponent a on R.

Proof. From the previous lemma, for 4 (v) € (0, £], we have

log & __logy _log Sy (rs (v)
logry (V) logry (v) =  logrs (v)
log ‘i—; logv
~ logrs (v)  logrs (v)
and thus we get the result. O

The previous result extends to general admissible regions R for a scaling law,
but the proof is less easy; see [3] for a related general result.
3.4. Comments on the 3D case

In dimension three we cannot prove any scaling law but the previous arguments
that disprove them in 2D do not work anymore. Let us give a definition of K41
scaling law (in a strong sense) and discuss one of its consequences.

Recall the definition of the mean energy dissipation rate:

2
e=ctu)=ven| [ 10w ).
To simplify the exposition, assume it is constant as the viscosity goes to zero:

e (1, V) = €.
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As we remarked above, this is an open problem in 3D. It is true for finite-
dimensional models and in 2D. Finally, following Kolmogorov, let us introduce
the dissipation length scale:

0 (uv) =v*te

that under the assumption of constant mean dissipation becomes
0 (n,v) = v

with 79 = €9~ /4. We choose the following definition of K41 scaling law. It is a

restricted version of the definition given in [3], for expository purposes.

Definition 3.9. We say that the K41 scaling law holds if 3 v9 > 0, C > ¢ > 0,
ro > 0 such that

c 1?3 < Sh(r) < C-r?3
v (p,v) € M, v e (0,1
V3/4’l70 <r<rp.
The motivation for the exponents 2/3 and 3/4 comes from dimensional anal-
ysis (recalled in [2]). We do not know whether this property is true in 3D, there
is only some experimental evidence that it should be approximatively true. Let us

recall from [3] one of its consequences on the intensity of vortex stretching.
Given u € V, define the stress tensor

Sy = % (Du+ DuT) ,
the vorticity field
& = curl u,
and the vortex stretching field
Su€- €.
We (formally) have

9

E+(U-V)§:VA§+SUE+2% (curl hi)Bi (t).

i=1

A formal application of 1t6’s formula, for p € Pﬁasl”ki” (v), gives us
1 oo
v [ ID€Rdr < [ sugcdne 3ot
7 T i=1

If we assume that K41 is satisfied, arguing on a quantity similar to 62 above we
can prove (see [3]) that

| [0l s = ey e
T
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and the same is true for p [fT | Dg|? dx} that is equal to the left-hand-side. Then

the previous formal inequality would give us

i {/ Sué - §d1} > 068/21/_3/2.
T
Let us state two rigorous versions of this result, proved in [3].

Theorem 3.10. If K41 holds true, then

liminfu,, {/ Sycurl u - curl udx] > Ceg/ZV*S/Q
k—oo T

for every p € PG i (v) and every pn,, € S*» (v) such that g, — p in H.
Theorem 3.11. If K41 holds true, then

’ U 5.6 fdw} > /72,
T
for every u € PGYerkm (v) limit of pun, € S* (v) such that

o [IHI] < €

for some £,C > 0.
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Slices of a Brownian Sheet:
New Results and Open Problems

Davar Khoshnevisan

Abstract. We can view a Brownian sheet as a sequence of interacting Brown-
ian motions or slices. Here we present a number of results about the slices of
the sheet. A common feature of our results is that they exhibit phase transi-
tion. In addition, a number of open problems are presented.

Mathematics Subject Classification (2000). 60G60, 60H99.
Keywords. Brownian sheet, capacity, dimension.

1. Introduction

Let B := {B(s,t)}s:>0 denote a two-parameter Brownian sheet in R?. That is, B
is a centered Gaussian process with covariance matrix,

Cov (B;(s,t) , Bj(u,v)) =min(s,u)min(t,v)d; ;.

We can assume without loss of generality that B is continuous. Moreover, it is
convenient to think of B as the distribution function of a d-dimensional white
noise B on RZ; i.e., we may think of B(s,t) as

B(s,t) = B([0,s] x[0,1]).
These properties were discovered first in Centsov [2].

Choose and fix some number s > 0. The slice of B along s is the stochastic
process {B(s,t)}t>0. It is easy to see that if s is non-random then the slice of B
along s is a scaled Brownian motion. More precisely, t — s~ /2B(s,t) is standard
d-dimensional Brownian motion. It is not too difficult to see that if s is random,
then the slice along s need not be a Brownian motion. For instance, the slice along
a non-random s hits points if and only if d = 1. But there are random values of
s such that the slice along s hits zero up to dimension d = 3; see (1.1) below.
Nonetheless, one may expect the slice along s to look like Brownian motion in

Research supported in part by a grant from the United States National Science Foundation.
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some sense, even for some random values of s. [For example, all slices share the
Brownian property that they are continuous paths.]

A common question in infinite-dimensional stochastic analysis is to ask if
there are slices that behave differently from d-dimensional Brownian motion in a
predescribed manner. There is a large literature on this subject; see the survey
paper [12]. In this paper we present some new examples where there is, generally,
a “cut-off phenomenon” or “phase transition.”

Our first example is related to the zero-set of the Brownian sheet. Orey
and Pruitt [23] have proven that B~'{0} is non-trivial if and only if the spatial
dimension d is three or less. That is,

P{B(s,t) =0 for some s,t > 0} > 0 if and only if d < 3. (1.1)

See also Fukushima [9] and Penrose [24]. Khoshnevisan [14] has derived the fol-
lowing refinement: For all non-random, compact sets E, F' C (0, 00),

P{B {0} N(E x F)# @} > 0 if and only if Cap,,(E x F) >0, (1.2)

where Capg denotes “3-dimensional Riesz capacity.” [These capacities are recalled
in the appendix.] The Orey—Pruitt theorem (1.1) follows immediately from (1.2)
and Taylor’s theorem [Appendix A.1].

Now consider the projection Z, of B~1{0} onto the x-axis. That is,

Z4:={s>0: B(s,t) =0 for some t > 0}.

Thus, s € Z4 if and only if the slice of B along s hits zero. Of course, zero is always
in Zg4, and the latter is a.s. closed. Our first result characterizes the polar sets of
Zq.

Theorem 1.1. For all non-random, compact sets F' C (0, 00),
P{ZaNF # @} >0 if and only if Capy_s)/o(F) > 0.

Theorem 1.1 and Taylor’s theorem [Appendix A.1] together provide us with
a new proof of the Orey—Pruitt theorem (1.1). Furthermore, we can apply a codi-
mension argument [13, Theorem 4.7.1, p. 436] to find that

d +
dim, Zg=1A (2 — 5) a.s.,

where dim,, denotes Hausdorff dimension [Appendix A.3]. Consequently, when
d € {2,3}, the [Hausdorff] dimension of Z; is equal to 2 — (d/2). Oddly enough,
this is precisely the dimension of B~*{0} as well; see Rosen [27, 28]. But Z, is the
projection of B~1{0} onto the z-axis. Therefore, one might guess that B~1{0} and
Z4 have the same dimension because all slices of B have the property that their
zero-sets have zero dimension. If B were a generic function of two variables, then
such a result would be false, as there are simple counter-examples. Nevertheless,
the “homoegenity” of the slices of B guarantees that our intuition is correct in
this case.
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Theorem 1.2. If d € {2,3}, then the following holds outside a single P-null set:
dim,, (B~'{0} N ({s} x (0,00))) =0 for all s > 0. (1.3)

Remarks 1.3. 1. Equation (1.3) is not valid when d = 1. In that case, Pen-
rose [24] proved that dim, (B~'{0} N ({s} x (0,00))) = 1/2 for all s > 0. In
particular, Penrose’s theorem implies that Z; = R a.s.; the latter follows
also from an earlier theorem of Shigekawa [29].

2. Almost surely, Z4 = {0} when d > 4; see (1.1). This and the previous remark
together show that “d € {2,3}” covers the only interesting dimensions.

3. The fact that Brownian motion misses singletons in R for d > 2 implies that
the Lebesgue measure of Zj is a.s. zero when d € {2,3}.

4. Tt is not hard to see that the probability in Theorem 1.1 is 0 or 1. Used in
conjunction with Theorem 1.1, this observation demonstrates that Z; is a.s.
everywhere-dense when d < 3.

Next, we consider the random set,
Dg:={s>0: B(s,t1) = B(s,t2) for some ty > ¢; > 0}.
We can note that s € Dy if and only if the slice of B along s has a double point.
Lyons [18] has proven that Dg is non-trivial if and only if d < 5. That is,
P{D4 # {0}} > 0 if and only if d < 5. (1.4)

See also Mountford [21]. Lyons’s theorem (1.4) is an improvement to an earlier
theorem of Fukushima [9] which asserts the necessity of the condition “d < 6.”
Our next result characterizes the polar sets of Dy.

Theorem 1.4. For all non-random, compact sets F' C (0, 00),
P{DaNF # 2} > 0 if and only if Cap(q_4) /o (F) > 0.

Lyons’s theorem (1.4) follows at once from this and Taylor’s theorem. In
addition, a codimension argument reveals that almost surely,

d +
dimHDdzl/\<3—§> .

This was derived earlier by Mountford [21] who used different methods.

Remark 1.5. Penrose [24, 25] has shown that Dy = R% a.s. when d < 3. Also recall
Lyons’ theorem (1.4). Thus, Theorem 1.4 has content only when d € {4,5}.

In summary, our Theorems 1.1 and 1.4 state that certain unusual slices of
the sheet can be found in the “target set” F' if and only if F' is sufficiently large
in the sense of capacity. Next we introduce a property which is related to more
delicate features of the set F'. Before we do so, let us set d > 3 and define

1/
R(s) = inf {a >0 Timinf 098D

t—o00 t1/2

|B(s,t)] <oo} for all s > 0.
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Thus, R(s) is the critical escape-rate — at the logarithmic level — for the slice of
B along s. Because t — s~ '/2B(s,t) is a standard Brownian motion for all fixed
s > 0, the integral test of Dvoretzky and Erdés [7] implies that

P{R(s)=d—2}=1 foralls>0.

That is, the typical slice of B escapes at log-rate (d—2). This leads to the question,
“When are all slices of B transient”? Stated succinctly, the answer is: “If and
only if d > 5.” See Fukushima [9] for the sufficiency of the condition “d > 5,
and Koéno [16] for the necessity. Further information can be found in Dalang and
Khoshnevisan [3]. Next we try to shed further light on the rate of convergence of
the transient slices of B. Our characterization is in terms of packing dimension
dim,, which is recalled in Appendix B.2.

Theorem 1.6. Choose and fix d > 3, and a non-random compact set F C (0, 00).
Then with probability 1:

1. R(s) >d—2—2dim, F for alls € F.
2. Ifdim, F < (d—2)/2, then R(s) =d — 2 — 2dim, F for some s € F.

Remark 1.7. The condition that dim, F' < (d — 2)/2 is always met when d > 5.

The organization of this paper is as follows: After introducing some basic
real-variable computations in Section 2 we prove Theorem 1.1 in Section 3. Our
derivation is entirely harmonic-analytic, and rests on a projection theorem for
capacities which may be of independent interest. Theorems 1.4 and 1.2 are respec-
tively proved in Sections 4 and 6. Section 5 contains a variant of Theorem 1.4, and
Section 7 contains the proof of Theorem 1.6 and much more. There is also a final
Section 8 wherein we record some open problems.

Throughout, any n-vector x is written, coordinatewise, as x = (1, ...,Ty).
Moreover, |z| will always denote the ¢'-norm of z € R"; i.e.,

ol = [a1] 4+ + .

Generic constants that do not depend on anything interesting are denoted
by ¢, ¢, co,. . .; they are always assumed to be positive and finite, and their values
may change between, as well as within, lines.

Let A denote a Borel set in R™. The collection of all Borel probability mea-
sures on A is always denoted by P(A).

Acknowledgement. A large portion of this work was motivated by enlightening
discussions with Robert Dalang over a period of several years. A great many thanks
are due to him. The final version of this paper enjoyed a number of improvements
thanks to suggestions made by an anonymous referee to whom I am grateful.
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2. Preliminary real-variable estimates

Our analysis depends on the properties of three classes of functions. We develop
the requisite estimates here in this section. Aspects of these lemmas overlap with
Lemmas 1.2 and 2.5 of Dalang and Khoshnevisan [3].

Here and throughout, we define for all € > 0 and = € R,

() = (W m)d,
Fu(z) = / iy + lal) dy, (2.1)

1
Gulw)i= [ iy + Jal)
0
Our first technical lemma attaches a “meaning” to f..

Lemma 2.1. Let g denote a d-vector of i.i.d. standard-normal variables. Then there
exist a constant ¢ such that for all o, > 0,

cfe(0®) < P{olg| < e} < fe(o?).

Proof. This is truly an elementary result. However, we include a proof to acquaint
the reader with some of the methods that we use later on.
Let M := maxi<i<q|gi|, and note that |g| > M. Therefore,

€/o 6—11,2/2 d end
Plolg| <e} < /_6/0 W du < (;) )
because (2/7)Y/2 exp(—u?/2) < 1. The upper bound of the lemma follows because

P{olg| < €} is also at most one. To derive the lower bound we use the inequality
|g| < Md to find that when € < o,

e/(od) 6—11,2/2 d 9 d/2 ) d
<el> = > (2 —1/(2d%) (€
Plolsl= = </e/(0d) (2m)*/ du) - (mp) € (0)

2 \¥? »
= ( ) 671/(2(1 )fe(o2) = lee(UQ)'

Td?

The same reasoning shows that when € > o,

1 e_"2/2 d 1 6—11,2/2 d )
P{0|g|§€}2</_1wdu> :</—1Wdu> fe(o?)
= 62f€(0'2)«

The lemma follows with ¢ := min(cq , c2). O

Next we find bounds for F¢ in terms of the function Uy_s)/2 that is defined
in (A.1).
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Lemma 2.2. There exists ¢ > 1 such that such that for all 0 <y <2 and e >0,
Fo(y) < ce'Ua—2)2().

In addition, for all y > €2,

Uta—2)/2(y)-

Proof. Evidently,

! ! dx I+y dx
d d
FE(y):/O fs(x+y)dx§e /0 W - /y W’

and this is an equality when y > €2. The remainder of the proof is a direct com-
putation. O

As regards the functions G, we first note that
G = [[ e+ oy (22)
[0,1]?
The following captures a more useful property of G..
Lemma 2.3. There exists ¢ > 1 such that for all 0 < x < 2 and € > 0,
Ge(z) < cedU(d_4)/2(m).
If, in addition, x > €2, then

Ed

Ge(z) > ;U(d—4)/2(ff)~
Lemma 2.3 follows from Lemma 2.2 and one or two elementary and direct

computations.
We conclude this section with a final technical lemma.

Lemma 2.4. For all x,e > 0,
1 /2
Glw) > 5 [ Fw+y)dy,
0

Proof. We change variables to find that

2 1 1 y 1 1
Fe<x+y)dy=—/ Folet? dyz—/ F(z+y)dy,
/ 3 ) F(erg)avzg |

by monotonicity. This proves the lemma. O
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3. Proof of Theorem 1.1

In light of (1.2) it suffices to prove that
Capy/»([0,1] x F) > 0 if and only if Capy/o)_; () > 0. (3.1)

The following harmonic-analytic fact does the job, and a little more; it must be
well known, but we could not find it in a suitable form in the literature.

Recall that a function f : R™ — [0,00] is of strict positive type if: (i) f
is locally integrable away from 0 € R™; and (ii) the Fourier transform of f is
strictly positive. Corresponding to such a function f we can define a function
II,, f [equivalently, the operator II,,,] as follows:

(I f)(z) == / flaey)dy for all z € R"™™,
[071]m

where @y := (1,..., Tnm,Y1,---,Ym) € R™ is the tensor product of x and y.
It is easy to see that

(1L, f // —2))dydz  forallz € R™™,  (3.2)

[0,1]™ % [0,1]™

provided that we identify [0,1]™ with the m-dimensional torus endowed with
its usual coordinatewise addition (mod 1) group product and the corresponding
quotient topology. The preceding is a direct computation when m = 1; the general
case is proved by induction. Then, we have

Theorem 3.1 (Projection theorem for capacities). Let n > 1 be an integer, and
suppose that f : R™ — [0, 00] is of strict positive type and continuous on R™\ {0}.
Then, for all integers 1 < m < n and compact sets F C R"™"™,

Cap; ([0,1]™ x F)) = Capyy,, ;(F).

The proof is divided into two parts. The first part is easier, and will be
dispensed with first.

Proof of Theorem 3.1 (The Upper Bound). Let A, denote the Lebesgue measure
on [0,1]™, normalized to have mass one. If u € P(F), then evidently,

I =1 > inf  Ip(w).
1, £ (1) = T (Am X p) 2 verh @)

The equality follows from (3.2) and the theorem of Fubini-Tonelli. But it is clear
that Ay, x p € P([0,1]™ x F), whence Capyy, ,(F) < Cap;([0,1]™ x F'). This
completes our proof. O

We need some preliminary developments for the lower bound. For this por-
tion, we identify the hypercube [0,1)™ with the m-dimensional torus T™ in the
usual way. In particular, note that T™ is compact in the resulting quotient topol-
ogy. Any probability measure p on [0,1)™ X F' can be identified with a probability
measure on T™ X F' in the usual way. We continue to write the latter measure as
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p as well. Throughout the remainder of this section, f : R™ — [0, 00] is a fixed
function of strict positive type that is also continuous on R™\ {0}.

Lemma 3.2. Suppose T™ X F has positive f-capacity. Then, there exists a proba-
bility measure €., — the “equilibrium measure” — on T™ x F' such that
-1
If(€qm, ) = [Cap; (T™ x F)] < cc.
Proof. For all € > 0 we can find u. € P(T™ x F) such that

1+e¢
Ii(pe) € =————.
slpe) < Capy (T™ x F)

All p’s are probability measures on the same compact set T™ x F. Choose an
arbitrary weak limit o € P(T™ x F') of the sequence {jic}e>0, as € — 0. It follows
from Fatou’s lemma that

hm 1nf I(pe) > hm 1nf hm 1nf / f(x —y) pe(dx) pe(dy)

{lz—y|=n}

> limipt / / £z — ) po(dz) po(dy)
{lz—y|>n}
= I5(1o).

Thanks to (3.3), If(uo) is at most equal to the reciprocal of the f-capacity of
T™ x F. On the other hand, the said capacity is bounded above by If(o) for all
o € P(T™ x F), whence follows the lemma. g

(3.3)

The following establishes the uniqueness of the equilibrium measure.

Lemma 3.3. Suppose T™ x F' has positive f-capacity x. If Ir(p) = If(v) = 1/x
for some p,v € P(T™ X F), then u=v =e

TMXF "

Proof. We denote by F the Fourier transform on any and every (locally compact)
abelian group G; F is normalized as follows: For all group characters £, and all
he LY(G),

(Fh)(€) = /G (x, O)h(x) d,

where (z,£) is the usual duality relation between z € G and the character £, and
“dx” denotes Haar measure (normalized to have mass one if G is compact; counting
measure if G is discrete; and mixed in the obvious way, when appropriate). Because
f is of positive type and continuous away from the origin,

L) = o [ FDOIEWOP i (3.4)

see Kahane [10, Eq. (5), p. 134].
Using (3.4) (say) we can extend the definition of I;(x) to all signed measures
k that have finite absolute mass. We note that I;(k) is real and non-negative, but
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could feasibly be infinite; Iy (k) is strictly positive if £ is not identically equal to
the zero measure. The latter follows from the strict positivity of f.

Let p and o denote two signed measures that have finite absolute mass. Then,
we can define, formally,

tyto.p) = [ |HEZ =0 o) ptay).

This is well defined if I¢(|o], |p|) < oo, for instance. Evidently, I¢(o, p) = If(p, o)
and I¢(o,0) = I¢(o). Finally, by the Cauchy-Schwarz inequality,

[1f(0, p)| < If(0)If(p)-
Now suppose to the contrary that the p and v of the statement of the lemma
are distinct. Then, by (3.4),

0<1; (#—V) L)+ Iy () = 20p(p,v) X = Ip(p,v)

4 2 ’
where, we recall, x~' = If(ep., ) denotes the reciprocal of the f-capacity of
T™ x F. Consequently, If(p,v) is strictly less than Iy (e ). From this we can
deduce that
I (/HrV) L) A L) + 20 (p,v) X+ T (pv)
2 4 2

pt+v
<If(eTm><F)<If( 2 )

5 =

TMXF

And this is a contradiction. Therefore, ;1 = v; also i is equal to e, . because of
the already-proved uniqueness together with Lemma 3.2. g
Proof of Theorem 3.1 (The Lower Bound). It remains to prove that
Capyy,, s (F) > Capy ([0,1]™" x F). (3.5)
We will prove the seemingly-weaker statement that
Capyy,, (F) > Capy (T™ x F). (3.6)

This is seemingly weaker because Cap;(T™ x F') = Cap;([0,1)™ x F'). But, in
fact, our proof will reveal that for all ¢ > 1,

Capyy, (F) > ¢ "Cap; ([0,9)™ x F).

The right-hand side is at least ¢~ Cap ([0, 1] x F). Therefore, we can let ¢ | 1
to derive (3.5), and therefrom the theorem.

With our ultimate goal (3.6) in mind, we assume without loss of generality
that

Cap; (T™ x F') > 0.

Thus, e, exists and is the unique minimizer in the definition of Cap;(T™ x F)
(Lemmas 3.2 and 3.3).

Let us write any z € T™ x R®™ as 2z = (2/,2”), where 2/ € T™ and
2 e RP™,
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For all a,b € T™ x R"™™ define 7,(b) = a + b. We emphasize that the first m
coordinates of 7,(b) are formed by addition in T™ [i.e., component-wise addition
mod 1 in [0,1)™], whereas the next n — m coordinates of 7,(b) are formed by
addition in R"~™. In particular, 7,(T™ x F) = T™ X (a" + F).

Foralla € T xR"™™, €., .07,  is a probability measure on 7,(T™ x F).
Moreover, it is easy to see that e, . and e . . © Ta_l have the same f-energy.
Therefore, whenever a” = 0, e, , o7, ' is a probability measure on T™ x F' that
minimizes the f-capacity of T™ x F. The uniqueness of e proves that

07'(;1

T™M X F

€rmy r = €rm, p whenever a” = 0.
See Lemma, 3.3. Now let X be a random variable with values in T™ x F' such that
the distribution of X is e..,. .. The preceding display implies that for all ' € T™,
the distribution of (X' + a’, X”') is the same as that of (X’, X”). The uniqueness
of normalized Haar measure \,, then implies that X’ is distributed as \,,. In fact,

for all Borel sets A C T™ and B C R*™ ™,
AxB)=P{X'€ A, X" € B}

emeF(
:/ P{X'ed +A,X" € B} dd’
=E[M(A-X'); X" € B]
= An(A)P{X" € B} := N\, (A)u(B).
Now we compute directly to find that

1 1 !
Cap; (T™ x F) = = = '
apy (T" x F) = 7 f QA xp) I, p () — infoep(r) I, 1 (o)

This proves (3.6), and therefore the theorem. O

Finally we are ready to present the following:

Proof of Theorem 1.1. The function U, is of strict positive type for all 0 < o < d.
The easiest way to see this is to merely recall the following well-known fact from
harmonic analysis: In the sense of distributions, FU, = cq,oUd—a for a positive
and finite constant ¢4 o [30, Lemma 1, p. 117]. We note also that U, is continuous
away from the origin. Thus, we can combine (1.2) with Theorem 3.1 to find that

P{Z4NF # @} > 0 if and only if Capy,y, , (F) > 0. (3.7
But for all z > €2 > 0,

1
- dy - Fe(x)
(HlUd/2) (z) A/o lz+y|¥2

[By “f =< g” we mean that f/g is bounded above and below by universal constants.]
Therefore, in accord with Lemmas 2.2 and 2.4, (I1;Ug/2)(x) X Ug—2)/2(x), simul-

taneously for all ¢ > 0 and = > 2¢2. Because the implies constants in the last
inequalities do not depend on ¢, it follows that Capy,y, ,(F) < Capig_g) /o (F).
This and (3.7) together prove the theorem. O
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4. Proof of Theorem 1.4

Let BM and B® be two independent Brownian sheets in R?, and define for all

e P(R-i-)a
1
Je(/’[’) = €_d // /1A(e;s,t) /.L(dS) dta

(1,2]2

where A(€;a,b) is the event
Alea,b) = {|B(2)(a7b2) — BW(a,b)| < e} 7 (4.1)
forall 1 <a,by,by <2 ande>D0.

Lemma 4.1. We have

inf inf E[J. > 0.
o, i BV

Proof. The distribution of B®)(s,t5) — B((s,t;) has a density function that is
bounded below, uniformly for all 1 < s,¢1,t < 2. O

Next we present a bound for the second moment of Je(u). For technical
reasons, we first alter J.(u) slightly. Henceforth, we define

g = 2 [[ [ tacn ntds)at.

(1,3]?

Lemma 4.2. There exists a constant ¢ such that for all Borel probability measures
ponRy and all0 <e <1,

E [(je(/l)f} < de < clg-ay2(1)-

€
Proof. For alle > 0,1 <s,u<2,and t,v € [1,2] x [3,4] define
P.(s,u;t,v) :==P (A(e;s,t) N A(e;u,v)) .

We claim that there exists a constant ¢; — independent of (s,u,t,v,€) — such
that

P.(s,u;t,v) < c1e¥fo(|s — u| + |t — v]). (4.2)

Lemmas 2.3 and 2.4 of Dalang and Khoshnevisan [3] contain closely-related, but
non-identical, results.

Let us assume (4.2) for the time being and prove the theorem. We will es-
tablish (4.2) subsequently.
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Owing to (4.2) and the Fubini-Tonelli theorem,

pl(w) | <% [ ] st =l ie= s drdon(as)

[1,3]2%[1,3]2

<= / Ge(s — u) p(ds) p(du)
_ CIG

= 7€d

See (2.2). This is the first inequality of the lemma. The second follows from the
first and Lemma 2.3. Now we proceed to derive (4.2).

By symmetry, it suffices to estimate P.(s,u;t,v) in the case that s < u. Now
we carry out the estimates in two separate cases.

Case 1. First we consider the case t; < v; and ¢ < vs. Define B to be the
white noise that corresponds to the sheet B (i = 1,2). Then, consider

2V == BY([0,s] x [0,t1]), HY == BWY ([0, 5] x [t1,v1]),
H{Y = BY (s, u] x [0, v]),

H = B ([0,s] x [0,t2]), H =B ([0, 5] x [tz,v2]),
H§2) = B® ([s,u] x [0, 09]).

Then, the H’s are all totally mdependent Gaussian random vectors. Moreover, we

can find independent d-vectors {gj t<i<2,1<j<3 of 1.i.d. standard-normals such
that

HY = (st1) g, HY = (s(v1 — 1)) ?gl”,
H(l) = (vy(u— ))1/2g( )
Hl(z) (St )1/2g( ) H2(2) ( ( ))1/2 (2 )
HY = (a(u = 5))" g,
In addition,

P( ) P ‘H@) ‘<e

(S, ust,v) =
’H(2)+H<2>+H<2> H(l) i~ H(1’<e
v ot <

x P {‘HQ(Q) +H® —m® - Hgn\ < 2¢}.
The first term on the right is equal to the following;:

P{(sltr +12))2lg] < ¢} < o, (4.3)
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where ¢2 > 0 does not depend on (s,t,u,v,€); see Lemma 2.1. Also, the second
term is equal to the following:

P {(s(vg o)+ va(u — 8) + s(v1 — t1) + o1 (u— 5)) 2 |g| < 26}
<p {(|v —t+ (u—s))?|g| < 26} (4.4)
<cafe(lu—s|+ [t —vl),

and ¢z > 0 does not depend on (s,t,u,v,€). We obtain (4.2) by combining (4.3)
and (4.4). This completes the proof of Case 1.

Cqse 2. Now we consider the case that to > vy and t; < v1. We can replace
the Hi(J)’s of Case 1 with the following:

HY = BY (0,5 x [0,t]), HY = BY([0,5] x [t1,v1]),
H{Y = B (s, u] x [0,01]),
H? = B? ([0,5] x [0,0a]),  HY := BP([0,5] x [v,2]) ,
HP = B ([s,u] x [0, ]).
It follows then that
7P + HP —HY| <€

P.(s,u;t,v) =P
’Hf") +HP - HY - gY - H§1>] <e

One can check covariances and see that the density function of H{Q) — Hfl) is
bounded above by a constant ¢; > 0 that does not depend on (s,¢,u,v,€). There-
fore,

P(s,us,0) p 74| < d
(s, ust, v Scl/ z
Rd ‘Hém - HQ(U - Hél) +z‘ <e

- / P{|a® — B + B — B | < e} dw
{luwl<e}
< e1(26)7P {’Hf) ~H® 4+ gv - Hél)’ < 2¢}.

The component-wise variance of this particular combination of H ;i)’s is equal to
(u—s8)(v1 +v2) 4+ s(vy —t1 +v2 —ta) > (u—8) + |t — v]. Whence follows (4.2) in
the present case.

Symmetry considerations, together with Cases 1 and 2, prove that (4.2) holds
for all possible configurations of (s, ,¢,v). This completes our proof. O

For alli € {1,2} and s,t > 0, we define fs(lt) to be the o-algebra generated by
{BO(u, v) Yo<u<s, 0<v<t; as usual, we can assume that the F@’s are complete and
right-continuous in the partial order “<” described as follows: For all s, ¢, u,v > 0,
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(s,t) < (u,v) iff s <u and t < v. [If not, then complete F) and then make it
=<-right-continuous.] Based on FO and F?| we define

Foitw 1= fﬁ}t) \Y ]:52@) for all s,t,v > 0.

The following proves that Cairoli’s maximal L?-inequality holds with respect
to the family of Fy.,’s.

Lemma 4.3. Choose and fiz a number p > 1. Then for all almost surely non-
negative random variables Y € LP := LP(Q, Vst v>0F sit,05 P),

3
p
<|—— Y| ze.
(525) Wi

Proof. We propose to prove that for all s, 5", ¢, ¢, v,v" > 0, and all bounded random
variables Y that are Fy,p ,-measurable,

E [Y | -7:s;t,v] =E [Y | -F@/\s’;t/\t’,v/\v’] a.s. (45)

sup E[Y | Far]

s,t,veEQ4

Cp

This proves that the three-parameter filtration {Fi; o }s,t,0eq, i commuting in
the sense of Khoshnevisan [13, p. 35]. Corollary 3.5.1 of the same reference [13, p.
37] would then finish our proof.

By a density argument, it suffices to demonstrate (4.5) in the case that ¥ =

Y1Ys, where Y7 and Y, are bounded, and measurable with respect to ]-'S(,l’)t, and
F2

o 4> respectively. But in this case, independence implies that almost surely,

EY | Fara] =E 1 | 7| E[v2 |72 (46)

By the Cairoli-Walsh commutation theorem [13, Theorem 2.4.1, p. 237], F)
and F?) are each two-parameter, commuting filtrations. Theorem 3.4.1 of Khosh-
nevisan [13, p. 36] implies that almost surely,

E [Yl ‘fs(,lf)} =E [Yl ’f:s(/l\)s’,t/\t’} )
E |:Y2 ‘]:Lg?v)} =E |:}/2 ‘fs(f\)s’,v/\v’} .
Plug this into (4.6) to obtain (4.5) in the case that Y has the special form Y;Y3,

as described above. The general form of (4.5) follows from the mentioned special
case and density. O

Lemma 4.4. Choose and fiz a number p > 1. Then for all almost surely non-
negative random variables Y € LP := LP(Q, Vs 1.0>0Fsit,0, P), we can find a con-
tinuous modification of the three-parameter process {E[Y | Fs.t.0]}s.tv>0. Conse-

quently,
3
p
o B [ Faal| < (27) 17]en
ce P

s,t,v>0
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Proof. First suppose Y = Y1Y; where Y; € LP(Q, \/s,t>0f t,P) In this case, (4.6)
holds by independence. Thanks to Wong and Zakai [32], each of the two condi-
tional expectations on the right-hand side of (4.6) has a representation in terms
of continuous, two-parameter and one-parameter stochastic integrals. This proves
the continuity of (s,t,v) — E[Y | Fs.1] in the case where Y has the mentioned
special form. In the general case, we can find Y!,Y?2, ... such that: (i) Each Y*
has the mentioned special form; and (ii) ||[Y"™ — Y||z» < 27™. We can write, for all
integers n > 1,

‘E[Y’I’L+1 |fs;t,v] _ E[Y’ﬂ | fs;t,’v” S Z ‘E[Ykﬂrl _ Yk |st;t,’UH .

Take supremum over s,t,v € Q4 and apply Lemma 4.3 to find that

oo
sup  [EY" | Fopo] — EY™ | Fa |
ne1 s,t,vEQ 4 o
o0 o0
Sey dovHt YR, <oo
n=1k=n

Because each E[Y™ | Fy ] is continuous in (s,t,v), E[Y | Fs»] has a contin-
uous modification. The ensuing maximal inequality follows from continuity and
Lemma 4.3. O

Lemma 4.5. There exists a constant ¢ such that the following holds outside a single
null set: For all0 <e < 1,1 <a,by,bs <2, and u € P(R,),

A c
B[700] Fann) 2 5 [ Gl ulds) 1acpan.  (47)
FNla,2]

Remark 4.6. As the proof will show, we may have to redefine the left-hand side
of (4.7) on a null-set to make things work seamlessly. The details are standard,
elementary probability theory and will go without further mention.

Proof. Throughout this proof we write € 1= Eupc(i) 1= E[Jc(1) | Fasby o) Evi-

dently,
1 3 3
e> L / / / P (A(65,0)| Faprin) plds)dtzdtr.  (48)
€ b1 Jbo Fﬂ[a,Q]

A white-noise decomposition implies the following: For all s > a, t; > b1, and
t2 2 an

BW(s,t1) = BD(a,by) + b1/ Wl(s — a) + a'2Wi(t, — by)

+ Vl(S — a,t1 — bl),
B@ (s, ty) = B(a,by) + b3/ *W2(s — a) + a'/>W2(ty — by)

+ VQ(S —a,ty — bg)
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Here: the Wj’s are standard, linear Brownian motions; the V¥’s are Brownian
sheets; and the collection {W7,V*, B*(a,b;)}7 ;_, is totally independent. By ap-
pealing to this decomposition in conjunction with (4.8) we can infer that the

following is a lower bound for &, almost surely on the event A(e/2;a,b):

1 3 3
L / / / u(ds) dts dty
€ Jby Jby
FNla,2]
bg/QWIQ(s —a) +a'?Wi(ty —be) + V(s —a,ta — by) < g}
-2

<P { b1 PW(s — a) — a 2WE(ty — b)) — V(s —a,t, — by)
133 €
—a [ [ ] p{otel= 5} nas dmdn
€ b1 Jbo 2
FnNla,2]

Here, g is a d-vector of i.i.d. standard-normals, and o2 is equal to the quantity
ba(s—a)+a(ta—be)+ (s—a)(ta —ba)+b1(s—a)+a(t; —b1)+ (s—a)(t1 —b1). The
range of possible values of a and b is respectively [1,2] and [1,2]2. This means
that we can find a constant ¢ > 0 — independent of (a,b,s,t) — such that
02 < cf|s—a|+ |t —b|}. Apply this bound to the previous display; then appeal to
Lemma 2.1 to find that (4.7) holds a.s., but the null-set could feasibly depend on
(a,b,e).

To ensure that the null-set can be chosen independently from (a,b,€), we
first note that the integral on the right-hand side of (4.7) is: (i) continuous in
€ > 0; (ii) independent of b € [1,2]?; and (iii) lower semi-continuous in a € [1,2].
Similarly, (a,b,€) — 1A (c;a,p) is left-continuous in € > 0 and lower semi-continuous
in (a,b) € [1,2]3. Therefore, it suffices to prove that the left-hand side of (4.7) is
a.s. continuous in (a,b) € [1,2]3, and left-continuous in € > 0. The left-continuity
assertion about € > 0 is evident; continuity in (a,b) follows if we could prove that
for all bounded random variables Y, (a,b) — E[Y | Fu.p, 4, ] has an a.s.-continuous
modification. But this follows from Lemma 4.4. O

Next we state and prove a quantitative capacity estimate.

Proposition 4.7. Consider the collection of times of double-points:

D(w)::{1<s<2: inf B(Q)(s,tg)—B(l)(snfl)‘(w):0}.

te[1,2)?

Then there exists a constant ¢ > 1 such that for all compact, non-random sets
FCI1,2],

1
Ecap(d—4)/2(F) <SP{DNF # @} < cCapiy_y)/o(F).
Proof. Define the closed random sets,

De(w)::{1§s§2: 1[111f2] B(Q)(s,tg)—B(l)(s,tl)‘(w)§6}.
te(1,2]2
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Also, choose and fix a probability measure p € P(F). It is manifest that D,
intersects F' almost surely on the event {J () > 0}. Therefore, we can apply the
Paley—Zygmund inequality to find that

(E[J(w)])?

2 (E
ribanrre =y [(Je(1))’] L [(

N

J ()
2
e(u))

Let € | 0 and appeal to compactness to find that

liminf._,q (E[Je(ﬂ)])z_

P{DNF #2}>
{ ; clig—a)/2(1)

[We have used the second bound of Lemma 4.2.] According to Lemma 4.1, the
numerator is bounded below by a strictly positive number that does not depend
on p. Therefore, the lower bound of our proposition follows from optimizing over
all p € P(F).

In order to derive the upper bound we can assume, without any loss in gen-
erality, that P{D. N F # @} > 0; for otherwise there is nothing to prove.

For all 0 < € < 1 define

Te 1= inf{seF: inf

te[1,2)?

B (s 15) ~ BO(s, )| < }

As usual, inf @ := co. It is easy to see that 7. is a stopping time with respect to
the one-parameter filtration {H,}s>0, where

Hs = \/ Fsitw for all s > 0.
t,v>0
We note also that there exist [0, oo]-valued random variables 7/ and 7.’ such that:

(i) 7.V 7! = 00 iff 7¢ = 00; and (ii) almost surely on {7, < oo},

‘3(2)(7'€ ,TL) — B(l)(T€ T < e

Define
pe=P{re<oc}, and v (e):=P(rc€o|r <00).
We can note that
inf p. > P{DNF # 2}, (4.9)

and this is strictly positive by our earlier assumption. Consequently, v, is well
defined as a classical conditional probability, and v. € P(F'). Now consider the
process {M}o<c<1 defined as follows:

M, . =E [je(ue)

a

fa§b1,b2:| :
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Thanks to Lemmas 4.4 and 4.5,
. 2
E sup (Ma;b1,b2)

a,bl,bgelRi_
2
>E {(Mﬁem,,,n,) }
2
> %E (/ Ge(s—Te) Ve(ds)> Te < 00
Fn[re,2]

2
> % (E [/ Ge(s —Te)ve(ds) | 7e < oo])
€ FN[re,2]

The last line is a consequence of the Cauchy—Schwarz inequality. We can bound
the squared term on the right-hand side as follows:

/ Ge(s — Te) ve(ds)
Fnlre,2]

(4.10)

E

Te <001

/ Ge(s — u) ve(ds) ve(du)

{seFN[u,2]}
> 2//G ) ve(ds) ve(du) = —IGE(I/E).
Plug this in (4.10), and appeal to Lemmas 4.2 and 4.3, to find that

CPe
4e2d

5 e, (v)” <E

c 2 - 2 c
sup (M4, ] < 2°E {(Je(ye)) } < Zlg.(ve).
a,b1,b2€Q 4 €

Solve this, using (4.9), to find that
c

Ig (ve)
Choose and fix a number 1 > 0. In accordance with Lemma 2.3,

P{DNF # 2} < (4.11)

Ig. (ve) > // Ula—a)/2(s — u) ve(ds) ve(du),
{ls—ul=n}

for all 0 < € < n'/2. Recall that {Ve}e>0 is a net of probability measures on F.
Because F' is compact, Prohorov’s theorem ensures that there exists a subsequen-
tial weak limit vy € P(F) of {vc}es0, as € — 0. Therefore, we can apply Fatou’s
lemma to find that

lim iélf Ig. (ve) > lim / Ula—a)/2(s — u) vo(ds) vo(du)
€— n—
{ls—ul>n}

= I(a—4y/2(0).
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Together with (4.11), the preceding implies that P{D N F' # &} is at most some
constant divided by I(4_4)/2(0). This, in turn, in bounded by a constant multiple
of Cap(4_a4)/>(F"). The proposition follows. O

Proof of Theorem 1.4. Let I and J be disjoint, closed intervals in (0, 0o) with the
added property that x < y for all z € I and y € J. Define

Dy(I,J):={s>0: B(s,t1) = B(s,tz) for some t; € [ and t2 € J}.
We intend to prove that
P{Dq(I,J) N F # @} > 0 if and only if Cap(y_4)/»(F) > 0. (4.12)

Evidently, this implies Theorem 1.4. Without loss of much generality, we may
assume that I = [3,3], J = [Z,2], and F C [1,2]. Now consider the random
fields,

B®)(s,t) = B(s, 3 +1) — B(s, 3)

BW(s,t):=B(s,3 2
for 0 < s,t < 5/2. Then two covariance computations reveal that the random
fields {BW (s, 2 —t)— B(s, 2)}<s<2 and {B® (s, 2 +¢)— B@(s, )} 1<, <o are
independent Brownian sheets. On the other hand, the following are easily seen to be
equivalent: (i) there exists (s,t1,t2) € [1,2]% such that BM(s,t1) = B®(s,ta);
and (ii) there exists (s,t1,t2) € [1,2] x I x J such that B(s,t;) = B(s,ta).
Therefore, (4.12) follows from Proposition 4.7. This completes our proof. g

5. More on double-points
Consider the random sets
T)d = {(S,tl ,tg) € Ri : B(S,tl) = B(S,tz)} s
Dy :={(s,t1) €RY : B(s,t1) = B(s,tp) for some t; > 0} .

The methods of this paper are not sufficiently delicate to characterize the polar
sets of ﬁd and Dy,. I hasten to add that I believe such a characterization is within
reach of the existing technology [14]. Nonetheless it is not too difficult to prove
the following by appealing solely to the techniques developed here.

Theorem 5.1. For all non-random compact sets E C (0,00)? and G C (0,00)3,

Cap,/»(G) >0 = P{ﬁdﬁG;AQ} >0 = Hq2(G) >0,
Cap(d_Q)/z(E) >0 = P{'DdﬁE7é @} >0 = H(d_Q)/Q(E) > 0.

where H,, denotes the a-dimensional Hausdorff measure [Appendiz A.3].
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Proof. Let B® and B® be two independent, two-parameter Brownian sheets
on R?. It suffices to prove that there exists a constant ¢ > 1 such that for all
non-random compact sets £ C [1,2]? and G C [1,2]3,

¢"1Capyy(G) < P{TaNG # 8} < Hap(G), o)
¢ 'Capg_gy/s(E) <P{IaNE # @} < cHg_s)2(E),

where
Tai={(s,t1t2) € 1,27+ B (s,t2) = BV(s, 1)},
Ty = {(s,tl) €1,2)?: B@(s,ty) = BY(s,t,) for some ty > 0}.

[This sort of reasoning has been employed in the proof of Theorem 1.1 already; we
will not repeat the argument here.] We begin by deriving the first bound in (5.1).
Recall (4.1). Choose and fix 1 € P(G), and define for all € > 0,

1
\76(/1’) = €_d /// 1A(e;s,t) N(ds ditq dt2)

The proof of Lemma 4.1 shows that

inf inf E[J. 0.
ol anf o BLT] >

Similarly, we can apply (4.2) to find that

E {(\76(#))2} < 6% /// fe(ls —ul + |t — v|) p(ds dty dite) p(du dvy dvs)
< clga(p).

We have used the obvious inequality, f.(z) < e?|z|~%2. The lower bound in (5.1)
follows from the previous two moment-bounds, and the Paley—Zygmund inequality;
we omit the details.

For the proof of the upper bound it is convenient to introduce some notation.
Define

A(s;t) := B@ (s ty) — BW(s,t1) for all s,t1,ty >0,
U(x;€) i=[x1, 21 + €] X [T2,20 + €] X [x3,23 +¢] for all z € R, € > 0.
Then,
P{TinU(ese) # 2} <P{IA@) < O30},
where ©(z ; €) : =8P, ¢y (450 |A(y) —A(z)|. The density function of A(z) is bounded
above, uniformly for all z € [1,2]3. Furthermore, A(z) is independent of O(x ;e).

Therefore, there exists a constant ¢ such that uniformly for all 0 < € < 1 and
re(l,2]3,

P {7; NU(x;e) # @} < cE [(e(x : e))d} < ced?, (5.2)
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The final inequality holds because: (i) Brownian-sheet scaling dictates that ©(z ; €)
has the same law as ¢¥/20(z;1); and (ii) ©(x ;1) has moments of all order, with
bounds that do not depend on z € [1,2]® [23, Lemma 1.2].

To prove the upper bound we can assume that Hg/2(G) < co. In this case
we can find 21, 7a,... € [1,2]3 and r1,72,... € (0,1) such that G C UX,U(x; ;1)
and S r¥/? < 2H4/2(G). Thus, by (5.2),

i=1"1
P{TanG 2o} < S P{Tantwir) # o} < el <26y (G).
i1 i>1

This completes our proof of the first bound in (5.1).

In order to prove the lower bound for 7; note that 7y intersects F if and
only if 7y intersects [0,1] x E. In (3.1) we proved that if E is a one-dimensional,
compact set, then Cap,/5([0,1] x E) = Cap4_s)/o(E). A similar proof shows that
the same fact holds in any dimension, whence follows the desired lower bound for
the probability that 7 intersects E.

To conclude, it suffices to prove that

Hd/z([071] xFE)>0 = H(d_Q)/Q(E) > 0.
But this follows readily from Frostman’s lemma [Appendix A.3]. Indeed, the pos-
itivity of Hg/2([0,1] x E) is equivalent to the existence of € P([0,1] x E) and
a constant ¢ such that the p-measure of all balls [in R3] of radius r > 0 is at
most cr?/2. Define i(C) := u([0,1] x C) for all Borel sets C C R2. Evidently,
i € P(E), and a covering argument, together with the Frostman property of u,
imply that fi of all two-dimensional balls of radius » > 0 is at most cr(#/2~-1,
Another application of the Frostman lemma finishes the proof. O

6. Proof of Theorem 1.2
Define for all s > 0, every w € 2, and all Borel sets I C R,
Ti(s)(w):={teI: B(s,t)(w) =0}.
Equivalently, 77 (s) = B~{0} N ({s} x (0, 00))N1I. It suffices to prove that for all
closed intervals I C (0, 00),
dim, Tl(s) =0 foralls >0 as. (6.1)
[N.B.: The order of the quantifiers!]. This, in turn, proves that

dim,, Td]RJr (s) = supdim,, T (s) =0 for all s > 0,
I

where the supremum is taken over all closed intervals I C (0, co) with rational end-
points. Theorem 1.2 follows suit. Without loss of much generality, we prove (1.3)
for I :=[1,2]; the more general case follows from this after a change of notation.
To simplify the exposition, we write

Ta(s) := TH%(s).
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Consider the following events:

log k 12
Gg(n) == 1<su£)<2 |B(u,v) — B(s,t)] §n( . ) ,
s,
s<u<s+(1/k)
t<v<t+(1/k)

where k,n > 3 are integers. We will use the following folklore lemma. A general-
ization is spelled out explicitly in Lacey [17, Eq. (3.8)].

Lemma 6.1. For all v > 0 there exists ng = no(y) such that for all n,k > ny,
P(Gg(n)>1—-k77.
Next we mention a second folklore result.

Lemma 6.2. Let {W (t)};>0 denote a standard Brownian motion in RY. Then, there
exists a constant ¢ such that for all integersm > 1 and1 <1y <1y < ... <71y <2,

d
€
P{ max |W(r;)| < 6} < ce <7 A 1) .
1<i<m 2§1i_£m (7"12 _ Ti—l)l/Q
Proof. It |W(r;)| < e for all i < m then |[W(ry)| <e, and |W(r;) — W(r;_1)| < 2e
for all 2 < i < m. Therefore,

P{ max |W(r;)| <e} <P{W(r)l<e [] PUW(r —risy)| <26}

1<i<m

2<i<m
A direct computation yields the lemma from this. O
Now define
i (i+1) J (j+1)
Li(k):=[14+-,1 14+=,1 ,
](k) [+k + A :|><[—|—k + A

where i and j can each run through {0,...,k — 1}, and k£ > 1 is an integer. We
say that I; j(k) is good if I; ;(k) " B~'{0} # @. With this in mind, we define

Nig = Z 11, (k) is good}-
0<j<k—1

Lemma 6.3. Suppose d € {2,3}. Then, for all v > 0 there exists « = a(d,~v) > 1
large enough that

s PN 2 olog )92} 0.6,

as k tends to infinity.

Proof. On Gg(n) we have the set-wise inclusion,

‘ . 1/2
{I; ; (k) is good} C {‘B (1—&—% , 1+%>’ <n(10]§k> }




Slices of a Brownian Sheet 157

Therefore, for all integers p > 1,
B[N, 5 Ge(n)]

< 2 {m

o<]1 o jp<k—1

- 5 ofm

0<j1, +,jp<k—1

IS {m

0<]1< <jp<k-1

. . /2
i Je log k !
_ Al < S
<1+k,1+k>‘_n( . ) }
1/2 . 1/2
Je log k
- L)<
(og) W)= (%) }
. /2
je log k) '
Al < o
v )= (%))

where W denotes a standard d-dimensional Brownian motion. Because the latter
quantity does not depend on the value of i, Lemma 6.2 shows that

0<rln<a]§<71E [N’f’“ ; Gk(n)]

log k\ 42 Clogk \"?
<ot ()T Sy ] ,
k 0<j1 < <jp<k—1 2<0<p Je = Je—1

for all k large, where we are interpreting 1/0 as one.
Now first consider the case d = 3. We recall our (somewhat unusual) conven-
tion about 1/0, and note that

>.> 1l g

0<j1 < <jp<k—1 2<4<p

p—1

1
Gy <k dowEm] (6.2)

Jé — Jo— 1 1>0

Therefore, when d = 3 we can find a constant ¢; — independent of (p, k) — such
that

| (c1log )P/

s <pl(elogh)? (6.3)

oduax | B {N’}?k ; Gk(n)] =

By enlarging ¢y, if need be, we find that this inequality is valid for all £ > 1. This
proves readily that

Nig Z _
) . < Y .
o B [eXp (2(01 log k)3/2> ’ Gk(n)} - p>02 ? (6.4)
Therefore, Chebyshev’s inequality implies that for all 4, k,p > 1 and a > 0,
3/2 5/2 . —
OSr%ak)ilP {N,k > 2v¢)? (log k)°/? Gk(n)} < 2k77. (6.5)

Note that ¢; may depend on n. But we can choose n large enough — once and
for all — such that the probability of the complement of Gg(n) is at most k=7
(Lemma 6.1). This proves the lemma in the case that d = 3.
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The case d = 2 is proved similarly, except (6.2) is replaced by
p—1
1
YOI DI | (R Y [
<o <ok a<i<pJt T It osien !
<1 << < <p <<

where ¢z does not depend on (k, p), and [as before] 1/0 := 1. Equation (6.3), when
d = 2, becomes:

0<rln<a]§(71E {Nﬁk ; Gk(n)] < pl(cologk)P.

This forms the d = 2 version of (6.4):

ogrzr'lgalqu [exp (202 10gk> ’ Gk(n)} =2
Thus, (6.5), when d = 2, becomes

O<1}1<alz< ) P {Nl r > 2vco(logk)? ; Gk(n)} < 2k77.

The result follows from this and Lemma 6.1 after we choose and fix a sufficiently
large n. 0

Estimating IV; j is now a simple matter, as the following shows.
Lemma 6.4. If d € {2,3}, then with probability 1,

(8—d)/2
o Jnax N =0 ((log k) ) (k — o).

Proof. By Lemma 6.3, there exists o > 0 so large that for all k > 1 and 0 < i <
k—1, P{N; > a(logk)®~9/2} < ak=3. Consequently,

P{ max N;j > a(logk) (8—d) /2} < ak™2.
0<i<k—1

The lemma follows from this and the Borel-Cantelli lemma. O

We are ready to prove Theorem 1.2. As was mentioned earlier, it suffices to
prove (6.1), and this follows from our next result.

Proposition 6.5. Fiz d € {2,3} and define the measure-function
—(8—d)/2
®(x) := [log, (1/z)] .
Then, sup;<s<o Ha(Tu(s)) < o< a.s.

The reason is provided by the following elementary lemma whose proof is
omitted.

Lemma 6.6. Suppose ¢ is a measure function such that iminf, oz~ %p(x) = oo
for some o > 0. Then, for all Borel sets A C R™,

Ho(A) <00 = He(4) <o = dim, A< a.

Now we prove Proposition 6.5.
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Proof of Proposition 6.5. We can construct a generous cover of Ty(s) as follows:
For all irrational s € [i/k, (i + 1)/k], we cover Ty(s) intervals of the form
J G+1)
14+=,1
+ P + . )
where j can be any integer in {0,...,k — 1} as long as I, (k) is good. Therefore,
for any measure-function ¢,
sup ’Hg/k) (Ta(s)) < p(1/k) max N;.

1<s<2: 0<i<k—1 7
s is irrational

Now we choose the measure-function ¢(z) := ®(x) and let k — oo to find that
Ha(Ta(s)) is finite, uniformly over all irrational s € [1,2]. The case of rational
s’s is simpler to analyse. Indeed, Ty(s) = @ a.s. for all rational s € [1,2]. This is
because d-dimensional Brownian motion (d € {2,3}) does not hit zero. O

Remark 6.7. The form of Lemma 6.4 changes dramatically when d = 1. Indeed,
one can adjust the proof of Lemma 6.4 to find that a.s.,

o 1/2 3/2
Ogrznéazc_lNZ,k O(k (log k) ) (k — o).

This yields fairly readily that the upper Minkowski dimension [written as dim,,]
of T1(s) is at most 1/2 simultaneously for all s > 0. Let dim, denote the packing
dimension, and recall (B.3). Then, the preceding and the theorem of Penrose [24]
together prove that almost surely,

1
dim,, T1(s) = dim, T (s) = dim,, T1(s) = 3 for all s > 0.

7. On rates of escape

Throughout this section, we choose and fix a non-decreasing and measurable func-
tion 9 : (0,00) — (0,00) such that lim; . ¢(t) = oo. Define, for all Borel-

measurable sets F' C R,
[ Kr(1/¢(x)) dx
Tr() = /1 i m] ©

where Kz denotes the Kolmogorov entropy of F'; see Appendix B.1 for a definition.

b

Theorem 7.1. If d > 3, then for all non-random, compact sets F C (0,00), the
following holds with probability 1:

/ ; —
lim inf inf (M>l i |B(s,t)| = {O FTr(W) = oo, (7.1)

t—oo sEF t oo otherwise.

Remark 7.2. Although the infimum over all s € E is generally an uncountable
one, measurability issues do not arise. Our proof actually shows that the event
in (7.1) is a subset of a null set. Thus, we are assuming tacitly that the underlying
probability space is complete. This convention applies to the next theorem as well.
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Definition 7.3. Let F C (0,00) be non-random and compact, and ¢ : (0,00) —
(0, 00) measurable and non-decreasing. Then we say that (F,¢) € FIN,, if there
exists a denumerable decomposition F' = U2 ; F, of F' in terms of closed intervals
Fy, Fy, ... — all with rational end-points — such that Tr, () < oo for all n > 1.

This brings us to the main theorem of this section. Its proof is a little delicate
because we have to get three different estimates, each of which is valid only on a
certain scale. This proof is motivated by the earlier work of the author with David
Levin and Pedro Méndez [15].

Theorem 7.4. If d > 3, then for all non-random, compact sets F C (0,00), the
following holds with probability 1:

(@)”Q B(s.)] = {0 if (F, ) ¢ FINioe,

oo otherwise.

inf lim inf
seF t—oo

The key estimate, implicitly referred to earlier, is the following.

Theorem 7.5. If d > 3 then there exists a constant ¢ such that for all non-random
compact sets F' C [1,2] and 0 <e <1,
1
— [ ?Kp(e)AN1] <P { inf inf |B(s,t)] < e} <c[e'Kp(?) A1].
c sEF 1<t<2
Let us mention also the next result without proof; it follows upon combining
Theorems 4.1 and 4.2 of our collaborative effort with Robert Dalang [3], together
with Brownian scaling:

Lemma 7.6. If d > 3, then there exists ¢ such that for all1 <a<b<2,0<e<1,
and n > 1 such that (b — a) > ce?,

1
“(b—a)¥22<P{ inf |B(s,t)|<ep <clb—a)d=2/2

C a<s<b
1<t<2
Remark 7.7. Dalang and Khoshnevisan [3] state this explicitly for d € {3,4}.
However, the key estimates are their Lemmas 2.1 and 2.6, and they require only
that d > 2.

Proof of Theorem 7.5 (The Upper Bound). Fix n > 1. Define I := [j/n,(j + 1)/
n), and let x; = 1if I; N F # @ and x; = 0 otherwise. Then in accordance with
Lemma 7.6,

. . <
P {;22 nE, 1B Bl < Wm}
1
< inf i < :
- Z P {slglf7 1%122 |B(s, )] < (cn)t/2 } Xi
n<j<2n-—1

< en~ D2\ (F).
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This, in turn, is bounded above by ¢n~(¢=2/2Ky(1/n); see (B.1). The lemma
follows in the case that ¢ = (cn)~'/2. The general case follows from a monotonicity
argument, which we rehash (once) for the sake of completeness.

Suppose (¢(n+1))"1/2 < e < (en)~ /2. Then,

1
e <.\ e <
P {32?1222 B, )] < 6} =P {slorelj'!f? 1222 |B(s, t)] < (cn)1/2}

< en~@=A2K (1 /n)
< ce¥?Kp(ce?).

Equation (B.2) implies that Kg(ce?) = O(Kp(e?)) as € — 0, and finishes our proof
of the upper bound. O

Before we prove the lower bound we mention a heuristic argument. If, in
Lemma 7.6, the condition “(b — a) > ce?” is replaced by (b — a) < €2, then the
bounds both change to €?~2. This is the probability that a single Brownian motion
hits B(0; €) some time during [1,2]; compare with Lemma C.1. This suggests that
the “correlation length” among the slices is of order €. That is, slices that are
within €2 of one another behave much the same; those that are further apart than
€2 are nearly independent. We use our next result in order to actually prove the

latter heuristic.
Proposition 7.8. If d > 3, then there exists a constant ¢ such that for all 1 < s,u <
2 and 0 < e <1, if |lu—s| > €2, then

P{ inf |B(s,t)|<e, inf |B(u,v)|< e} < el 2y — 5| @D/2,

1<t<2 1<v<2

Proof. Without loss of generality we may choose and fix 2 > u > s > 1. Now the
processes {B(s,t)}t>0 and {B(u,v)},>0 can be decomposed as follows:

B(s,t)=sY22Z(t),  B(u,v) = s"?Z(v) + (u— )W (v),

where W and Z are independent d-dimensional Brownian motions. Thus, we are
interested in estimating the quantity p., where

< €

= 41/2

u— s\ /2
Z(v) + ( ) W(v)
The proposition follows from Lemma C.2 in Appendix C below. O

S

1<t<2 1<v<2

<P{ inf |Z(t)| <e, inf ‘Z(v)+(u—s)1/2W(v)‘<e}.

Proof of Theorem 7.5 (The Lower Bound). We make a discretization argument,
once more. Let n := KF(62) and find maximal Kolmogorov points s1 < -+ < s,
— all in F' — such that s;4; — s; > €2 for all 1 <14 < n. Define

Je(n) = Z 1{|B(si,t)|§e for some t€[1,2]}-

1<i<n
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According to Lemma C.1,
1
“ned™? <E[J.(n)] < cne?2 (7.2)
c

On the other hand, the condition |s; —s;| > €* and Proposition 7.8 together ensure
that

E[(Jcm)?] < BL(m)] + ¢ (BLI(m)*.

Now to prove the lower bound we first assume that ne?=2 < 1. The previous display
implies then that E[(J:(n))?] < cE[J:(n)]. Combine this inequality with (7.2) and
the Paley—Zygmund inequality to find that

P{inf inf |B(s,t)| < e} >P{J.(n)>0}> M > cned =2,

sEF 1<t<2 E[(Je(n))?]
On the other hand, if ne?=2 > 1, then the left-hand side is bounded away from
zero, by a similar bound. This is the desired result. O

Lemma 7.9. Let d > 3, and f : [1,2] — R? be a fized, non-random, measurable
function. Then there exists a constant ¢ such that for all integers 1 < k <mn

1 _

: _ < < —(d—2)/2 ‘ d—2

P b 1B t) =)l <o p <c|hn + 2 @),
1<t<2 n<i<n+k—1

where for all continuous functions h,

Qi n(h) = sup |h(t) — h(i/n)|.
i/n<t<(i+1)/n

Proof. Lemma 7.9 holds for similar reasons as does Proposition 7.8, but is simpler
to prove. Indeed, the probability in question is at most

> 1
P inf Bls.t) — < .
{i/n<sl<n(z‘+1)/n| (5,8) = f(s)l < n_l/z}

n<i<n+k—1

This, in turn, is less than or equal to

. i 1
ngig;mp {15122 |B(L,t)| < 7 T 122291,,1(3(.,t)) + Qw(f)}.
By the Markov property, B((i/n),e) is a d-dimensional Brownian motion that
is independent of sup; «;<s i n(B(e,t)). Standard modulus-of-continuity bounds
show that the L4~2(P)-norm of sup,,<, Q; n(B(e,t)) is at most a constant times
n~—(4=2)/2; the details will be explained momentarily. Since (i/n) > 1, these ob-
servations, in conjunction with Lemma C.1 [Appendix C] imply the lemma. It
remains to prove that there exists a ¢ such that for alln > 1,

max E | sup (Qin(B(e,t))? 2| < en= (4272, (7.3)
n<i<2n 1<t<2



Slices of a Brownian Sheet 163

Choose and fix n > 1, n < i < 2n, and v € [i/n, (i + 1)/n]. Then the process
t — B(v,t) — B(i/n,t) is manifestly a martingale with respect to the filtration
generated by the infinite-dimensional process t — B(e,t). Consequently, T
sup; <y« (Qin(B(e,1)))? 2 is a sub-martingale, and (7.3) follows from Doob’s
inequality and Brownian-sheet scaling. This completes our proof. O

Lemma 7.9, together with a monotonicity argument, implies the following.

Lemma 7.10. Let d > 3, and f : [1,2] — R? be a fived, non-random, measurable
function. Then there exists a constant ¢ such that for all1 <a <2 and0 <e <1,

i i — < < d—2 , - d—2
P{a<512£+62151£3|3(s,t) f(8)|_6}_c<6 +a§s;1§+62|f(u) f(a)l )

Proof of Theorem 7.1. First, assume that Y(¢) < oo; this is the first half.
Define for all n =0,1,2,.. .,

Y = P(27),
An::{inf inf |B(s,t)|<(2n/¢n)1/2}.

SEF on<t<on+1

We combine Theorem 7.5 with the Brownian-sheet scaling to deduce the following:
1
= [0 PR (1) A1) S P(AW) < e [0 DK (/) A1 (74)
c

After doing some algebra we find that because Y (1)) is finite, > -, P(A,) < oc.
By the Borel-Cantelli lemma, a

o \ M2
lim inf (—n> inf inf |B(s,t)] >1 as.

n—o00 n sE€F 2n<t<2n+1

If 2 <t < 2"F1 then (¢,/27)'/? < (2(t)/t)Y/2. Tt follows that almost surely,

e\ 1
lim inf (T ;2£|B(S’t)| > S

t—o0

But if Tr(¢) is finite then so is Y r(ry) for any r > 0; see (B.2). Therefore, we
can apply the preceding to 7 in place of ¥, and then let 7 — 0 to find that

e (L)
Tr) <oco = htmmf — 1n£|B(s7t)\ =00 as.

This concludes the proof of the first half.

For the second half we assume that Y p(¢)) = co. The preceding analysis
proves that -, P(A,) = co. According to the Borel-Cantelli lemma, it suffices
to prove that

. 22 1<nem<n P(An N Ay)
lim sup 5
Yo (Sicnen P(AW)

< 0. (7.5)
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Define for all integers n > 1, and all s,t > 0,
A, := the o-algebra generated by {B(e,v)}o<v<2n,
An(s,t):= B(s,t+2") — B(s,2").

The Markov properties of the Brownian sheet imply that whenever m > n > 1:
(i) A,, is a Brownian sheet that is independent of A,,; and (ii) A,, € A,. Thus,
we apply these properties in conjunction with Brownian-sheet scaling to find that
a.s., P(A,, | Ay) is equal to

gm \ 1/2
P (inf inf |AL(s,t) — B(s,2™")] < (—)

seF 2""—2"§t§2m+1—2" /(bm

om 1/2
=P inf <
1§t§(2ﬂl—2n)/a - <a1/1m) An

where o := 2™ — 2. Because m > n + 1, (2mT! —2")/a < 3 and 2™/a < 2.

Therefore, almost surely,
9 \ /2
<(s2) AQ'

We can cover E with at most K := My, j(F) intervals of the form I; :=
[i/€,(i + 1)/€], where ¢ := [1,,/2]. Having done this, a simple bound, together
with Lemma 7.10 yield the following: With probability one, P(A,, | A,,) is bounded

B(s,2")
al/2

Ap(s,t) —

B(s,2™)
al/?

Ap(s,t) —

o
”AMAH—P<£&£2

above by
o B(s,2")| _ ( 2\
R S R R I
Z P <31£If 1223 Anls,?) al/2 | = <¢m) An
1<i<K
< cK (w;(d*”/"’ + Q) :
where

= —(d-2)/2 3 ny _ . nyd—2
Q:=a 1rgnia§)§(E {:g}ﬂB(s,? ) —B(i/¢,2™)] }

_ o (@-2)/29n(d-2) /2

sup |B(s, 1)\‘{*2
0<s<1/¢

— ca—(d-2)/29n(d~2)/2—(d-2)/2_

Therefore, the bound 2"/« < 1 implies that Q < cl—(d=2)/2 < cw;l(dﬂ)m. On
the other hand, by (B.1) and (B.2), K < Kp(1/%,). Therefore, the preceding
paragraph and (7.4) together imply that P(A,, | A,) < cP(A,,) a.s., where ¢ does
not depend on (n,m,w). Therefrom, we conclude that P(A,,|A,) < cP(A,,),
whence (7.5). O

We are ready to prove Theorem 7.4.
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Proof of Theorem 7.4. Suppose, first, that (F,1) € FIN;,.. According to Theo-
rem 7.1, we can write F' = Up,>1F, a.s., where the F},’s are closed intervals with
rational end-points, such that

1/2
ienﬁf litminf (@) |B(s,t)] =00 foralln>1.
S n —00

This proves that a.s.,

sEF t—oo

1/2
inf lim inf (@) |B(s,t)] = o0

and this is half of the assertion of the theorem.
Conversely, suppose (F,%) ¢ FIN;,.. Then, given any decomposition F' =
Up>1F, in terms of closed, rational intervals Fy, Fs, .. .,

1/2
liminf inf (@) |B(s,t)|=0 foralln>1. (7.6)

t—oo seF,

Define for all k,n > 1,

1/2
O = {5>0: }Izlg [(@) |B(5,t)|] <%}

Then (7.6) implies that every Oy, is relatively open and everywhere dense in F
a.s. By the Baire category theorem, Ny ,,>10},, has the same properties, and this
proves the theorem. O

With Theorem 7.4 under way, we can finally derive Theorem 1.6 of the In-
troduction, and conclude this section.

Proof of Theorem 1.6. Throughout, define for all a > 0,
Va(z) = [log, (2)] 2o for all z > 0.
Note that for any v, as given by Theorem 7.4, and for all v > 0,

Kr (1/4(z)) AV] dx

Therefore,
if Kp(e) =0 (e_(d_z)/2> (e — 0), then
* Kr(1/v@) (7.7)

Tr(y) < oo if and only if / x < 00.

Lo ()
Suppose d > 4. Then Kg(e) < ce~1, and so by (7.7) and a little calculus,

Kr(1
Y r(1ha) < oo if and only if / (57(,4}82)‘15 < 00.



166 D. Khoshnevisan

According to this and (B.3), if @ > d — 2 — 2dim,, F is strictly positive, then
Y (1) < 00. Theorem 7.1 then implies that, in this case,

imint i

pEL R
Write F' = U, >1F),, and “regularize” to find that:

1. If @« >d—2—2dim, F is strictly positive, then

|B(s,t)] =0 a.s.

log t)Y/
91.161; litrgglf %B(snﬁ)\ =0 as.
2. f0<a<d—2—2dim, F, then
1 t l/a
inf limin %w(s ) =00 as.

The theorem follows in the case that d > 4.
When d = 3, the condition dim,, F' < 1/2 guarantees that Kz(¢) = O(¢~1/2).
Now follow through the proof of the case d > 4 to finish. O

8. Open problems

8.1. Slices and zeros

Theorem 1.2 is a metric statement. Is there a topological counterpart? The follow-
ing is one way to state this formally.

Open Problem 1. Suppose d € {2,3}. Is it true that outside a single null set,
B~H0}n ({s} x (0,00)) is a finite set for all s > 07

I conjecture that the answer is “no.” In fact, it is even possible that there
exists a non-trivial measure function ¢ such that: (i) lim,_.o ¢(r) = oo; and (ii)
He-measure of B~1{0} N ({s} x (0,00)) is positive for some s > 0.

8.2. Smallness of double-points for slices

Theorem 5.1 and a codimension argument together imply that with probability
one,

dim,, Dy = (3 - g>+ and dim,, Dy = 2 A (3— g>+.
This might suggest that, therefore, none of the slices accrue any of the dimesion.
Open Problem 2. Define, for all s > 0,
Va(s) = {(t1,t2) €RY : B(s,t1) = B(s,t2)}.

Then is it the case that if d € {4,5}, then, outside a single null-set, dimy, Y4(s) =0
for all s > 07
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I conjecture that the answer is “yes.” Answering this might rely on studying
closely the methods of the literature on “local non-determinism.” See, in particular,
Berman [1], Pitt [26], and the recent deep work of Xiao [33]. On the other hand,
I believe it should be not too hard to prove that the answer to the corresponding
problem for d < 3 is “no,” due to the existence of continuous intersection local
times [25]. [I have not written out a complete proof in the d < 3 case, mainly
because I do not have a proof, or disproof, in the case that d € {4,5}. This is the
more interesting case because there are no intersection local times.]

Open Problem 1 has the following analogue for double-points.

Open Problem 3. Let d € {4,5}. Then is it true that outside a single null set,
Ya(s) is a finite set for all s > 07

The answer to this question is likely to be “no.” In fact, as was conjectured
for Open Problem 1, here too there might exist slices that have positive Hg-
measure in some gauge ¢. If so, then there are in fact values of s for which Y,(s)
is uncountable.

8.3. Marstrand’s Theorem for projections

Marstrand [19] proved that almost every lower-dimensional orthogonal projection
of a Borel set A has the same Hausdorff dimension as A; see also Kaufman [11].
Theorem 1.1 proves that a given projection (say, onto the z-axis) of the zero-set
of Brownian sheet has the same “Marstrand property.” I believe that the proof
can be adjusted to show that, in fact, any non-random orthogonal projection of
B~1{0} has the same Hausdorff dimension as B~1{0} itself.

Open Problem 4. Is there a (random) orthogonal projection such that the said
projection of B=1{0} has a different Hausdor{f dimension than 2 — (d/2)?

I believe that the answer is “no.” However, I have no proof nor counter-
proof. Similar questions can be asked about double-points. I will leave them to the
interested reader.

8.4. Non-linear SPDEs

Consider d independent, two-dimensional white noises, B, . .., By, together with
the following system of d non-interacting stochastic PDEs with additive noise: For
a fixed T > 0,

0%u’ N X
O (1) = Bilt,a) + (ult, )
u' (0, x) = up(x) all —oo < z < o0,
) i
B—Z(O,x)zul(a:) all —oo < z < o0,
where 1 < i < N, and ug and u; are non-random and smooth, as well as bounded
(say). Then, as long as b := (b',...,b%) is bounded and Borel-measurable the law

of the process u := (u',...,u?) is mutually absolutely continuous with respect to
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the law of the two-parameter, d-dimensional Brownian sheet B. See Proposition
1.6 of Nualart and Pardoux [22]. Therefore, the theorems of the preceding sections
apply to the process u equally well.

Open Problem 5. Suppose o : R — R% is a strongly elliptic, bounded, C* func-
tion. Is it the case that the results of the previous sections apply to the solution of
(0%u'/0tdz) = b'(u) + o' (u) - B with reasonable boundary conditions?

There is some evidence that the answer is “yes.” See Dalang and Nualart [6]
where a closely-related problem is solved.

Finally, we end with an open-ended question about parabolic SPDEs, about
which we know far less at this point. We will state things about the additive linear
case only. This case seems to be sufficiently difficult to analyse at this point in
time.

Open Problem 6. Consider the following system of linear parabolic SPDE:

o’ 0%u’ R
E(tﬂl’) = W(t7$) +Bi(t,$),

with reasonable boundary conditions. Is there an analysis of the “slices” of u along
different values of t that is analogous to the results of the present paper?

Some results along these lines will appear in forthcoming work with Robert
Dalang and Eulalia Nualart [4, 5].

Appendix A. Capacity and dimension

For the sake of completeness, we begin with a brief review of Hausdorff measures.
Further information can be found in Kahane [10, Chapter 10], Khoshnevisan [13,
Appendices C and D], and Mattila [20, Chapter 4].

A.1. Capacity

Recall that P(F) denotes the collection of all probability measures on the Borel
set F, and |z| is the £!-norm of the vector x. Occasionally we may write |z :=
(3 + - +22))'/? for the (2-norm of z € R™.

Let f : R — [0,00] be Borel measurable. Then for all p € P(R™), the
f-energy of u is defined by

Iy (p) = // [z —y) pldz) p(dy).
If FF C R™ is Borel-measurable, then its f-capacity can be defined by
-1
C F):=| inf I ,
oy (F) = | nt 150

where inf @ := o0 and 1/00:=0. If f : Ry — [0, 0] is Borel measurable, then we
occasionally abuse notation and write Iy(u) := [[ f(||z — y||) p(dx) p(dz) as well
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as It(p) == [[ f(|z — y|) p(dzx) p(dy). As before, Cap (F) := [inf ,ep(ry Ir ()] ™"
in any case.

Let 8 € R and z € R\ {0}; define

1, if 8 <0,
Us(a) = { log, (1/le]), it =0, (A1)
|| =2, it 5> 0.

Also, we define Ug at zero by continuously extending Ugs to a [0, oo]-valued function
on all of R. Then we write I5(x) in place of Iy, (1), and Capg(F) in place of
Capy, (F); I(p) is the Riesz [or Bessel-Riesz] capacity of u, and Capy is the
[Bessel-] Riesz capacity of F.

The following is a central property of capacities [13, p. 523].

Taylor’s Theorem (Taylor [31]). If FF C R™ is compact, then Cap,,(F) = 0. Con-
sequently, for all 3 > n, Capg(F) is zero also.

A.2. Hausdorff measures
Throughout, we define B(x;7) := {y € R" : |x — y| < r} to be the closed ¢!-ball of
radius r > 0 about z € R"™.

A Borel-measurable function ¢ : Ry — [0, o0] is said to be a measure function
if: (i) ¢ is non-decreasing near zero; and (ii) ¢(2z) = O(p(z)) as © — 0. Next, we
choose and fix a measure function ¢ and a Borel set A in R™. For all »r > 0 we
define

HI(A) = inf > 0(5)),
jz1
where the infimum is taken over all (), z(® ... € R™ for which we can find
61,02, ... € (0,7) with A C U;>1B(21);4;). The Hausdorff p-measure Hy,(A) of
A can then defined as the non-increasing limit,

Ho(A) = lim HU(A).
This defines a Borel [outer-] measure on Borel subsets of R™.

A.3. Hausdorff dimension

An important special case of H, arises when we consider p(z) = 2. In this
case we may write H, instead; this is the a-dimensional Hausdorff measure. The
Hausdorff dimension of A is

dim, A:=sup{a>0: Hq(4) >0} =inf{a >0: Ho(A4) < oo}.

The Hausdorff dimension has the following regularity property: If A, As,... are
Borel sets, then
dim,, U A; = supdim, A;.
i>1 izl
In general, this fails if the union is replaced by an uncountable one. For instance,
consider the example R = U,ecr{z}. The following is a central fact:
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Frostman’s Lemma (Frostman [8]). Let A be a compact subset of R™. Then
Ho(A) > 0 if and only if we can find a constant ¢ and a p € P(A) such that
w(B(z;r)) <cr® for allr >0 and x € R™.

See also Theorem 1 of Kahane [10, p. 130], Theorem 2.1.1 of Khoshnevisan [13,
p. 517], and Theorem 8.8 of Mattila [20, p. 112].

Appendix B. Entropy and packing

The material of this appendix can be found, in expanded form and with a detailed
bibliography, in Khoshnevisan et al [15]. Throughout, F' C R is a Borel-measurable
set.

B.1. Minkowksi content and Kolmogorov capacitance
There are various ways to describe the size of the set F'. We have seen already the
role of capacity, Hausdorff measures, and Hausdorff dimension. Alternatively, we

can consider the rate of growth of the Minkowski content of F'; this is the function
N 5 n+— M, (F) defined as follows:

Mn(F)::#{z‘eZ: Fﬁ[%,i+1);ﬁ®}.

n

Also, we can consider the Kolmogorov entropy (known also as “capacitance”
or “packing number”) of F'; this is the function (0,00) 3 € — Kp(¢), where Kg(e)
is equal to the maximum number K for which there exist z1,...,xzx € F such
that min;»; |z; — ;| > €. Any such sequence {7;}1<i<k () is referred to as a
Kolmogorov sequence.

While M, (F) is easier to work with, Kz (€) has the nice property that Kp(e) >
Kp(0) > 1 whenever 0 < € < 0. There are two other properties that deserve men-
tion. The first is that [15, Proposition 2.7]

Kr(1l/n) <M, (F) <3Kp(1/n) for all m > 1. (B.1)
The second property is the following [15, eq. (2.8)]:
Kg(e) < 6Kp(2¢) for all € > 0. (B.2)

B.2. Minkowski and packing dimension

The (upper) Minkowski dimension of F is the number

dim,, F' := limsup Lg My, (F) .
00 logn
This is known also as the (upper) “box dimension” of F', and gauges the size of F'.
A handicap of the gauge dim,; is that it assigns the value 1 to the rationals
in [0, 1]; whereas we often wish to think of QN [0, 1] as a “zero-dimensional” set.
In such cases, a different notion of dimension can be used.
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The (upper) packing dimension of F is the “regularization” of dim,, F' in the
following sense:

dim, F':=sup| dim,, Fj; F = U F;, F;’s are closed and bounded
i>1

Then it is not hard to see that dim,(QN[0,1]) = 0, as desired. Furthermore, we
have the relation,

dim, F' < dim, F < dim,, F. (B.3)

See Mattila [20, p. 82]. These are often equalities; e.g., when F' is a self-similar
fractal. However, there are counter-examples for which either one, or both, of these
inequalities can be strict. Furthermore, one has [15, Proposition 2.9] the following
integral representations:

dim,, F = inf{q eR: /OOKF(I/S) g5 _ OO}
1 slta ’
3Fl, Fy,...closed and bounded
dim, F=inf (g€ R: such that F =J,~, F;, and

[ 871K, (1/s) ds < oo for all n > 1

Appendix C. Some hitting estimates for Brownian motion

Throughout this section, X and Y denote two independent, standard Brownian
motions in R, where d > 3. We will need the following technical lemmas about
Brownian motion. The first lemma is contained in Propositions 1.4.1 and 1.4.3 of
Khoshnevisan [13, pp. 353 and 355].

Lemma C.1. For allr € (0,1),

P inf X <rt<er?2<cP! inf | X@)| <rb. 1
swpp{ it o x)<rbsatr <o f o xeseh

We will also need the following variant.

Lemma C.2. There exists a constant ¢ such that for all 0 <r < p <1,

i <
P <1értL£2|pY(t) +X@)|<r

i <r) <ept 2 :
it X <7) <ep (©2)
Remark C.3. The condition “0 < r < p < 1” can be replaced with “0 < r < ap”
for any fixed finite o > 0. However, this lemma fails to hold for values of p = o(r)
as can be seen by first fixing » > 0 and then letting p tend to 0 on the left-hand
side of (C.2): The left-hand side converges to 1 while the right-hand side converges
to 0.
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Proof. Define T := inf{1 <t < 2: |X(s)| < r}, where inf & := 00, as usual. Then,

= i <
Pri=p (iut oY (0 + X0 <1

T<oo)

:P( inf |pY(T+s)+X(T+s)|<r T<oo>

0<s<2—T
T < oo) ,

where X (s) := X(T + s) — X(T) for all s > 0. By the strong Markov property of
X,

< i X(s)| <
<P (ogslgg—T ‘pY(T-‘r s) —|—X(s)‘ <2r

P; < sup P{ inf |pY(t+ )+ X(s)] < 27"} . (C.3)
1<t<2 <s<1

In order to estimate this quantity, let us fix an arbitrary ¢ € [1,2], and define
S:=inf{l0<s<1: [pY(t+s)+ X(s)| < 2r},

2
Z::/0 L{lpy (t+s)+X ()| <8r} d5-

Then,
2
E[Z|S< ] >E {

Loy (t+s)+x(s)|<ary ds | S < oo}

2—-S

>E L pY(t4s)+2(s)|<r} ds

S—

S<oo],

where Y(u) ==Y (u+5) - Y (5) and X(u) := X(u+5) — X (5) for all u > 0. The
process u — pY (¢t +u) + X (u) is a Lévy process, and S is a stopping time with
respect to the latter process. Therefore, by the strong Markov property,

E[ZS<oo}Z/lP{|py(t+s)+X(s)|§r} ds
01 9 1/2
:/O PL(P(t+5) +5) " g <} ds
z/olP{(p2t+s)“2|g|Se} ds,

where g is a d-vector of i.i.d. standard-normal variables. Recall (2.1). Thanks to
Lemmas 2.1 and 2.2,

1gtlf E[Z]S < ] >c/ f(p? + s)ds = cF.(p®) > celp= (42

We have appealed to the condition p > € here. Another application of Lemma 2.1
yields the following;:

E[Z] ce?
sup E[Z]S < < .
1222 215 < 00l < P{S < oo} = P{S < o0}
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Recall (C.3) to find that the preceding two displays together imply that P; <
cp?=2. Thus, it suffices to prove that

-— o <
Py:=P <1S1£1£T|pY(t) +X@)|<r

T< oo> < cpd_z.

The estimate on P is derived by using the method used to bound Pj; but we
apply the latter method to the time-inverted Brownian motion {tX (1/t)}:~0 in
place of X. We omit the numerous, messy details. O
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An Estimate of the Convergence Rate in
Diffusion Approximation of a Particle Motion
under Random Forcing

Tomasz Komorowski

Abstract. Suppose that the trajectory of a particle x(¢;x,k) is a solution
of the Newton equation x(t;x,k) = §'/?F(x(t;x, k), x(t;x,k)), x(0) = x,
x(0) = k, where F(x,k) is a spatially homogeneous random force field
defined over a certain probability space (£2,X,P). It has been proved by
Kesten and Papanicolaou in [2] that if d > 3 and F(x,k) is sufficiently
regular, nondegenerate and mixing in the spatial variable, then the process
(6Y/2x(67; x, k), %(6 7 1¢; %, k)), ¢t > 0, converges weakly to a hypoelliptic dif-
fusion. In this paper we prove power-like bounds on the convergence rate for
one-dimensional marginals of the process.

Mathematics Subject Classification (2000). 82D30.

Keywords. Stochastic acceleration, random fields, mixing.

1. Introduction

Let (x,k) € R?? and suppose that the trajectory of a particle x(t;x,k), t > 0, is
a solution of the Newton system of equations

x(t;x, k) = 0Y2F(x(t;x, k), x(t; x, k), x(0) = x, %(0) = k.

Here F : RYxR%x Q) — R? is a random force field defined over a certain probability
space (2, %, P). The parameter § > 0 corresponds to a magnitude of the field and
is supposed to be small. It is obvious that if ¢ = O(1), then the trajectory of
the particle is approximately given by x(¢;x,k) ~ x + kt. The diffusive behavior
of the velocity process is however observed at time scales of order §—'. It has
been shown in [2] for d > 3 and in [4] for d = 2 (in the potential field case)
that if the initial velocity does not vanish, the field is sufficiently strongly mixing,

The research of the author was supported by KBN grant nr 2PO3A 031 23.
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and satisfies some other regularity assumptions, then the continuous trajectory
processes (xs(t; x, k), ks (t; x,k)), where

x5(t;x, k) = 0x(6 ;07 x, k), ks(t;x, k) := x(6 7't 6 1%, k), (1.1)

converge weakly, as § — 0+, to (x(t; x, k), k(¢; k)), where k(¢; k) is a diffusion start-
ing at k (see Section 2.4 below for its definition) and x(¢;x,k) := x+ fot k(s;k)ds.
Suppose now that ¢g(x,k) is a smooth function whose support is contained
inside a spherical shell [(x,k) € R?? : M~! < |k| < M] for some M > 1. Then,
os(t, x, k) := ¢o(x5(t; x, k), ks(t; x,k)) satisfies the Liouville equation
% — k- Veps + 0 V2F (%k) Vids, (1.2)
o5 (07 X, k) = (Z)O (X7 k)

The aforementioned weak convergence of stochastic processes implies in particular
that lims oy Eds(t,x,k) = ¢(t,x,k), where ¢(¢,x,k) is the solution of the Kol-
mogorov equation corresponding to the limiting diffusion (x(¢;x,k),k(¢;k)) and
#(0,%,k) = ¢o(6x,k), see (2.7). In the present paper we set out to find the error
estimates in the above convergence. We shall show, see Theorem 2.2 below, that
the supremum of [E¢s(, x, k) — ¢(t,x, k)| over a compact subset of R} x R% x R4,
where R? := R4\ {0}, is of order of magnitude §* for some « > 0. These bounds
are useful, e.g., in describing long time asymptotic behavior of the particle tra-
jectory in scales that are longer than 6~1. For example, it can be shown (see [3])
that in the case of the potential force field there exists ag > 0 such that for each
a € (0,ap) the processes §1Tox(t6-172%) converge, in an appropriate sense, as
6 — 0+, to a Brownian motion.

The present paper relies to a large extend on the technique developed in [3] in
the context of Hamiltonian flows, we shall refer therefore frequently to the respec-
tive parts of the aforementioned article. The main tool used to obtain the error
estimates is the observation that a suitably modified dynamics of the particle
approximately satisfies the martingale problem of Stroock and Varadhan corre-
sponding to the limiting diffusion, see Proposition 4.2 below. The aforementioned
modification of the dynamics is made with the help of a certain stopping time
T, see Section 3.2 for its precise definition, in the following way. Before 7, the
trajectory remains unchanged and has “almost” the Markov property. After the
stopping time, the modified dynamics of the particle motion is the same as that
of the limiting diffusion. As a result the law of the modified trajectory process
approximately satisfies the martingale problem corresponding to the limiting dif-
fusion. The key observation is that the stopping time in question tends to oc.
An important difference between the argument presented here and that made for
a Hamiltonian flow in [3] concerns the fact that the velocity of the particle can
become either arbitrarily large, or can degenerate to zero in finite time. Both of
these types of behavior are undesirable because they prevent the use of a pertur-
bative argument needed to establish the approximate martingale property stated
in Proposition 4.2 below. This forces us to add an additional clause to the stopping
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rule that deals with such a situation. The probability that the velocity is uncon-
trollably large can be shown to be small thanks to the fact that this is the case
for the limiting diffusion. To deal with the possibility that the particle momentum
could vanish we have to assume additionally that the probability of the limiting
diffusion reaching a §-neighborhood of the origin decays as 67, as § < 1, for some
~ > 0, see hypothesis F6) below.

2. Preliminaries and the statement of the main result

2.1. Basic notation

Let R24 := R? x R?, where as we recall R? := R?\ {0}. Given a vector k € R?
we denote by k := |k| its length and k = k/k, provided that k # 0. For any
x € R% and > 0 we let B,.(x) and S?~!(x) be the open ball and sphere of radius
r > 0 centered at x. In the special case when x = 0, or r = 1, we shall omit
these parameters in our notation. For a fixed M > 1 we define the spherical shell
AM) =k € R¢: M~ < |k| < M3] in the k-space and A(M) := R¢ x A(M) in
the whole phase space.

For any non-negative integers p, ¢, r, positive times T' > T, > 0 and a function
G : [T.,T] x R?? — R that has p, ¢ and 7 derivatives in the respective variables
we define

[T, T] . o985y
IG5 =" e s |07 0 0 G (L, %, K|

The summation range covers all integers 0 < a < p and all integer-valued multi-
indices with || < ¢ and |y| < r. In the special case when T, = 0, T' = 400 we
write ||G|lp.q.r = ||G||£,O,’QJ,FT°°). We denote by CF**"([0,4+00) x R2?) the space of all
functions G with |G||p,q» < +00. We shall also consider spaces of bounded and
a suitable number of times continuously differentiable functions C?(R2?) and
CP(R?) with the respective norms || - [|p.q, || - [lp-

We shall denote by C, C1, ..., ag, a1, - - ., Y0, 71, - - - appearing throughout this
article generic positive constants. Unless specified otherwise the constants denoted
this way shall not depend on §.

2.2. Random forcing

Let E denote the expectation with respect to P and let || X||zr() denote the
LP-norm of a given random variable X : Q@ — R, p € [1,400]. A random field
F:R? x R? x Q — R? is supposed to satisfy the following conditions:

F1) it is measurable and strictly stationary in the first variable. This means that
for any shift x € R, and a collection of points (x1,ki) ..., (x,,k,) € R??
the laws of (F(x1 +x,k1),...,F(x, +x,k,)) and (F(x1,k1),...,F(xn,ky))
are identical.

F2) it is centered, i.e., EF(x, k) = 0 for all (x,k) € R??.
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F3) it is smooth, i.e., the realizations of F(x, k) are P-a.s. C"*-smooth in (x, k) €
R24 with n, := [3+d/4]. We assume also the following control over the field
and its derivatives:

D= max  ess-sup [|8§8ﬁF(x, k;w)@ < +o0.
0<i+j<n. lal=1 (x,k,w)eR2dxQ

F4) the random field is strongly mixing in the uniform sense. More precisely, for
any R > 0 we let C R and C% be the o-algebras generated by random variables
F(x,k), k € R? with x € Bg and x € B%, respectively. The uniform mixing
coefficient between the o-algebras is

6(p) = sup[[P(B) — P(B|A)| : R>0, Ac Ch, B € Chy,l,
for all p > 0. We suppose that ¢(p) decays faster than any power: for each
p >0,

hy = sup pPé(p) < +o0. (2.1)
p=>0

The two-point spatial covariance matrix of the force field is given by

Note that (2.1) implies that for each p > 0 there exists a constant C' > 0 such that

214
hp =Y sup (1+[y[*)"?|0y Ri (v, k)| < +oo. (2.2)
i=0 |a|=i ¥ K) eR“

2.3. Certain path-spaces

For fixed integers d,m > 1 we let C%™ := C([0, +00); R? x R™): we shall omit the
superscripts in the notation of the path space if m = d. We shall also write Cx to
denote C([0, +o0); RY).

We define (X (t),K(t)) : C%™ — R? x R™ as the canonical mapping
(X(t;7),K(t;7)) == 7(t), 7 € C»™ and also let f4(m)(:) := =(- + s) be the
standard shift transformation. For any w > 0 denote by M™ the o-algebra of
subsets of C generated by (X (t), K(t)), t € [0, u]. We write M for the o algebra of
Borel subsets of C. It coincides with the smallest o-algebra that contains all M?,
t>0. We deﬁne C( ) as the set of paths m € C so that both K (t) € A(M) and
X (t) )+ [y K(s)ds, t > 0.

2.4. The statement of the main result
Let us define the diffusion matrix D(k) := [Dn, (k)] for k € R? by
/ Ron(sk,k)ds, m,n=1,...,d (2.3)

—00

1



Particle Motion with Random Forcing 179

and the drift vector
d T
:Z/ 00, Roon (5K, K) + 01, Ronn (5K, K)] ds,  m —=1,....d. (2.4)

Let k(¢;k) be a diffusion in RY, starting at k at ¢ = 0, with the generator

d d
> Dpn(K)3} o FK) + > Ep(K)Ok,, F(K). (2.5)

m,n=1

Its existence follows from the assumed smoothness of the coefficients of the gener-
ator £, see Remark 1, p. 24 of [2]. Let Qy be the corresponding law of the diffusion
over Ck.

Note that the substitution s := sk (recall k = |k|) in (2.3) and (2.4) yields
Dyn(k) = k™ tdpn (k) and E,, (k) = k~2€,,(k), where

1 [ N
—/ Ron(sk,k)ds, m,n=1,...,d
2 — 0o

and

M“‘

+
/8 Oz, Rmn( sk k) + 0y, mn(sl;,k)] ds, m=1,...,d.
0

n=1

In light of (2.2) we have

d d
sup ( > ldmn ()] + > |ém(k)> < +oo.

keRd mon—=1

We assume that

F5) there exists a constant C' > 0 such that

Z dpn(K)émén > CIE)?, VkeRY ¢ e R

m,n=1
Define the stopping time V(§) := min[t > 0: |K(¢)| < 6]. We shall assume that:

F6) for each T > 0 and a compact set K C R? there exist constants C,y* > 0
such that supye x Qk[V () < T] < C67.

Remark 2.1. Let V(8) := min[t > 0 : |K(t)] <6, or |[K(t)] > 673]. As a conse-
quence of the above assumption and estimate (2.1) p. 87 of [7] we conclude that
the exponent v* can be adjusted in such a way that

sup Qi[V(8) < T] < €67 (2.6)
ke K
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Let Qx x be the law of the process (x(¢; x, k), k(¢; k)) that starts at t = 0 from
(x,k) and is given by x(¢;x,k) = x + fg k(s;k)ds, where k(t; k) is the diffusion
described by (2.5). This process is a degenerate diffusion whose generator is given
by

LF(x,k) = LiF(x,k) + k- V,F(x,k), FeCOXRM).
Here the notation Ly stresses that the operator £ defined in (2.5) acts on the
respective function in the k variable. We denote by Mk x the expectation corre-
sponding to the path measure Qy k. Then we have the following result.

Theorem 2.2. Suppose that T > 1 is given. Assume that d > 3 and the field F
satisfies the assumptions F1)-F6). Let ¢s be the solution of (1.2) and let ¢ €
Cr2([0, +00); R24) satisfy

3%5(75, X, k) = Z&(tv X, k) (27)

¢(07 X, k) = ¢0(X7 k)a

where the initial data ¢o € C13(R2?) is such that K :=supp ¢o(x,k) is a compact
subset of R2%. Then, there exist two constants C, ag > 0 such that for all § € (0, 1]

sup ’]E¢5 (t,x, k) — b(t,x, k)| < C§. (2.8)
(t,x,k)€[0,T]x K

3. The truncated dynamics

3.1. The random characteristics corresponding to (1.2)
The scaled process (x5(t;x,k), ks(t;x,k)) given by (1.1) satisfies the following
system of equations:

x5 (t;x, k) = ks (t; x, k),
ks(t;x,k) = 6712 F (0~ 'xs(t; %, k), ks (1%, k))
x5(0;x,k) =x, ks(0;x,k) =k.

We denote by Qi,k(') its law over C.

3.2. The definition of stopping times
Let
0<en<er<e<1/2, e€(0,1/2—€2), e1€(1/24€0,1—€1 —€2)
be some positive constants that will be further determined later on and set
My=[0"], N=[“], p=[0"%], q¢q=p[0~®], Ni=Npli~“]. (3.1)
We will specify additional restrictions on the constants €; as the need for such
constraints arises. However, the basic requirement is that ¢;, ¢« € {0, 1, 2, 3}, should

be sufficiently small and €4 is bigger than 1/2, less than 1 and can be made as
close to 1 as we would need it.
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We introduce the following (M?");>o-stopping times. Let 7 € C be a path. We
define the exit time for the K(-) component of the path 7 from the shell A(M;),
ie.,

Ts(m) == inf[t >0: [K(t)| > M3, or |K(t)] < Mil} (3.2)

Let t;p ) = kp~! be a mesh of times. We define the “violent turn” stopping time

Ss(m) :== inf[t >0: for some k > 0 we have t € [t;cp),t,(fﬁl) and (3.3)
2@\ By <1 L 0 LY py<e7o L
K(t,) - K <1- . or K(# Nl) Riy<1-+],

where by convention we set K(—1/p) := K(0). Note that with the above choice
of €4 we have Qi’k a.s. K (t;p) - 1/N1) -K(t;p)) >1—1/N for all t;p) < Ts(m),
provided that 6 € (0, 0] and &g is sufficiently small. Both in (3.3) and in what
follows we adopt a customary convention that the infimum of an empty set equals

+00.

For each t > 0, we denote by X;(7) := |J X (s;m) the trace of the spatial
0<s<t

component of the path 7 up to time ¢, and by X;(q; 7) := [x : dist (x, X:(7)) < 1/4]
a tubular region around the path. We introduce the stopping time

Us(n) = inf [t >0:3k>1 andt € [(”,1")) for which X () € X,4) ()
kE—1
(3.4)
Finally, we set the stopping time
75(m) := Ts(m) A Ss(m) AUs(m) A5 (3.5)

The last term appearing on the right-hand side of (3.5) ensures that 75 < +00 a.s.

Let p,q, N, N1, M; be the positive integers defined in (3.1). Let a1 = 2 and
as = 3/2. The functions 1; : R? x S¥=1 — [0,1], j = 1,2 are of C™ class and
satisfy

(k1) = 1, ifk-1>1—1/N and M;'<|k| <M}
U0, ifk-1<1—4aj/N, or |kl <(2M)™!, or [kl > (2M))3.

One can construct ¢; in such a way that for arbitrary nonnegative integers m,n
it is possible to find a constant Ci, ,, for which |[¢);lm.n < Crn N™ T M{™. Let

Wtk m) = (8 (KK (tl(f?1)> (D) (k,K (t,(f) _ 1/N1)) i(zdtkez[t%p)’téﬂl)

o (k, K(0)) for t € [0, 7).
Let ¢ : R? x R? — [0, 1] be a function of the C* class that satisfies ¢(y,x) =

1, when |y — x| > 1/(2¢) and ¢(y,x) = 0, when |y — x| < 1/(3¢). Again, in
this case we can construct ¢ in such a way that ||¢||m., < Cg™*™ for arbitrary
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integers m, n and a suitably chosen constant C. The function ¢, : R% x C — [0, 1]
for a fixed path 7 is given by

envim) = ]I ¢(y,X<é>>-

0<i/q<t'™,

We set
1 if0<t<t®
ot,y;m) =9 D) ! (3.6)
or(ysm), it <t <tf).

For a given t > 0, (y, k) € R?? and 7 € C let us denote O(t,y, k;7) := U(t, k;7) -
® (¢,y; 7). The following lemma can be verified by a direct calculation.

Lemma 3.1. Let ($1,02) be a multi-index with nonnegative integer components,
m = |Bi| + |Ba2|. There exists a constant C' depending only on m such that
|8516£2@(t,y,k;77)| < C(T + D)IAI@IBINM)IB for all t € [0,7], (y,k) €
A(2My), m €C.

Finally, let us set
Fs(t,y,l;m,w) =0(t,dy,;m)F (y,Lw).
Note that according to Lemma 3.1 we obtain that
051920(t, 5y, 1;m)| < O(T + 1)/l =2leatell (g ) 1P| (3.7)

for all t € [0,T], (y,k) € A(2M;), 7 € C. For a fixed (x,k) € R?¢ § > 0andw €
we consider the modified particle dynamics with the cut-off that is described by the
stochastic process (y® (¢; x, k, w), l(‘s)(t; x,k,w))t>0 whose paths are the solutions
of the following equation:

dy® (t;x,k
W= =10 (%, k),

) .
QL—%FQQ-=<Y*/2Fa(t5’1y“)@;x7k%lw)@;XJﬂ;y“)C;X,k%lw)C;XJO)7

y@D(0:x,k) =x, 19(0;x,k) =k
(3.8)
We will denote by QSL the law of the modified process (y@® (-;x,k), 1% (:;x, k))

over C for a given § > 0 and by E)(fl)( the corresponding expectation. We shall
also omit writing the parameters (x, k) if they are obvious from the context. From
the construction of the cut-offs we conclude immediately that if k € A(M;), then
(2M;) 1 < 199 (t;x, k)| < (2M)? for all ¢ > 0. We also have the following.

Proposition 3.2. Assume that the initial velocity k € A(M). Then, there exists
do > 0 such that for all 6 € (0, do],

5(8)

i 5(8)

(t)-1 @@le—% (3.9)
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and
~(8) s ( (p) 1 S 3
: S P 1
U1 (tk N )2 5N (3.10)
forte [té@,t,&ﬂ?l) and all k > 0. Moreover,

S8, 5(0)

A ORI AR S - (3.11)

2
N
forte [t,@l,t,(gl) and all k > 0.

Proof. We show (3.9) by induction. For k = 0 the statement reduces to showing
that

0)>1- % vt e[o,t). (3.12)

~(6 ~(6

The set G = [t € [O,tgp)) i )(t) . )(0) < 1-3/(2N)] is open (in relative
topology). We can find therefore a countable family of disjoint open intervals
(ai, b;) st. G = J;(ai, b;) N [O,tgz)). Since G° is non-empty (0 belongs to it) we

NG (5
must have a; € G¢ so l( )(a,-) - l( )(O) = 1—3/(2N). Using the cut-off condition
. (6 (5
we conclude that l(é)(t) = 0 for t € (aj;,b;), hence l( )(t) . l( )(0) =1-3/(2N)
for t € (a;,b;). As a result we conclude that a; = b; (or equivalently stating
(ai,b;) = 0) for all 4, thus the set G is empty.

Suppose that (3.9) holds for a certain k. Note that

-(8) 5(6) 2
0 1 212 (313
and
i© 0wy @ (e LYo, 3 14
) - (tkH N )zl oy (3.14)

The estimate (3.13) is a consequence of the inductive assumption (3.10) applied
for t = t;ﬁl and the bound

) (o 1 S8), (| _ 2DM; 1

l ty) —— | =1 (t < < — 1
(k’ Nl (k ) 751/2N1 —2N7 (3 5)

provided that e4 — 1/2 — €g — €3 > 0 and 6 € (0, dg], where g is sufficiently small

but independent of k. The estimate (3.14) can be obtained in a similar fashion.

Now we repeat the argument used for & = 0 and conclude that (3.13) holds for all

te [tl(lea tl(ﬁgz)'

As for the proof of (3.11) it is a conclusion from (3.9) and (3.10). We only

need to prove this estimate for ¢t € [t,(f? 1 t,(cp )) since for t € [t;cp ), t,({fgl) it is covered
by (3.9). For k = 0 the proof reduces to showing yet again (3.12) and this has

been already done. Suppose therefore that k& > 1. According to (3.9) we have then

~(8) s [ (p) 1 S 3
. I 1— —
-t (t“ Ni) =~ 2N
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fort € [t,(c )1, t(p)) Using (3.15) with t,(ﬁl in place of t;cp) we obtain from the above
estimate that

o 2
i1 (7)) =1- & for e e 7,47, O

3.3. Some consequences of the mixing assumption

For any t > 0 we denote by F; the o-algebra generated by (y(®)(s), l(é)(s)), s <t.
Here we suppress, for the sake of abbreviation, writing the initial data in the
notation of the trajectory. In this section we assume that M > 1 is fixed, X1, Xo :
(R x R? x Rd2)2 — R are certain continuous functions, Z is a random variable
and g1, g2 are R%?%-valued random vectors. We suppose further that Z, g;, go, are
Fi-measurable, while X 1, X5 are random fields of the form

Y — Y. J J
Xi(x,k) = X; ((ka(x k), Vi VLF(x, k))j_&m) .
For ¢ = 1,2 we denote g; := (gi(l),gf)) € R??, We also let

U(91,92) =K [Xl(el)j(g(ez):l s (91,92) € de.

The following mixing lemma is a direct consequence of Lemmas 2 and 5 of [2].

Lemma 3.3. (i) Assume that r,t > 0 and

(3.16)

fori=1,2, P-a.s. on the event [Z # 0]. Then, we have
[E[%1(91)%2(92)2] — E[U(91.92)2]] < 26 (55 ) Xl e | Xl e | 2] 22 -

(i) Let EX1(0,k) = 0 for all k > 0. Furthermore, we assume that gy satis-
fies (3.16), g1 satisfies

r4+nr
- 5 )

(%)
1 y'% (u)
s of - 2

and |g(1) g§1)| > 187! for some r1 > 0, P-a.s. on the event [Z # 0]. Then,
we have

& [%1(90)Xa(02) 2] - E[U (91,927
<067 (55) 072 (55) Xl 1K o112 2o

for some absolute constant C' > 0.
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4. The approximate martingale problem and the proof of
Theorem 2.2

4.1. The augmented path measure

We define functions DS n(k), E(é)(k), #® (k) that are respectively C?"+, C?n=—1
and C* smooth and satisfy D 5,‘?%(1{) = Dpn(k), EY (k) = By, (k), ¢ (k) = k for
k € A(2M;). We assume that their norms in the respective Cf(R?) spaces can be

bounded by C'M{ for some C, I > 0. Finally, we suppose that the matrix [DS,‘EZ,, (k)]
is symmetric for all k and uniformly positive definite with the positivity constant
CM;? for some C' > 0. Let

d
LOF(x,k) = Z ) ()2, 1. F(x.k)

m,n

d
Z km (X k) + ¢(6)( ) : vxF(Xv k)a

for any F € C2°(R?). Let DSL be the law of the diffusion corresponding to the

generator £(9 on the space C. The following construction of the augmentation of
path measures has been carried out in Section 6.1 of [7]. Let s > 0 and w € C be
fixed. Then, according to Lemma 6.1.1 of ibid. there exists a unique probability

measure, that is denoted by 6, ®; Qg?%s) K(s)’ such that for any pair of events A €
M?®, B € M we have i, ®, ngs)’[{(s) [A] = 14(7) and 6, ®, Dg&s) K(s) [0s(B)] =

Qg?% o).k (s) [B]- The following result is a direct consequence of Theorem 6.2.1 of [7].

Proposition 4.1. There exists a unique probability measure RSL on C such that
RSL[A] = QSL[A] for all A € M™ and the reqular conditional probability distri-
bution of RSL[ | M) is given by 0x @ry () Q) , m € C. This measure

X (75(m)), K (75(7))
shall be also denoted by Q)(j%( ®rs QEQTS)VK(U).

Note that for any (x,k) € R?? and A € M™ we have

ROVA] = QL [A] = QUL A, (4.2)

that is, the law of the augmented process coincides with that of the true pro-
cess, and of the modified process with the cut-offs until the stopping time 7y.

Hence, according to the uniqueness part of Proposition 4 1, in such a case Q( ) 1« Ors

s 5 s
Qg&m) K(rs) = Q,((%( ®rs QE(%T(;),K(T(;) We denote by E k the expectation Wlth re-
spect to the augmented measure described by the above proposition.
In the following proposition we prove that the augmented measure approx-
imately satisfies the Stroock and Varadhan martingale problem corresponding to
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the diffusion described by (4.1). To formulate this result we need some more no-
tation. For any G € Cp"3([0, +00) x R24) we let

N(G) =G(t, X (1), K(t)) — G(0, X(0), K(0))
- / (9 + LD)G(0. X (0), K(0))) dg, £ 0.
0

When 7 € C is given, we let

Ni(G) = G(t, X (1), K (£))~G(0, X (0), K (0))
- /(39 +L)G (o, X (0), K(0);m)do, t>0,
0

where

L:G(t,x,k; ) =k - V5 G(t,x, k) + O (t, X (), K(t): ) Ly G(t, x, K)

d
—O(t X(1), K(t);m) Y 5, 0(t, X (1), K ();7) D (k) O, G2, x, k),

m,n=1

and the function O(-) is given by formula (3.6). It follows from the definition of
the stopping time 75(7) and the cut-off function © that

VrO(t, X (t),K(t);nm) =0, O, X(t),K(t);n)=1,te]0,75(m)],
hence
EG( X (6, K(0):;m) = LG X (1), K1), te [0, m(m)].  (43)
With this notation we can formulate the following.

Proposition 4.2. Suppose that (x,k) € A(M;) and ¢ € Cy((R24)™) is non-negative,
0<t1 < - <t, <T, <t<u<TandG c C;’l’g([T*,T] x R24). Denote

C(m) :=C(X(t1), K(t1),..., X(tn),K(tn)), m € C. Then, the following are true:

i) Suppose that v, € (0,1) and t — T\ > §7%. Then, there exist constants v1,
C > 0 such that

EQ{INUG) - NG| < com (w— )G (@ + 1)2EQL

ii) Suppose that vo € (0,1/2) and that v —t > §7°. Then, there exist constants
v1, C > 0 such that

EE 8@ - vO©@) | < e -l +12ERE (1

In both statements 1) and ii) the choice of the constants 1, C does not depend on
(x,k), 6 € (0,1], ¢, times t1,...,tn, T,v,t, or the function G.
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The arguments used to demonstrate parts i) and ii) of the above proposition
are virtually the same as the ones used in showing Lemma 3.5 and Proposition 3.4
of [3], respectively. The proofs presented ibid. have been carried out for the case
of hamiltonian flows, but that fact has not been essential.

4.2. The proof of Theorem 2.2

The crucial tool in proving estimate (2.8) is the following.

Proposition 4.3. Assume that the dimension d > 3 and K C R2? is compact. Then,
one can choose €;, i =0,...,4, in such a way that there exist constants C,~y > 0,
independent of § but possibly dependent on K and T, for which

RO\ [15 <T)<C87, ¥ée (0,1, (x.k) € K. (4.5)

We postpone the demonstration of the above proposition until the following
section. In the meantime, taking its assertion for granted, we show how to finish
the proof of Theorem 2.2. Let u € [§70,T], where we assume that ~} (as in the
statement of part i) of Proposition 4.2) belongs to the interval (1/2, 1). Substituting
for G(t,x,k) := ¢(u —t,x,k), ¢ = 1 into (4.4) we obtain (taking v = u, t = §7)

’Eiéfc do(X (u), K(u)) — ¢p(u— 670, X (670), K(57))

u

- /(59+Zg)G(9,X(9),K(9))dQ]

/

§70

<cla|Pfe (T +1)%, vée (0,1

Using the fact that | X (570) —x| < 0670, |K(67) —k| < C§%0-1/2, Q) -as. for
some deterministic constant C' > 0, cf. (3.8), we obtain that there exist constants
C,~ > 0 such that

EQ, [cﬁo(X(u), K(u)) - ¢(u,x,k) — / (@, + L,)G(0, X (0), K (0)) dg]
0
<cla|PBe (T + 1), 6 (0,1, ue0,T). (4.6)

On the event [75 > T'] we have however

(9, + L,)G(0, X (0), K(0)) = (8, + L)G (0, X (0), K(0)) = 0

for all w € [0, 77, cf. (4.3).



188 T. Komorowski

Since the random variable [¢o(X (u), K (u)) — ¢(u, X, k)] X[r;>7) is M™ mea-
surable we obtain, using (4.2), that

’Ep(jl)( (Z’O(X(u) K(u)) — é(u,x,k), 75 > TH
= [ B [o0(X (w), K (u)) = @lu,x,K), 75 = 7|

(4.
< CIGIH ( +172 + (2dolloo + TICIL) QP4lrs < 7).

(9) [

Using M™-measurability of the event [r5 < T we obtain that vak s <T] =

R,(ji{ [7s < T], and by virtue of Proposition 4.3 we can estimate the right-hand
side of (4.7) by
CllGI P (T + 1)+ Co (2||¢o||oo+T||G||l,1,2) (4.7)

Theorem 2.58, p. 53 of [6] allows us to estimate ||G||1 | 3 and ||G||[101T2] by |l¢oll1,3
and ||¢ol|1,2, respectively. Summarizing, we proved that the expression in (4.7) can
be bounded by C§7||¢o||1,5 for some C,~ > 0. On the other hand, the expression
under the absolute value on the utmost left hand side of (4.7) equals

/ [B0(X (u), K (w)) — d(u, %, k) ] Q). (dm)

- / [60(X (u), K () — Bu, %, k), 75 < T] QL) (dr).
By virtue of Proposition 4.3 the second term can be estimated by

2] ¢0ll0,0Q x [75 < T1 = 2l|¢ollo.0 RS [75 < T] < C8” || dollo.o.

Since
s (§.5K) = Bon(a®) (0, 1, m (usx,10) = [ 60(X (), K ()@ (d)

we conclude from the above that the left-hand side of (2.8) can be estimated by
C7||¢oll1,3 for some constants C,~y > 0 independent of § > 0.

4.3. The estimate of the stopping time
With no loss of generality we can assume that T, ! > 1, since otherwise (4.5)
holds with C' =~ = 1. We obviously have then

[T(; < T] = [U5 <75, Us < T] U [55 <75, 85 < T] U [T5 <75, T5s < T] (4.8)
with the stopping times S5, Us and T defined in (3.2)—(3.4). Let us denote the
events appearing on the right-hand side of (4.8) by A(d), B(d) and C(¢), respec-
tively. To show that (4.8) holds we prove that the R)(j%( probabilities of all these

events can be estimated by C§7 for some C,v > 0: see (4.16), (4.17) and (4.28)
below.



Particle Motion with Random Forcing 189

)

x7

4.3.1. An estimate of R L[A((S)] Note that then

~ y ; 3
A(5) € A(6) == Hx(l —X<3>‘<%: 1<i<j<[Iq, i—j|>g}
q q q p
and thus

wnor e e 2) - () 2] 155 ™)

Suppose that f(®) : R? — [0,1] is a C*®-regular function that satisfies f(x) = 1,
if |x| < 3M7/(2q) and £ (x) = 0, if [x| > 2M}/q. We assume furthermore that
i,j are positive integers such that (j —i)/q € [0,1] and || f9||3 < ¢*/M7. For any
x0 € R? and i/q <t < j/q define

G;(t,x,k;x) == mﬁj{(f@) (X (% — t) — x0>

for (x,k) € A(M;). Here Emf%( is the expectation corresponding to DSL, cf. Sec-
tion 4.1. G;(t,x, k; x¢) is the unique bounded solution of the Kolmogorov equation
{ 0iG(t, %, ks x0) + LOG;(t,x,k;%0) =0, i/q<t<j/q,
Gj(j/q,x,k;X()) = f(é) (X - XO) .

It can be then shown using the same argument as in [6], Theorem 2.58, p. 53, that

there exist constants C, I > 0 such that
1G5y sx) IR < ML DYls < C* My~ (19)
< O Deo=2eates) 5 e f0,..., [qT]}.

Hence, using part ii) of Proposition 4.2 with v = j/q and ¢t = i/q (note that
v—t>1/p>d and ez € (0,1/2)), we obtain that there exists 3 > 0 such that

il (e (5) o) e (G (G) (5 ) [

< Gy sxo)IERE 0™, Vo € (0,1) (4.10)
Combining (4.10) and (4.9) we obtain that the left-hand side of (4.10) is less than,
or equal to C §MHO-Deo—3(e2tes) for all § € (0,1]. Let now g = j — ]% so that

1<i<ig<j<[Tq]. We have

i [ (2) = () < 2 <m0 (x(2) - (2)]
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According to (4.10) and (4.9) we can estimate the utmost right-hand side of (4.11)
by

sup {im(a) f(s)( (1> — y) x,y eRY ke A(2M1)}+ C s +O—Deo—3(ea+es)
b

x,y,k
(4.12)
Note that obviously

3
me O (X G)) —y> <) HX (;-)) —y‘ < 2]\;1} : (4.13)

We shall focus on estimating the expression appearing on the right-hand side

of (4.13).
Let 0y = 0, and Opyq = Ok,,, m = 1,...,d. Suppose that X, =
Z A (X, K)Om, n = 0,...,d, are certain C* tangent vector fields over R2d

Whose coefficients satisty ||an,mllpq < 400 for all n,m and all non-negative in-
tegers p,q. Assume also that (y(t;yo,10),1(t;y0,1p)) is an R*%-valued diffusion
process, which starts at (yo, lp) and whose generator can be written in the form

: Z X2 F(y,1) + XoF(y,1), F e C(R™).

Suppose also that the tangent space to R2? at any point (y,1) is spanned by
X1,...,Xad4, where Xgy1 := [Xo, X1],. .., X2q := [Xo, Xq]. It is well known from
the theory of hypoelliptic diffusions, see e.g. Theorem 5.6, p. 12 [8], that under this
condition for each ¢ > 0 the random vector (y(¢; yo, o), 1(¢; y0,10)) possesses a C'>°-
smooth density ¢(t,yo,lo,y,1). For £ € S2¢71 we let V(y,1,¢) := Zfil(Xi,é)D%M.
Let also V(y,1) := infeega—r V(y,1,€) and Cp := ZZ:O 235:1 lan,mllo,0- Then,
according to Corollary 3.25 p. 22 of [5], one can find an integer I > 1, positive
constants A, v that are independent of the fields Xy, ..., X4 and a constant K > 0
depending only on ||an m|p,q for p+ ¢ < 2 such that

K |y = yol* + 1= 1|
t.vo, 1o, y,1) < —— —A :
q(t,y0,10,y,1) < V2(yo)t]” eXp{ (1+C2)t

We suppose first that the coefficients of the generator £ (see (4.1)) are of
C° class. Let us denote by [Fy(fy), (k)] the C*°(R%)-smooth square root of the matrix
D) (k). The generator of the canonical process (X (t), K(t))¢>0, considered over

(4.14)

the space (C, M, Qgi{), can be rewritten in the form
LOF(x,k) Z X2 F(x,k) + XoF(x,k), FeCP(R),

where X, (k) := Zd ( VOk,, n=1,...,d, and Xg := an:l am (K)Ok,, +

n= 1

anzl kmOy,, . Here an, (- ), =1,...,d, are certain C°°(R%)-functions. In fact, as
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in [2] see pp. 59-60, we can write

d

d
[(Xm, Xo] = Z FT(I’I(,ST)L(k)aacn + Z mn(K)Ok,
n=1

n=1

where we assume further that Z(HFf(rfr):Hr + llemnllr) < C'TM12+T, Vr > 0. A
straightforward calculation also yields that infy x)crea V(x,k) > C1 M 6 In ad-
dition the process K (-) is a non-degenerate diffusion whose diffusivity matrix DO
satisfies the uniform positivity condition with the respective positivity constant
CM; 2.

Suppose that (y(t;x,k),1(t;x,k)) is a diffusion defined over a certain proba-
bility space (3, W, W) whose generator is given by N (M) = pf 2! (Zd X2+

m=1
Xo). From estimate (4.14) we conclude that for all (x,k) € A(2M7) we have

M2 M3 9d [F \d/2 Md(3—1)—2V(1+6) v+d/2
o (A 2]
P q (1+Cg)/? q
Since the laws of (y(M32t;x, k), 1(M?t;x,k)), t > 0, and (X(t), K(t)), t > 0,

coincide we have

1 2M3 M 2M3
Wi () o= T = [ () | <7
’ p q p q

and we conclude that

3 d d/2 d(3—1I)—2v(1+6) v+d/2
0@ [lx (L) oyl < 2ME| L 2R M, P (415)
x p q (1+Cg)r g
Using (4.11), (4.12) and (4.15) we obtain that
d(3—1)—2v(I+6), y+d/2
5 M p
ROA©0)] < 0~ pr <08, (4.16)

for some C,~v > 0, upon a suitable choice of €, €2, €5. Since the constant C' > 0
appearing above depends only on the C? norms of the coefficients of the diffusion
a simple approximation allows us to obtain estimate (4.16) under the assumption
that D,y and E,,, m,n =1,...,d, are of C? class of regularity.

4.3.2. An estimate of RSL [B(6)]. To estimate this term we use essentially the same

argument as in Section 3.8.2 of [3]. We conclude then that there exist constants
C,~v > 0, for which

ROVB(9)] < €87, forall (x,k) € A(M). (4.17)
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4.3.3. An estimate of R)((‘S’L[C((S)]. Let K be a compact subset of R24. We show
that there exist constants C,~ > 0 such that

sup ROL[T5 < T] < OO, (4.18)
(x,k)EK

Let Héo)(t, k) := Qy[T5 < ¢, t > 0. Suppose that Héi)(t, k), i = 1,2, are the
solutions of the following first initial-boundary value problems:

O H (t,k) = LHY (1,k), t >0, k € A(2My),

Hy (0,1) = 6 (k),

HY (k) =1, t>0, and |k| = (2071M;)" or |k| = (201 My)3,
where ¢ : R?? — [0, 1] is a C™ function, equal to 0 on A(2!~2M;) and 1 outside
A(3- 2173 M;). Of course (from the maximum principle)

HV(t,%) > B (t,k) > B (t,k), Vte0,T], ke A(M).
Suppose also that € € (0,1) and ¢’ := §¢. We have then
HV (k) < HY(t,k), Vte[0,T], ke AM]), (4.19)

where M{ = [6'~¢°].
A crucial estimate of the || - ||1,3 norm of the function Hs(t, k) is provided by
the following.

Lemma 4.4. There exist constants C and an integer J such that
1P < oMy, vee (0,1),i=1,2. (4.20)

Assuming this result, its proof is given in the Appendix, let us show how to
establish (4.18). First, note that we can extend function Hs to the entire [0, +00) x
R2?4 in such a way that (4.20) holds. We apply part i) of Proposition 4.2 to the
function Gs(t,k) := Hs(T — t,k). Let py = [077] + 1, where v}, € (1/2,1).
Using (4.4) we conclude that

My =Ny, (Gs) = OWI|WH%W n=0,...,[Tpl,

is a (/\/ln/pl) o super-martingale under the Q( ) -probability.

Let T5 =

{p7 ' ([T5p1]+1)}AT. One can easily verify that T} is an (Mospy) stopping time.

<0,

n>0
As a consequence of the optional stopping theorem we obtain that E,(fl)(./\/l; 7

’ 146
which leads to the estimate

ECLH (T — T3, K (T3)) < H(T, k) +oon BV |PES T (4.21)

(0

+ B

/EsHél)(T —s,K(s))ds
0
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Using (4.19) we can estimate the first two terms appearing on the right-hand side
of (4.21) by
0 1) 0,7
HO(T,%) + 5 | H | T (4.22)
Using the estimates (4.20) and (2.6) we conclude that, upon the choice of a suffi-
ciently small ¢y > 0, that the expression (4.22) can be estimated by C§7 for some
C,~v > 0, provided that (x,k) € K.

It remains yet to bound the third term on the right hand side of (4.21). The
term in question equals

EQ) (4.23)

Ty
/Zsﬂgl)(T — s, K(s))ds, Ts < T
0

(0
+ E)((’l)(

Ts
JEH@ s K (s)ds, 15 = T
0

Denote the first and the second terms in (4.23) by I and II correspondingly. We
can write then

Ts
1=EQ), /Esﬂgl)(T —5,K(s))ds, Ts < T, Ts < S(8) AU(6) (4.24)
0
Ts
+EQ) /ZSH§1>(T — 5, K(s))ds, S(6) NU(8) < Ts < T|.
0

The integrand appearing in the first term on the right-hand side of (4.23) equals
zero for all s € [0,Ts], because then 75 = Ts and /JSHél)(T — s, K(s) =
EHél)(T —$,K(s)) = 0, s € [0,Ts]. Note also that the coefficients of the op-

erator L, are bounded by C'MZ. In consequence, the term in question can be
estimated by

CMINp | Vs < 0512,
provided that €g,e; are chosen sufficiently small. The factor N in the above ex-
pression can be explained by the presence of Ox© in the definition of L, and

estimate (3.7). The second term on the right-hand side of (4.24) can be estimated
by

MNPy HYY [1,5Q8% [S(0) AU(D) < 75 < T,

Since the event [S(6) AU() < 75 < T'] is M™-measurable the Qgi(—probability
of the event equals in fact

RCL[S(B)AUS) <15 < T] < RC)[A(6)] + RY) [B(5)] < C&. (4.25)

x7 x7 x7
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The last inequality following by virtue of (4.16) and (4.17). Summarizing we have
shown that the term I can be estimated C'§7. As for the term II of (4.23) we can
write

Ts
Heﬂﬁt/@&@@—&K@M&EETZS@AU@ (4.26)
0

+ B

Ts
/@3@@—&K@m&nzﬂs@AU@>T
0

Since on the event under the expectation appearing in the second term on the
right-hand side of (4.26) we have Ts = T < 75, we conclude that it vanishes. The
first term can be estimated by

CMENIED ~(5) (4.25) 3 (1) .
PNIH; N1,3TQxr [T > 75 > SO) AU(@)] < CM{N||H; " [1,3T6".

Summarizing, we have shown that there exist C,~v > 0 such that

Ts
Eﬁﬁk/fﬂﬁmﬂ“—&Kwnm; < 06,

Using (4.20) and the definition of the dynamics corresponding to the law QSL

cf. (3.8), we obtain that

ECLH(T — Ts, K(T5)) > ESLHSD (T — Ts, K(T5)) — M{.  (427)

_C_
p191/2
The first term on the right-hand side of (4.27) equals QSL [Ts < T]. Choosing |
appropriately we can obtain the estimate

QUL Ts < T) < Co.

But, since C(§) is M7T5-measurable we obtain

RO 1C(6) = QL) [C0)] < QL[ Ts < T] < C&". (4.28)

Appendix A. The proof of Lemma 4.4

In what follows we shall denote by dA(M;) := [|k| = M '] U[|k| = M}] and by
S(My) the parabolic boundary of the region D(M;) := (0,T) x A(My), i.e., S(M)
is a union of Sy (M) := {t = 0} x A(My) and Sa(M;) := [0,T] x OA(M;). We
shall also denote by C,C4, ..., k, k1 > 0 various constants that do not depend on
M;.

Let ¥ be an arbitrary C*° class function, compactly supported in D(M;) and
such that vy(k) := (0, k) satisfies [|1o|| gmma) < ConMF™ for some constants
Cony km > 0. Also the coefficients of the operator £, see (2.5), are of C?"* class
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and their respective C™ norms are bounded by C,,, M f’" for appropriate constants
Cmskm >0, m=0,...,2n,.
Let u be the solution of the first initial-boundary value problem
Opu(t, k) — Lu(t,k) =0, (t,k) € D(M),
U(t,k) = w(tak)v (tak) € S(Ml)

Thanks to the maximum principle we conclude easily that

(A1)

< OMF
tg;g’;]”“( M2y < My

for some constants C, k > 0 independent of Mj.
Using the argument from pp. 354-356 of [1] we deduce that

max_u(t, ) Zacacainy / IVult, ) Zaacamy / et V2 s gy < CME

te[0,T)
for some C, k > 0. Let ug(¢, k) := u(t, k) and u; (¢, k) := Opui—1 (¢, k), i = 1,...,2n,.
These functions satisfy the first boundary value problems

6tul(t7k) - [’uz(tvk) = 07 (tvk) € D(M1)7
ui(0,k) = Lo (k), ke AM),
ui(t7k) =0, (t,k) S SQ(Ml)

Hence,

té%”}] (it )||L2(A(M1 /||Vu, )||L2(A(Ml))—|—/||ul M3 A(M))

< ;MY (A.2)

for some Cj,k; >0,i=0,...,2n,.
From the proof of the L? boundary a-priori estimates, see [1] pp. 308-326,
we conclude that for appropriate constants C, k > 0

ult, )l arzcay () < CME ([ult, )l rzcayan)) + 1Lut, ) L2ca, )

= OM{ (lult, M ez, () + llua(ts)llzca, ) < C'MY
The last inequality follows from (A.2) applied for ¢ = 1. Likewise,

ur(t, )l 12 4y aryy) < OMY (Jlua(t, ) p2eay ) + [ Lua(t, )||L2(A1(M1))) (A.3)

( N !’
= CMY (lua (t, )l 2as aany) + lua(ts )l L2 a,an))) < C/Ml :
From the a-priori estimate concerning higher Sobolev norms, see the proof of
Theorem 6.3.5 p. 323 of [1] to deduce the bound on the respective constant, we
obtain

”u(t7 ')||H4(A1(M1)) < C’1\4116 (H‘Cu(t7 ')||H2(A1(M1)) + ||u(t7 ')||L2(A1(M1)))

(A.3) ,
= OMY (Jlur(t, )l m2(as vy + lut, Mrzcaany) < C'MY
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We can extend this argument by induction to conclude that
k
[u(t, )l 2ne (ay(ar)) < CMy

for some constants C,k > 0. Using Sobolev’s embedding theorem, see Theorem
5.7.6 p. 270 of [1], we conclude that ||ullg3 < CM{ for some C,k > 0 and since
this function satisfies (A.1) we obtain that ||ul/; 3 < CMF for some C, k > 0.
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Long-Time Behaviour for the Brownian
Heat Kernel on a Compact Riemannian
Manifold and Bismut’s Integration-by-Parts
Formula

Rémi Léandre

Abstract. We give a probabilistic proof of the classical long-time behaviour of
the heat kernel on a compact manifold by using Bismut’s integration-by-parts
formula.

Mathematics Subject Classification (2000). 60HO7.

Keywords. Heat kernels.

1. Introduction

Let M be a compact connected Riemannian manifold and let A be the Laplace-
Beltrami operator on M. The heat semi-group associated to A has a heat kernel
pi(x,y) associated to the Riemannian probability measure du on M. Since dp is
the unique invariant probability measure associated to the heat semi-group, it is
well known that for all continuous functions f on M,

/ P 9) f (9)dp — / f(y)dp (11)
M M

when t — oo. This classical result is established by analytical techniques, that can
be improved in order to get the following theorem:

Main Theorem. When t — oo,

sup |p¢(z,y) — 1| — 0.
.y
Our goal is to provide a new proof of the main theorem by using the Malliavin
Calculus.
The Malliavin Calculus until now was only able to give short-time asymp-
totics of heat kernels. We refer to the surveys of Léandre [10, 13, 14], Kusuoka [9]
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and Watanabe [17] for the details. For asymptotics of semi-groups by using prob-
abilities, we refer to the book of Kolokoltsov [8]. The main novelty of this paper is
that we can get long-time asymptotics of heat kernels by Malliavin Calculus. For
that purpose, we use the intrinsic approach to the Malliavin Calculus of Bismut [2],
and the intrinsic integration-by-parts on the Brownian motion on the Riemannian
manifold of Bismut [2]. We refer to the works of Léandre [11, 12], Driver [3] and

Hsu [5] for developments.
exp[Cs]—1
% for s € [0775],

C > 0, instead of the function s — £ that was chosen by Bismut in [2].

The main trick is to choose the auxiliary function s —

2. Proof of the main theorem

Let us consider the Riemannian manifold endowed with the Levi-Civita connection.
We consider a Brownian motion issued from 0 in 7, (M) and the Eells-Elworthy-
Malliavin equation issued from z:

d’yt((E) = TtdBt

where 7; is the parallel transport on the solution path. Let e; : v(.) — 7:(z) be the
evaluation map. 7 appears as a section of (eyT(M))*®e;T (M) where T'(M) is the
tangent bundle of M. e; T (M), considered as a bundle on the path space inherits a
connection from the Levi-Civita connection on the manifold. Moreover, the parallel
transport is an isometry. Let H(s) be a finite energy, deterministic path, issued
from 0 in T, (M), and defined for 0 < s < ¢t. We consider Bismut’s tangent vector
field X (H(.)) = 7sH,. Since H is supposed to be deterministic [2, 3, 5, 11], we
have

E[< df (i(2)), X (H(.)) >]

— E[f(n())( / < d/dsH(s),6B, > +1/2 / < Sx (10 57:() >)

where S is the Ricci tensor and § denotes the Ito integral.

Let us recall that the law of v;(x) has a smooth density with respect to du
which coincides with py/o(2,y). In the sequel we will forget the factor 1/2 in the
previous formula and we will write 7 instead of v;(x). We have:

Lemma 2.1. When t — oo, gradlogp:(z,y) remains bounded in x and y.

Proof. According to [2], let us write g:(z) = grad, logp:(z,y). Conditionnally to
the fact that v, =y, dBs — 7. 1q—s(7s)ds is the differential of a Brownian motion
(see [2, 2.87]).
Let 05 -1
exp[Cs] —
Hils) = exp[Ct] — 1
for s <t where C > 0. H¢(0) = 0 and H(t) = 1, and H¢(s) is smaller than 1.
Let us consider a vector field X on M and let the vector X (X) on the path space
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between [0, t] be given by
Xo(X) = 7eHy(s)7, ' X (1)

Let e; be the canonical orthonormal basis of T, (M).
We have:

El< df (v), X () >] = E[f () /O < d/dsHy(s)r X (1), 6B, >]

t
BIL/2£() | < Sx.0,5 > |~ Bl < dlr X)X (i) >
0
But by the Arafeva-Bismut formula [1, 2, 12],

t
V(e = — / PV R(dye, Xa(Hy(Jer))rar !
0

where we consider the curvature tensor R of M and dvs denotes the Stratonovitch
integral. Moreover V x, (g, (.)e))X (7¢) is bounded.
Let E;"Y be the expectation when we condition by v; = y. We deduce that:

t
< grady Ingt((E, y)7 X(y) >= Etz’y[/ < d/dSHt(S)TtilX(y)a 5Bs >
0

+1/2/O < Sx.(x), 57 > Z<d (), X (Hy()es) >] — div X,

We remark that pi(x,y) = pi(y,z) and we get an analoguous expression for

grad, log p:(z, y).
Let us consider

a; = sup(|grad, log p;(z,y)[ + [grad, log pi(z, y)|)-
T,y

We remark that sup,.; fg |d/dsHy(s)|?ds < oo, sup,, fg Hy(s)?ds < oo and that

SUD;~q fo H(s)ds < oo (this fact is false if we replace, as Bismut did, H(s) by
s/t). We deduce from [2, 2.87] that, for ¢ > 1,

t—1 t—1
ar < C+ C’/ oy d/duH(u)du + C’/ oy Hy(u)du
0 0

t—1 t—1
<C+ C/ oy exp|Cu — t)]du + exp[—C1] / Oy du.
0 0

By remarking that exp[—C't] < exp[—Cu] if u <t and after putting ¢t — u = v, we
deduce that

t
ar < C + C’/ exp[—Cu]ay, du.
1

We deduce the result by using Gronwall’s lemma since floo exp[—Culdu < co. O
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Proof of the main theorem. pi(x,y)dy is a probability measure on compact M.
Therefore, there exists y; such that p(x,y:) < 1. Let ys be a path joining at time
1 y; to y: since M is supposed to be compact, we can suppose that its speed is
bounded. We have

|d/dspi(z, ys)| < Cawpi(z,ys) (2.1)
(2.1

Since «y is bounded when ¢t — oo, we deduce by Gronwall’s lemma from (2.1)
that sup,~ ., Pt(¥,y) < oo and therefore that grad,p:(z,y) and grad,p:(z,y) are
bounded in x,y when ¢ — oo. This shows that the family of functions (x,y) —
pe(x,y) is equicontinuous when ¢ — oo. The result follows by Ascoli’s theorem
and (1.1). O
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Probabilistic Deformation of Contact
Geometry, Diffusion Processes and Their
Quadratures

Paul Lescot and Jean-Claude Zambrini

Abstract. Classical contact geometry is an odd-dimensional analogue of sym-
plectic geometry. We show that a natural probabilistic deformation of contact
geometry, compatible with the very irregular trajectories of diffusion pro-
cesses, allows one to construct the stochastic version of a number of basic ge-
ometrical tools, like, for example, Liouville measure. Moreover, it provides an
unified framework to understand the origin of explicit relations (cf. “quadra-
ture”) between diffusion processes, useful in many fields. Various applications
are given, including one in stochastic finance.

Mathematics Subject Classification (2000). Primary 60J60; Secondary 53D10.

Keywords. Diffusion processes, contact geometry.

1. Introduction

In [12] (afterwards referred to as [Iso]) we have introduced a concept of “stochastic
quadrature” for one-dimensional processes that are solutions of stochastic differ-
ential equations (SDE):

dz(t) = Vhdw(t) + B(z(t),t)dt (1.1)
with respect to the increasing filtration P; of the Brownian process w(t). In

Eq. (1.1), % is a positive constant and the drift B is of the special form

B(g,t) = hagqlnﬁ(q,t) (1.2)

The present paper resulted from a visit of the first author at the GFMUL (Lisbon) within the
project POCTI/MAT/34924/2000. Both authors are grateful to the Ascona’s organizers for the
opportunity to present their results.
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for 77 a positive solution of

_ 9 A%~
%:—%g—quHoﬁ, tex, (1.3)
with ¥ a compact or semi-infinite interval of R.

The point of our construction of such stochastic quadratures was to provide
an unified framework explaining the origin of explicit relations between some fam-
ilies of diffusion processes, often very useful in computations but hard to guess a
priori.

A typical example of stochastic quadratures is Doob’s familiar relation be-
tween the Brownian and the Ornstein-Uhlenbeck process z(t) starting from :

2(t) = e Pt {x +w (% (2P — 1))} , (1.4)

0 being the multiplicative constant of the linear drift of z(¢).

Another motivation of [Iso] was more geometrical and aimed to answer a
question apparently unrelated with our first point: how could we construct a nat-
ural stochastic symplectic geometry? Indeed, elementary as it sounds, the basic
problem of the construction of a stochastic analogue of the classical Liouville mea-
sure, for example, does not seem to have found, as yet, a natural solution. This
could be at the origin of conceptual difficulties when trying to construct probability
measures for infinite-dimensional symplectic dynamical systems.

Our understanding of the above adjective “natural” stems from the origin
of the Brownian w(t) itself: the construction in question should use nothing more
than (the geometrical content of) Eq. (1.3) itself.

Our purpose here is to show that the method introduced in [Iso] is consider-
ably more general than we thought initially.

On the one hand, we can add perturbation potentials a and V' to Hy in the
parabolic equation (1.3):

o7 W% o7 N
o - 2og + G(Q)a—q + Vg, t)n (1.5)
= Hp,

and our method will provide for free a maximal class of such potentials allowing to
reduce the analysis of stochastic quadratures to the one of Eq. (1.3). However, let
us stress at once that the method advocated is in no way restricted to any special
class of Hamiltonians.

It will appear that the underlying geometry is, in fact, more general than
symplectic. It can be regarded as an h-deformation of the classical contact geom-
etry of elementary dynamical systems whose Hamiltonian is the “classical limit”
of H in Eq. (1.5).

Although this deformation is quite similar to the one expressing the transi-
tion from classical to quantum dynamics where A stands, of course, for Planck’s
constant (with the crucial difference that Schrodinger’s equation is replaced here
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by its “Fuclidean” or “imaginary time” parabolic counterpart (1.5), better suited
to a probabilistic analysis) our results are relevant to any field where one needs to
seriously compute with diffusion processes.

The organization of this paper is the following;:

§2 is a summary of the geometrical study of the classical Hamilton-Jacobi
equation and its relation with classical Hamiltonian and Lagrangian dynamics.
What we shall need, specifically, is the contact geometrical approach to the Hamil-
ton-Jacobi equation (HJ), which is not very familiar, even in mathematical physics.
Instead of presenting immediately its more elegant (but abstract) version in terms
of ideal of differential forms, due to E. Cartan, we recall how the more traditional
approaches are indeed founded on a special set of differential forms and how the
geometry of HJ can be expressed in terms of the Lie dragging of those forms along
its symmetries.

The Hamilton-Jacobi-Bellman equation (HJB) will be regarded here as a
deformation of its classical counterpart and §3 is devoted to the analysis of its ge-
ometrical content, in Cartan’s perspective. Theorem 3.1 describes the Lie dragging
of the deformed ideal of forms associated with HJB, in terms of the coefficients of
the infinitesimal symmetries of this PDE. It is the general result on the geometrical
content of HJB valid for any (regular) potential V.

Although the statement of Theorem 3.1 seems, a priori, to have no relations
whatsoever with stochastic analysis, one of the symmetries involved, as well as the
deformed basic invariance identity for the action functional, strongly suggest what
to do to find one, namely, in geometrical terms, a section of the base manifold of
independent variables of HJB within the jet space for this equation.

Theorem 3.3 describes the main results of the probabilistic interpretation on
the base integral submanifold of the jet space, in the perspective of our stochastic
quadratures of diffusions.

84 and §5 contain a list of explicit examples of quadratures resulting from the
general results of §3. Although such quadratures can be computed, in principle,
each time the determining equations (3.31) are solved, for any given V', a special
(but large!) class of examples is directly accessible using exclusively the geometry of
the free HIB equation (i.e., V=0). We mention a theorem of Rosencrans explaining
how to do this reduction and use it for some explicit class of diffusions. Those
readers familiar with the geometrical approach to the quantization problem will
recognize, in the special status of the associated class of potentials, the probabilistic
counterpart of the special status of the metaplectic representation in quantum
physics.

Our last explicit example is inspired by recent results of Patie and Alili in sto-
chastic finance [2, 13] and shows how they can be reinterpreted in our geometrical
perspective.



206 P. Lescot and J.-C. Zambrini

2. Elementary classical contact geometry

Since this theory cannot be regarded as common knowledge, we shall first sum-
marize the part of classical contact geometry relevant to the geometrical approach
to first order elementary dynamical systems. We shall limit ourselves to the one-
dimensional case g € R, only because our explicit examples will be in this class.
For much more about contact geometry, cf. [3, Chapter 5; 4, Chapter 10]. Let us
consider the Hamilton-Jacobi equation associated with an elementary mechanical
system of given C? class energy (or Hamiltonian) h(q, p,t), where ¢ and p denote,
respectively, the configuration (position) and momentum variables. Departing from
the tradition we will choose

08 08
4 = = 2.1
ot h (q, dq’ t) 0 21

for a real-valued function S(g,t). Introducing the function of five variables

f(Q7taSap7 E) =—-E+ h(qapv t)? (22)

we can regard Eq. (2.1) as the partial differential equation of first order

oS o0s

4,8, ———, = | =0. 2.3

r(ens-5. %) (2.3

The idea to define partial derivatives of the dependent variable of (2.1) as new
variables is called “prolongation”.

(Lie’s) characteristic equations for Eq. (2.3) are the following;:

. of . af
q= a_p’ = T OFE
_g_g_p%, p=9 g% (2.4)
S:f—pg—j;—Eg—é (2.5)
where - denotes the derivative - of the characteristics o(u) = (q(u),t(u), S(u),

p(u), E(u)),u € X, an interval of R.

Given the simplicity of Egs. (1.3) and (1.5), it will be sufficient to consider
elementary Hamiltonians h of the form

hap.1) = 57 + Vi1 (26)

so, using (2.2) the second equation of (2.4) implies that the parameter u can be
identified with ¢, and therefore - can be regarded as %.
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The relation (2.2) shows that the four remaining equations split into Hamilton
equations for h as in (2.6) and the (generalized) conservation of energy:

Oh oh ov
i=5,=P P 9 94 (2.7)
oh 0OV
ot ot (2:8)

Regarding (2.5), we obtain, using again (2.7):

P (o)
= —L(4,q.1), (2.9)

the right-hand side defining (minus) the Lagrangian L of such a mechanical system.
This means that, by integration along the characteristics, for v > ¢,

st - | " L) qr), T+ Sula) (2.10)

t
where a final condition S(g(v),v) = S, (¢y) has been introduced. (A final condition
and not an initial one as usual because we started, here, from Eq. (2.1) instead of
the usual Hamilton-Jacobi equation. Cf. [4] for a probabilistic interpretation.)

Our starting space R® of the variables (q,t, S, p, F) is called 1-jet and is often
denoted by J!. According to (2.3), our Hamilton-Jacobi equation corresponds to
the hypersurface e = {f = 0} in J!.

In symplectic geometry, the basic geometrical object is the Liouville 2-form
Q =dpAdg = dv where w = pdq, the Poincaré form. In the (“extended”)
cases where, like here, the conjugate variables (¢, —E) are also needed, one starts,
instead, from the Poincaré-Cartan form:

wpe = pdq — Edt. (2.11)

In contrast with the symplectic case, the basic geometric object of contact
geometry is the contact 1-form:

w = wpe + dS. (2.12)

For a given contact Hamiltonian f € C°°(J!), the associated contact vector
field is defined by Egs. (2.4)-(2.5):

af o af o af of
(f‘ Y or )as

I~ opoq OEOL OE

of  of of L 0f\ 0
(&ﬁ%)a*(m as)aE (2.13)

Notice that X; can be regarded as an (extended) Hamiltonian vector field
only when f does not depend on the variable S.
For f as in Egs. (2.2) and (2.6), in particular, we obtain
1 02 o oVo oV o
+V )] = + = ==-
2P dS  dq dp Ot OE

0 0
Xf— 8 +E+
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Using definitions (2.12) and (2.13) it is clear that for any f € C>°(J1),

wXp)=f (2.14)

so that any contact Hamiltonian f can be defined that way.

The Lie algebra of contact vector fields is in bijective correspondence with a
Lie algebra on C*°(J1), defined through the Lagrange (or Jacobi) bracket {.,.}1:

{f,9}L = w([Xy, X5))-

As suggested by (2.13), it is only when f and g do not depend on the variable
S that this bracket provides a Poisson structure (since, in general, it does not
satisfy the Leibniz rule).
A contact vector field X, for Eq. (2.3) is called an infinitesimal symmetry of
this equation if and only if
{f,n}r =0 one.

Let us come back to our elementary system defined by (2.2) and (2.6). If we
look for symmetry Hamiltonians n of the simple form

n(qvpv t, E) = X(qv t)p - T(t) E— ¢(Q7 t) (215)

for undetermined real valued coefficients X,T and ¢, one checks that they are
allowed, indeed, every time those coefficients solve the “determining” equations:

_,0X  0X 09
T=2 dq¢’ Ot g
(2.16)
O¢ . ov °)%
P v xZ e
ot v dq ot

Let us summarize the main classical results on Lie dragging along symmetries,
relevant to the probabilistic deformation of our elementary systems,

Lx, (wpe) = do.

We give here the proof of this first relation, as an illustration.
By (2.13), when f = n, we have

0 0X 8¢
%o = X tg oo (gt o)
OX . 96\ 0

+<E —TE- 8t>6E

0 0 0 0 0
= X9+ X' 4+ X5 — 4 XxP_— 4 XF
nag g Thngs T hngp T aE
where we have introduced a notation for the components of X,. So by defini-
tion (2.11), the properties of Lie derivative and the components of X,,,
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Lx, (pdg— Edt) = Lx, (p)dq+pLx,(dg)— Lx,(E)dt — ELx, (dt)
XPdg + pdX4 — XFdt — EdT
0X 1oJ0)
= ( 8q +8—q> dg + pdX(q,t)
0X 0¢ .
— (W —~TE — 6_> — ETdt
= d¢(q7 t)

Since Q = dwy,, it also follows that, formally, Lx, () = Lx,, (dwpe) = dLx, (W) =
dde, so

Lx, () =0.
Regarding the Lagrangian (2.9) of our system, we find, using (2.7) and (2.16),
9 09
LT === 2.1
Lx, (L) + 5 TP Pq (2.17)

As it is well known, the relation (2.17) is the basic invariance identity of
the variational calculus for the functional defined on the r.h.s. of (2.10). Indeed,

by (2.6), (2.7) and (2.9)
/wpc = /pdq—Edt

— /(pq'—h)dt: /Ldt.

Now we are going to generalize this whole geometrical picture of classical

dynamics to the case where the (smooth) characteristics are replaced by solutions
of SDE.

3. Probabilistic deformation of contact geometry

Let us come back to Eq. (1.5). For the moment, we shall consider the case a = 0.

We shall start from the same nonlinear change of variables (whose origin
dates back to E. Schrédinger, in the context of quantum mechanics, cf. [4]) as in
the free case V = 0 treated in [Isol:

S =—hinn, (3.1)

for 1 a positive solution of Eq. (1.5). Then S solves the following (Hamilton-Jacobi-

Bellman) equation:

a8 95\ ho*S
S VA 2

o aa) voamE o

interpreted here as a deformation of the classical PDE (2.1) for h as in (2.6).
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Let us define, in analogy with the classical case,

oS oS
B= 90’ E= 5 (3.3)
but with a few changes of signs (w.r.t (2.12)) due to the abovementioned Euclidean
counterpart. In order to distinguish the 1-jet of HJB from its classical counterpart
of §2, we denote by B the variable playing now the role of the classical momentum
p. The geometrical content of Eq. (3.2) for the deformed 1-jet J* = (q,t, S, B, F)
is contained in the vanishing of differential forms:

w = Bdq + Edt + ds, (3.4)

together with
Q = dw = dBdq + dEdt

where we drop the symbol A of exterior multiplication, for simplicity, and the
two-form [ defining Hamilton-Jacobi-Bellman equation itself, namely

1 h
8= <E+ §B2 — V) dqdt + §dBdt.

Let us recall that for given S, its “section” mapping lifts up the (g,t¢) base
manifold of independent variables into the 5-dimensional jet space J' according
to {q,t,5(q,1t), ‘g—g(% t), %—f(q, t)}. All the “sectioned”forms pull back to zero onto
the base 2-submanifold of .J!, which is called an integral submanifold.

Since df = (—dq + Bdt)dw, it belongs to the ideal I of forms generated by
w, ) and B. This one is therefore the smallest differential ideal containing w and
(6. E. Cartan has shown that, under these conditions, the geometric representation
of our PDE (3.2) can be completed (cf. [3, 10]).

Clearly, the ideal I contains the three fundamental ingredients we needed
for our contact geometrical approach to classical dynamics. On the basis of our
definition of Lagrangian, in the free case [Iso], and of the form of the Lagrangian
for such elementary systems in Euclidean approaches to Feynman’s ideas (cf. [4]),
we infer that the Lagrangian underlying I should be (we shall prove it later on)
the function of the independent variables B, g, t:

L(B,q,t) = %BQ +V(q,1). (3.5)

Let us denote by N a vector field on J! playing the role of a classical sym-
metry contact vector field X,,. In the context of our ideal I one should have:

Ly(I)C 1. (3.6)

Such a N has been called, sometimes, isovector [10] and the theory of those
in term of differential ideals is due, in essence, to E. Cartan [3].

Because of the linearity of Eq. (1.5), the Lie algebra G of these isovectors
contains an infinite-dimensional abelian ideal J, with canonical supplement Y.

In the free case V= a = 0, X has dimension 6 and possesses a natural basis,
each element of which corresponds to a symmetry of our system.
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As in this free case, the probabilistic interpretation of our results rests on the
fact that, on the integral 2-submanifold, the underlying continuous trajectories
will be of the form ¢ — z(t), solutions of stochastic differential equation (1.1).

It is well known that what plays, then, the role of the strong derivative
along smooth (or “classical”) paths is the infinitesimal generator of this diffusion
(“Bernstein”, cf. [4]) process:

~ 0 =0 h o

D=—+B—+—-—— 3.7
ot " P T 20 (3.7)
where B was defined in (1.2).
Let us write an isovector N as

0 0 0 0 0
- N9 t =~ s Y B Y E Y
N Naq+Nat+N 6S+N 8B+N EYoh

Then we have the

Theorem 3.1. Along each isovector N of N = {N egsit % = O} satisfying

(3.6) for the ideal I generated by (w, Y, 8) as defined before, and for the Lagrangian
L associated with it, given by (3.5), we have
(1) Ln(Bdg+ Edt) = —dN®
(2) Ln(Q)=0
dN?
(3

) Ln(L)+ L—— = —DN?* (3.8)

— 0 o) h 82

A word of caution is needed, before the (tedious, algebrico-geometrical) proof
of this theorem.

If it was not for the last term of (3.8), one could suspect that the following
proof has nothing to do with stochastic analysis. Note, however, that if we could
look at D in (3.8), as an operator whose first-order term in ¢ does not involve the
independent variable B € J! but the section B = B(q,t) = —%7 like in (3.7),
then the relation of Theorem 3.1 with stochastic analysis would be clear. We shall
show, in Theorem 3.3, that we are indeed allowed to do this and therefore to find a
probabilistic interpretation on the integral 2-submanifold. The traditional notation
~ for the sectioned geometrical objects is an anticipation of Theorem 3.3.

Proof. By definition £y (w) is sum of multiples (with “Lagrange multipliers”) of
w,dw and (. Necessarily, here, there is a function ¢ such that Ly (w) = gw. In
analogy with (2.14), and following [10], let us define Fy = w(N) = BN?+ EN' +
N and consider
ow—dFy = Ly(w)—dw(N))
= dw(N)
NPdg— N%B+ N"dt — N'dE.
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After substitution of (3.4), the identification of the coefficients of both sides pro-
vides ¢ = 2Ex | then

95
quaa_FN, tzaa_fN, Ns:FN_B%_ﬂv_E%_ﬂv
8FN 6FN 8FN 8FN
B _ E _ _
NP = -G +Bgg N ot B (3.9)

which should be compared with the components of the (real time!) classical contact
field (2.13) associated with a contact Hamiltonian Fy.

By hypothesis Ly (w) € I, so Ly(dw) = dLn(w) € dI C I. Therefore the
vector field N associated with Fi by (3.9) will be an isovector of I if and only if
Ln(B) € I. So there must be two 0-forms « and v and a 1-form e such that

Ly(B) =af + ew + vydw. (3.10)

As before, those Lagrange multipliers should be eliminated. Without loss of gen-
erality we can assume that £ has no dS term (cf. [10, p. 658]). So it reduces to

€ = pdq + Adt + pdB + vdE.

Explicitly, (3.10) means, after identification of the respective coefficients on both
sides,

q
—NE—BNB+N*'8—V+N v (V E——Bz)aN

N} I

oB 2 dq

&=
o +

ot g 2 dq
ON'  hONPB
H(veregm) G st
=a (V— E— %BQ> +AB — uE (3.11)
L) ON? 1 8NB
(V E-3 >as —5hg =X (3.12)
1y ON? 1 aNB
(V E - 3 >6E 2 B =-—vE -7 (3.13)
1_,\ ON¢ 18NB RONt 1
(V E- §B> 9B 3" om 2o - “ahmrE B
t
(E+ —B? - v) ON (3.15)
t
(E+ -B? — v)
t t
( ) hON =—pB—7 (3.16)
14

(3.17)
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1 ON?

Shag = (3.18)
1, ONt

~5hap =0. (3.19)

So we are left with conditions (3.11), (3.13) and (3.19). From (3.19) we get

ON'/OE = 0, i.e., (see (3.9)) G;gév = 0. Therefore, our contact Hamiltonian Fy is
affine in E:

Fy=a+TE,
where a and T may depend only upon (g,t¢, B, S). After substitution of this F’
in (3.10), using (3.16), (3.17) and (3.18) we can rewrite (3.13) as

1_,\ ON? hONB
(V_E_§B> OE 2 OE
1, ON? (

1
E+-B>-V

= ——h— B
h—— + 5 h

2" 0q 9B 2095
Introducing the expressions (3.9) of N9, Nt ... this reduces to
) oT oT oT

>6Nt 1. _ON!

— =h— —"hB

1
2(E+ =B — hB—.
( 3BV )98 ="y ~"Pas

2

By identification of the coeflicients of E, g—g = 0 and %—5 = Bg—:g. By computing
3% of the last relation, we get ‘g—g = 0. Finally,
T="Tn(t)

is true for any N € G.

Now the relations (3.9) can be rewritten in terms of coefficients a=a(q, ¢, S, B)
and T = T (t). Since N* = Tx(t), (3.15) implies g = 0 and (3.18) implies p = 0,
and (3.16) implies v = 0. Then (3.11) reduces to an identity involving the partial
derivatives of a and T . By elimination of A and « using (3.12) and (3.14) in this
identity, we can identify the coefficients of £? on both sides and get % =0, ie.,

a=XNB+h (3.20)

where Xy = N? and h can depend only upon (g, t,.S). This means that the contact
Hamiltonian Fy is also affine in B:

Fn=XNB+TNE + h. (321)
The identification of the coefficients of E provides
0X N oXnN -
2—— —2B——— —Tn =0.
dq as N

Since Xy cannot depend upon B, and T = Tn(t) only, 85(—5N =0, ie, Xy =
Xn(g,t). Moreover the last relation implies that

Xn(g,t) = %TN(t)q i),
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According to the definition of N¥ (cf. (3.9)) and of the contact Hamiltonian Fy
in (3.21), we have N = h(q,t,S). So, for any N € X, N¥ depends only on (q,).
It is immediate to check that if Ny, No € N, [Ny, N2](S) is a function of (g,t), so N
is indeed a Lie subalgebra of G.

We are now able to prove the claims of Theorem 3.1:

Ly(w) = qw
OFy
= sl
whence
Ly (dw) = 0.
Since, by (3.4), wpe = w — dS, this reduces to
Ly(Bdg+ Edt) = Ln(w)—d(Ln(9))
—dN®.

This proves (1). To prove (3), we need a more explicit version of N°. Coming back
to the reduced version of (3.11) providing (3.20), in the general setting where

N% = h(q,t,5),
and substituting there what we deduced from (3.9) for Fy of the form (3.21), i.e.,
1.
Ni=Xy= §TN(t)q + l(t)
Nt = TN(t)
N¥ =h(q,t,5) (3.9)
1. oh oh
NP = ——Tn(t)B— - + B—¢
v =5, T B35
1.. . . Oh oh
NE = (2T B—1TNE — — + E—
(2 Nq“) NE g T s

we obtain three equations corresponding to the identification of the coefficients of
B2, B and 1. Respectively,
9*h 1 0h

952~ 199 (3:22)
1. . Oh 0%h
givg+i+ 50 =haea (3.23)
oh ov 1, oV hd*h oh .
gt () 5 e - () v e
We can express the solution of Eq. (3.22) as
h(g,t,5) = hii(q, )" — d(g.1). (3:25)
Then (3.23) means
9 _ ETNqH'z OXn (3.26)

0q 2 ot ’
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therefore,
1. .
(g, t) = ZTNq2 +lg — o(t). (3.27)
After substitution of (3.25) in (3.24), we obtain an equation which splits into
on h% 9% _
on_ _nmom oy, 3.28
at 2o " (3.28)
and
lo. o - ov. 1. oV oV . B
—— —1 s+ ITn— + =ITng— +1—+ TNV — =Ty =0. 3.29
4TNq q+o+ Nat+2 Nq8q+ 8q+ N T (3.29)

To prove (3) recall that N € X implies N° = h does not depend on S, i.e., 7 = 0
in the relation (3.25) or

h=—¢(q,t). (3.30)
Now, for L as in (3.5), since L is a function, i.e., a O-form,
Ln(L) = N(L)
1
= N (532 + V(q,t))
ov ov
= BNP4+NI—— 4+ Nt —.
V8 T o

Introducing N, N N given by (3.9') and h = —¢(q,t) as in (3.27), using (3.29)
one verifies that

dTy  0¢ o9 hd*e
Ly(L)+ L o _6t+Baq+26q2_D¢‘

This is (3.8) for ¢ = —N¥. O

Remarks 3.2. 1) In the course of the proof of Theorem 3.1, we have introduced
new labels for the coefficients N9, N* and N (a-priori functions of all the
variables of J1), namely Xn(q,t), Tn(t) and —¢n(g,t). Our first reason for
this is to turn easier the comparison with the classical expressions (2.15)
and (2.16). The second one is to relate directly the formulation of our present
results with the ones of the stochastic Noether theorem, proved in [16] without
using the jet space J! and its 2-integral submanifold of independent variables
(g, t), where the probabilistic interpretation z; = ¢ will be valid. Denoting by
Fn the symmetry contact Hamiltonian associated with the isovector N € R,
it follows from (3.21), (3.30) and our calculations above that

FN = FN(Q7B7taE)
= Xn(q,t)B+Tn({t)E — dn(g,t).

This is the (Euclidean) deformation of the classical symmetry contact Hamil-
tonian denoted by n(q, p,t, F) in (2.15). To get a better notion of the deforma-
tion in question, let us recall that, in the context of the stochastic Noether
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theorem for such systems, we had found the following “determining” rela-
tions between the coefficients Xy, Ty and ¢n: (cf. [16], Lemma 3.5, in one
dimension)
Ty =222
N 9
0Xy  Odn
ot Bq
IPN ov ov
A =TNV +X Tn—.
8t+ oN N+Naq+Nat
By (3.9) here, the first relation is true. The second one was already checked
n (3.26). Now the derivative 3% of (3.29) coincides with the integrability
PN _ Pon

(3.31)

condition 5104 — Oqot in the relations above:
0’ XN 0Xn OV 0*V o*Vv
— —_— — = .32
o2 ¢ ¢ Nog o =Y (8:32)

after substitution of Xy = §TNq +1(t) and T' = Tn(t). So the determining
relations resulting from our analysis are the deformations of the classical
relations (2.16). Except for the change of signs of Euclidean origin, the only
deformation involves, in fact, the Laplacian of ¢y
The integrability condition (3.32) is useful computationally. For a given

V', it provides easily coefficients X and T allowed for symmetries.

2) If we did not know from the start that, behind the ideal I, there is the
parabolic equation (3.28), the above calculation would have proved it.

Let N be an isovector for Eq. (1.5). We consider here again the case a = 0.
By construction, e*, o € R, maps (q,t, S, B, E) to (¢a,ta, Sa, Ba, Es). Defining
Mo by
e RS = No(qasta)
it is known that 7, solves the same PDE as 7(g,?) (this is the definition of its

symmetry group). If we denote by eV : 7j + 7, the associated one-parameter
group, we obtain the following homomorphism of Lie algebras associated with the
section within J! mentioned in the introduction:

0 0 0 0 0
N=N?'—4+N -4+ N = 4+ NB— + NP —
ag N etV as TV aB TV aE
~ 0 0
N2 yed Ly .
— + BT + 9 nY (3.33)
where the last formula means that for each regular function f(q,t),
Mgty = N2 o0 dysg

ot 6 h
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Let us recall that, by definition, such a mapping preserves all the operations in
the less complicated Lie algebra defined on the integral submanifold. Our notation
~ is the same as the one used for sectioning differential forms in an ideal (cf. [3, 10]).
We will use it now to give the probabilistic interpretation of Theorem 3.1 on the
integral submanifold:

Theorem 3.3. Let z;,t € X, be a solution of the SDE (1.1) built in term of posi-
tive solutions of Fq. (1.5) with H = —%ZA + Vg, t) and for any regular V in the
Kato class (cf. [4, 6]). The probabilistic counterparts of the characteristic equa-
tions (2.7)~(2.9) for the associated classical system are given, in term of the gen-
erator (3.7), by

1) Dz= B
np _ oV

2) DB =9¢
"N _ OV

3 Dg_w

=E [ Bodz + Edr + ES,(Z,).

The invariance identity (3) of Theorem 3.1 can rewritten in terms of N1 = Xy
and Nt =Ty as

(7) XN%—{I’ +TN% + (BXN — ETN)S_]% +LTN = ﬁng

Proof. This theorem summarizes properties of diffusions (1.1) which have been
proved, along the years, without knowledge of their contact geometrical back-
ground (cf. [4, 16]). According to (3.1) and (3.3), we have

B(q,t) = hV Inij(q,t)
E(q,t) = hd; In7j(q,1)

for 7 a positive solution of the parabolic equation (1.5) (with a = 0). The relations
(1) to (4) result from direct computation with the generator D (cf. (3.7)) of z(¢).

Eq. (5) follows from (4) by the Itd-Dynkin formula, under integrability con-
ditions.

The geometrical definition (6) of the action S in term of the Poincaré-Cartan
form wp. of (3.4) needs to be clarified. If E; denotes the conditional expectation
EJ...|z(t)], we have

Et/ Dpe = Et/ Bodz(t) + Edr,
t t
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where o denotes the (Fisk) Stratonovich integral in the sense of Ité [11],

= hE, /tv (Vinn(zr,7) odz(7) + 07 In 1j(2(t), 7)dT)

— hE, /tv d(In 7j(2(1), 7))

= hE; Inn(z(v),v) — hin 7(z(t),t)
= 5(z(t),t) — B:S(2(v)).
Regarding (7), observe that, using (3.7) and the determining equations (3.29),

DXy — BTy = % _EaX_N’
dq dq

and so (7) reduces indeed to (3.8). O

As classically, the invariance identity (7) can be regarded as a basic formula
of a (stochastic) calculus of variations. Such a calculus already exists, cf. [6], and
allows to obtain directly some of the abovementioned results (but without the
geometrical insight).

4. Perturbation of the free case and examples

As indicated in the introduction, Theorem 3.1 and Theorem 3.3 are true for any
regular potential V' (in the Kato class). As soon as Eq. (3.31) can be solved, an
isovector N (and therefore N) is determined and can be used to relate explicitly so-
lutions of heat equations, i.e., for us, to obtain a quadrature of diffusion processes.
But there is a special class of potentials V', in Theorem 3.1 and Theorem 3.3,
for which all such computations can be done explicitly without using more than
the isovectors of the free heat equation (a = V = 0). This important class plays
the role, in our probabilistic framework, of the quadratic class associated with the
metaplectic representation in quantum theory (cf., for instance, [7]). Let us start
from a positive solution 7, of the free equation, such that

1x(q,0) = x(q) > 0.

The above observation can be expressed via the following result of Rosencrans:

Theorem 4.1 ([1 ]) If we denote, for a given N as in (3.33), (eaﬁnx)(q,t) by
on (g, t, « ~(q,0,a) by nN(q,a), then n™N solves

) and p
N
{ %__Nt 0)%238;72 —N‘I(q,O)h%Lq—NS(q,O)WN

x(q)-

So, choosing an isovector N of the free equation such that N%(q,0) = —%(aq +),
Nt(q,0) = —1 and N°(q,0) = —(cq® + dq + f), for a,b,c,d, f real constants, then
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(denoting again the parameter by t):

N 2 a2 N N
o = — 1 % 4 (aq + b) % + (cq® + dg + fn™

1" (¢,0) = x(q).
Let us consider some examples in this quadratic class:

Linear potential V(q) = Aq, A€ R
This is the case a =b=c= f =0, d = X of Theorem 4.1. Then

_1 *_2t3_)\t t2
niv(qat):e ﬁ(G q)nx (q_)‘iat>

solves Eq. (4.1) if n, solves the free equation. The drift By of the diffusion
zy (t) associated with this perturbation is, by (1.2),

~ 0
~ +2
= )\t+B(q—)\5,t>,

for B the drift coming from the free equation. The relation between the two
families of diffusions is, as expected, the deterministic translation:

2v(t) = 2(t) + )\g.

2) Quadratic and first order linear perturbations

This is the case a = (h, b = 0, ¢ = %62, d=0,f= —%ﬁ in Theo-
rem 4.1, corresponding to (a one-dimensional version of) A(q) = (¢ and
Vig) = %ﬁ2q2 — %ﬁ in [11, p. 71]. It was shown there that the relevant

parabolic equation is hag—:v = Hn" with

h2 A\?

H = —— S—
. (v h) v
h2

and that the associated drift is of the form

~ 0
By (q,t) = ha—q In 0y (q,t) — A(q).

Using the relation between ’f]iv and the free solution:

1
g (q,t) = ny (eﬁtfb %(62‘” -~ 1)> :

the relation between drifts becomes

By(q,t) = ¢"'B (emq, %(ewt - 1)) — Bq.
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After time integration we get
1
2y (t) = e Pt [c(w) +z (—(ezﬂt - 1))] ,
20
where ¢(w) is an arbitrary random constant.

The simplest illustration is to start from x = 1. Then 7, = 1 and z(¢) is
the Wiener vhw(t) itself, whose drift B = 0. Then By = —f¢, so zy solves

dzy (t) = —Bzv (t)dt + Vhdw(t).

This means that such a perturbation contains Doob’s relation (1.4) as a very
special case.

Let us stress again that it would be a mistake to understand Theorem 3.1

and Theorem 3.3 as meaning that stochastic quadratures of diffusion processes are
available only when the perturbations are quadratic polynomials.

Consider for example:

3) V(q) = %, a € R

5.

q
It is easy to verify that the integrability condition (3.32) is satisfied by the

following pairs of coefficients (X, Tn):

Xn=0 Ty =0

Xny=0 T =1
1
XN:§(L Tn =t

Xy = —qt, Tn = —t% (4.2)

The associated coefficients ¢ follow easily from (3.31). Using the notation of
[Iso] (cf. [3, p. 190]) the list (4.2) corresponds, respectively, to the isovectors
N3, N1, Ny and Ng. There are no other symmetries for this V. But we can
still express the diffusion zy (¢) in terms of some (here four) of the isovectors
of the free, 6-dimensional Lie algebra X of §3. So, at the expense of reducing
the dimension of N, many stochastic quadratures are available beyond the
quadratic class of potentials involved in Theorem 4.1.

A transformation of diffusions relevant to first crossing
problems and mathematical finance

As mentioned in the introduction, our approach allows us, for example, to recover
and extend explicit results established by Patie [13] and Alili-Patie [2] with a view
to the computation of some option prices. Here we set a = V' = 0 in the above

gen

eral geometrical structure. Still, this application is not trivial: it requires the
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use of two of the free isovectors computed in [Iso], namely

0 0 0 1o}

No = 25 +ag, —2E55 —Byg
0 1o} 0 1o} 0
_ 27 e 2 Y . _ .
Ng = 2t 6t+2qt6q+(ht ) 5g — (20B +AE + h)= +2(g — tB) 5.

For @ > 0 and 8 € R, let us set u = —In(«) and A = —af, and define:

Ry = etVig=3Ns,

of o ¢
Rq 5 is a differential operator on the space C*(M) = C*(R?) of smooth functions
of (t,q,S, E, B), and it maps the subspace of smooth functions of (¢, q) into itself.

We extended R, s to (C>(R%))? by setting:
Y(f,9) € C*(R*)*  Rap(f,9) = (Ra,s(f); Ra,5(9))-

It follows from case 2) of [Iso], p.201, that, for cach f € C®(R2), e~ 2o (f) = g is
given by

_ t q
9(t,q) _f(1+>\t’ 1+/\t>'

Also, e*N* maps ¢ to h, where
h(t,q) = g (e*'t,e"q)

(cf. case 1) of [12], p. 201). Therefore R, g = eNig=2No maps f to h, where
h(t,q) = g(e*tetq)
_ g e2nt etq
1+ Xe2#t” 1+ Ne2vt
1 1
(it i)
1—afht'1—aft

t q
e o ta):

i.e.,
Rap(f)(t:q) = f (¢a,5(t) Ya,p(t,q))
where
/) = t
@a,ﬁ( )dff Oé(Oé —ﬂt)
and
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Proposition 5.1. Let z(-) denote a Bernstein diffusion solving (1.1) and let us
define z,8 by

20,8(¢a,8(t)) = Va,p(t, 2(1)).
Then zo 5 = S8 (2), where $(#) : C(R*,R) — C([0, T],R), with T = —(a3)~*
for B < 0 and +o00 otherwise, is Patie’s transformation in [13, p. 49].

Proof. Let us set tq,3 = @a,a(t), then to g = m, whence

Gt
1 t = 1
+abtas + a— [t
_ «
T a-—ft
and
Zap(ta,8) = Za,p(Pa,p(t))

Ya,8(t, 2(1))
= (a—=pt)""2(t)
= a1+ afteps)z(t)
1 Ozztavg
= o 1+ aftag)z <71 n aﬂta’g) .
Now by definition ([13, p. 49)),

SO (w)(r) = - Tw . (1 f:m) :

SO
Zap(tas) = SO (2)(tap), i€ 2ap =S (2). O

Corollary 5.2. When a = 1,2, 53 = S¥)(z2), where S¥) = SB) s defined as in [2],

§2. In particular, for B <0 and 1, = x = 1,2(t) = Vh w(t), as in Er. 2) §4 and
215t =Vh wgy’o_gil(t), a Brownian bridge.

Proof. When oo =1, p = 0 we have Ry g = e 26 and Za,3(T7) = (14+07)2 (ﬁ)

= SW(2)(7) by [2], §1 p. 226. Since Ry 5 = e~3No = ¢5Ns the statement about
the Brownian Bridge follows from [Iso] p. 201 (setting o = —f3). O

From the structure of the Lie algebra H it follows:
Theorem 5.3. For all a >0, o/ >0, 8 and 3, one has:
Ra’,,@’ o) Ra,ﬁ = Ra”,,@”

where

o' = ad
def

and 5
8" =ap + o

def
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Proof. From [Ny4, Ng] = 2Ns (see [Iso]) it follows that
NgNy = (Ny — 21)Ng,
whence, by an easy induction over m,
Ym €N NgN4™ = (N4 — 21)™ Ng,
whence
Ng etNa = =21 gtNa g
Now another easy induction yields:

Vn € N N etNe = gm2nm gnlNa N

whence )
! —
e~ T No oiNa [ — onlNa o= ™" No,

It follows that
Ro g oRaps = e*'Ni o~ No onNa =3 No
— eM,N4 eHN4 67/\7/ e 2" Ng e*%NG
elt”N4 e—%”NG
where
p'o= pA
= —In(a)—In(a’)
—In(a”)
and
M= Ne 4\
_ (—a’ﬁ’) eQIna _ Oéﬁ
= —ad (aﬁ’ + ﬁ/)

o
_ —O/Iﬁ”.
Therefore
Ra’,ﬁ’ o) Rawg = Ra”,,@’”'
Corollary 5.4. One has
glaB) o gla’s8") — g(a”.8")
Proof. By definition,
@a“,ﬂ“ (t) = Ra“,ﬂ“ (t)
Ror g/ (Ra (1))
= Rap(Pa,s(t))
= ‘P(x,ﬂ(wa’,ﬂ’(t))
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and
Qba//’ﬁu (t7 q) = RQII’BH (q)
= Ro p/(Ras(q))
= Ra’,ﬂ’(¢a,ﬂ(t7Q))
= %/Jaﬂ(spa'ﬁ'(t ) ¢a’,,8’(t7Q))
as well as
S (@) (par g (1) = a8, 2(D))
= Yap (Parp(t), Yar pr(E, 2(1)))
= Yap(Pa s (t), SO0 () (parp (1))
= S@A(S(2))[pa,s(pars (1))]
- (S(a,ﬂ) ° S(a/ﬁ,))(z)kpa”,ﬂ“ )],
whence
S8 () = (8P o 580 (),
ie.,
S(a,ﬂ) o S(a',ﬂ') _ S(aa',aﬂ,+§)7
i.e., Patie’s formula ([13, p. 60]), modulo correction of a misprint. O

Remark 5.5. The above formula can also be obtained in an elementary fashion:
(57 0 8@ M@ () = (SIS w)(r)
1 ' g 2
_ +aﬁT(S(a”8)(w))( a~T )

« 1+ af7
1+a'8 o’r 0/2 o’r
_ 1+ O[ﬂT 1+alT w 14+alBT
a o 1+ o/ B 257

1+ O/IBHT 0//27'
= o' w 1+a'8'r
= (8" W) ().

Corollary 5.6 (]2]). S satisfies the semigroup property.

Proof. One applies Corollary 5.4 with @ = o/ = 1; in this case, o/ = 1 and
3" = 3+ ' whence:

§B+8) — gB) 5 g(B) O
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6. Conclusion

The method used here is considerably more general than our present results.

Of course, it still holds if we start from the n-dimensional heat equation
instead of Eq. (1.3). All the results of Theorem 3.1 and 3.3, §3 are preserved. In fact,
the method is the same when the underlying stochastic processes (and therefore
operator Hy of Eq. (1.3)) are more general than diffusions. In particular, the
method can be adapted to the class of diffusion processes with jumps introduced
in [14].

Finally, let us observe that the analogy alluded to, in the introduction, be-
tween our stochastic deformation and the quantization of elementary dynamical
systems, is not superficial. For example, the stochastic Noether theorem associ-
ated with the isovectors N provides, after coming back from Eq. (3.28) to the
Schrédinger equation, quantum first integrals in the L? sense. Even in the free
one-dimensional case, this list of constants is strictly larger than the one known
by traditional means in quantum mechanics (cf. [4] and [1]).

Part of the stochastic deformation strategy illustrated here could also be
relevant to a more general one, inspired by ideas of dynamical systems [5].
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Approximation of Stochastic Differential
Equations Driven by Fractional Brownian
Motion

Hannelore Lisei and Anna Sods

Abstract. The aim of this paper is to approximate the solution of a stochastic
differential equation driven by fractional Brownian motion (with Hurst index
greater than 1) using a series expansion for the noise. We prove that the

2

solution of the approximating equations converge in probability to the solution
of the given equation. We illustrate the approximation through an example

from mathematical finance.
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1. Introduction

We consider the following stochastic differential equation driven by fractional

Brownian motion (B(t)) - with Hurst index H € (1,1):
tefo,1

X() :Xo—|—/F(X(s),s)ds—|—/G(X(s),s)dB(s)7 t > to,

where the stochastic integral is defined in terms of fractional integration as in-
vestigated by M. Zahle [13], [15]. We assume that a.s. F € C(R" x [0,7]

G € CYR" x [0,T],R"), and for each t € [0,T] the functions F(-,t), ——>

0G(-,t
% are locally Lipschitz.
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We approximate the fractional Brownian motion (B(t)) 0] by using the
te[o,1

series expansion given in [4]. Let J, be the Bessel function of first type of order
v and let 1 < x93 < ... be the positive, real zeros of J_g, while y1 < y2 < ...
are the positive, real zeros of Ji_p. We consider (X,,)nen and (Y,)nen to be two
independent sequences of centered Gaussian random variables such that for each
n € N we have

26%1
Y2 T2 1 (yn)’

2
2cy;

VarX, = ——5"—,
x%HJ%—H(xn)

VarY,, =

sin(mH)
7r
t

Xn(t) = Xo+ /F(XN(S),S)dS + /G(XN(S),s)dBN(s)7 for each N € N, (1.2)
0 0

where ¢%; = I'(1 + 2H). We approximate equation (1.1) through

where

al sin(z,t) al 1 — cos(ynt)
By (t) = Z T”Xn + Z Tann, te€ 0,1, N e N.

n=1 n n=1
We will show that the equation (1.2) has a local solution, which converges in
probability to the solution of (1.1) in the interval, where the solutions exist. We
illustrate the approximation through the model for the price of risky assets from
mathematical finance. The figures are generated by a Matlab program.
Investigations concerning stochastic differential equations driven by a frac-
tional Brownian motion or more general fractional process have been done by L.
Coutin and L. Decreusefond [2], F. Klingenhéfer and M. Zéhle [7], M. Zahle [14, 15],
M. Errami and F. Russo [5], and many others. These studies were motivated by
the problems occurring in mathematical finance, telecommunication networks, bi-
ology, hydrology etc. The main difficulty raised by the fractional Brownian motion
and the processes related to it, is that they are not Markovian, even more, they
are not semimartingales. Hence a new approach to stochastic fractional calculus
was developed. There exist several ways to define the stochastic integral, pathwise
and related techniques, Dirichlet forms, anticipating techniques using Malliavin
calculus and Skorohod integration (e.g., [1, 3, 10, 13]). In this paper we use the
approach of M. Zahle [13], based on the ideas of Lebesgue-Stieltjes integrals and
fractional calculus [11].

2. Series expansion for a fractional Brownian motion

For v #£ —1,—2,... the Bessel function J, of the first type of order v is defined
on the region {z € C: |argz| < 7} as the absolutely convergent sum

RS (1) 2y vk
Tu(2) TR+ )T+ k+1) (5) '
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It is known that for v > —1 the function J, has a countable number of real, positive
simple zeros (see [12, Chapter 15]). We fix now H € (0,1). Let #1 < 22 < ... be
the positive, real zeros of J_g and let y; < y2 < ... be the positive, real zeros of
Ji_m.

0.6

0.4

FIGURE 1. Bessel functions: J_g (with *), Ji_pg (with =" ), H = 0.65.

Let (X,)nen and (Yy)nen be two independent sequences of independent
Gaussian random variables such that for each n € N we have

B(X,) = E(Y,) = 0

and
2¢% 2c%
Var X, ST (o) VarY, ST ()
where
H
2 = ) o
v
In [4, Theorem 4.5] it is proved that the random process (B (t)) - given by
telo,

B(t):zbl”n +Z —eoslnlly,te o,

n=1

is well defined and both series converge absolutely and uniformly in ¢ € [0, 1]. The
process B is a fractional Brownian motion with Hurst index H.
For each N € N we define the process

N
Bu(t) = 5 2l sin@nt) o Z —cosnl)y e 0,1, (2.1)

n=1
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a) H = 0.65 b) H = 0.90

FIGURE 2. Approximation By of fractional Brownian motion.

then using the above-mentioned result from [4] we have

P( lim sup |B(t)— Bn(t)|=0)=1. (2.2)

N—oote0,1)
Since the functions involved in (2.1) have bounded derivatives, it is easy to
prove the following result:

Theorem 2.1. For all N € N the approzimating processes (Bn (t))ie[0,1] are with
probability 1 Lipschitz continuous.

3. Fractional integrals and derivatives

Let a,b € R, a <band f,g: R — R. We use notions and results about fractional
calculus, from [11] and [13]:

flat) = lim f(a+0), f(b-):= lim f(b—9).

far(2) = Liap) (f(2) = fat)),  go—(2) = Liap) (9(z) — g(b—)).
For f € Li(a,b) and o > 0 the left- and right-sided fractional Rieman-Liouville
integral of f of order « on (a,b) is given for a.e. z by
187 (@) = / (2 1) F )
a+ - F(a) y y y7

a

b
i @) = S [ =

x
Note that (—1)* = ™
For p > 1 let I, (Ly(a,b)), be the class of functions f which have the rep-
resentation f = I$ ®, where ® € L,(a,b), and let I}* (Ly(a,b)) be the class
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of functions g which have the representation g = Ij* ¢, where ¢ € Ly(a,b). If
0 < a < 1, then the function @, respectively ¢, in the representations above agree
a.s. with the left-sided and respectively right-sided fractional derivative of order
a (in the Weyl representation)

®(z) = D1 f0) = 7 | /f L8y ) 1@
and
1)° /
ola) = Digle) = s | 1 / P00y ) 1)

The convergence at the singularity y =  holds in the L,-sense. For completeness
we denote

Dy, f(@) = f(x), Dy_g() = g(x), Dy f(z) = f'(z), Dy_g(2) = ¢’ ().

Let 0 < a < 1. The fractional integral of f with respect to g is defined as
b b
/f(ﬂf)dg(ff) = (—1)"/D3+fa+(ff)D§:“9bf(ff)dff + flat+)(g9(b=) — g(a+t))

if far € Ig (Lp(a, b)), go— € I,”%(Lg(a,b)) for £ + 1 <1.

In our investigations we will take p = ¢ =2. If 0 < a < %, then the above
integral can be written as

b
/ f(2)dg(z) = / D2, f(2) D} gy (2)da (3.1)

if f € 12, (Lo(a,b)), fla+) exists, go— € L= (La(a,b)) (see [13]).
Without loss of generality we consider 0 < T' < 1, because for arbitrary
T > 0 we can rescale the time variable using the H-self similar property of the

fractional Brownian motion meaning that (B (ct)) and (cH B (t)) are equal
>0 >0

in distribution for every ¢ > 0.

We consider a > 1—H. By_ € I}.-*(L(0,T)) is fulfilled, since the fractional
Brownian motion B is a.s. Hélder continuous with exponent v € (0, H) (see [3]).
Observe that By r— € I1n-%(L2(0,T)) (for each n € N), which follows from the
Lipschitz continuity property (see Theorem 2.1).
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Let G € 1§, (L2(0,T)) such that G(0+) exists. It follows by (3.1) that we
have the following stochastic integrals,

/G YdB(u /DO+ u)Dy*Br_ (u)du
and
T T
/ G(u)dBy(u) = (—1)* / D&, G(u)Dy By r—(u)du
0 0

4. Stochastic differential equations driven by fractional Brownian
motion

Let (B (t)) be a fractional Brownian motion with Hurst parameter H such that
>0
H > % We investigate stochastic differential equations of the form

dX(1) = F(X(b),0)dt+ G(X (L), )dB(), (4.1)
X(to) = Xo,

where tg € (0,T], Xo is a random vector in R™ and the random functions F' and
G satisfy with probability 1 the following conditions:

(C1) Fe C(R™ x [0,T],R"),G € C*(R" x [0,T],R™);
(C2) for each t € [0, 7] the functions F(-,t), GC;EU; t), 6G8(; t)
for each i € {1,...,n}.

We consider the pathwise auxiliary partial differential equation on R™ x R x [0, T,

are locally Lipschitz

0K
g(yazat) G(K(yvzvt)at)v (42)
K(Yo,Zo,t0) = Xo,

where Yj is an arbitrary random vector in R™ and Zy an arbitrary random variable
in R. From the theory of differential equations it follows that with probability 1
there exists a local solution K € C'(R™ x R x [0,T],R™) in a neighborhood V of
(Yo, Zo, to) with partial derivatives being Lipschitz in the variable y and

OK?
det (—.(y7 z,t)> # 0.
oy 1<i,j<n
We have for (z,y,t) € V

2 n
O w.t) = Z

m‘q

y7 Z? t)’ t)GJ (K(y7 Z’ t)’ t)'
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We also consider the pathwise differential equation (in matrix representation) on
[0, 71,

Ay (t) = (%—[;(Y(t),B(t),t)>_ [F(K(Y(t),B(t),t),t) . 5{’9_[;

Y (to) = Yo, (4.3)

(Y (1), Bt).1)] dt.

which has a unique local solution on a maximal interval (t§,¢2) C [0,7] with
to € (t},t2) (see Theorem 6.1 from Appendix).

We apply the stochastic It6 formula (see [15, Theorem 5.10]) to the random
function Q(z,t) = K(Y (1), z,t) and the fractional Brownian motion B, we obtain

K(Y (1), B(t),t) = K(Y (to), B(to), to)

:Z/a—K,(Y(s),B(s),s)de(s)+/68—K(Y(8)a3(5)75)d3(5)

= oy’ z
0K
W(Y(s)B(s),s)ds
:/F(K(Y(s),B(s),s),s)ds+/G(K(Y(s)7B(s),s),s)dB(s).

Therefore, X (t) := K (Y (¢), B(t),t) satisfies
t

X(t)=Xo+/F(X(s),s)ds+/G(X(s),s)dB(s).

to

Instead of the process (B (t)) o we consider its approximations (B N (t)) o
te[0,1 t€[0,1
given in (2.1). For each N € N we consider the pathwise differential equation (in

matrix representation)

avul) = (G n(0.Bx@.0) [0, Bx(0.0.0
O (o), B (1) 1)
Yn(to) = Yo, (4.4)

which has a unique local solution Yy on a maximal interval (t1,t2) C (t3,t3)
of existence which contains ¢y (see Theorem 6.2 from Appendix). Applying the
stochastic It6 formula, to the random function Q(z,t) = K(Yn(t),z,t) and the
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process By we obtain

K(Yn(t), Bn(t),t) — K(Yn(to), Bn(to),to)

:;Z%(YN(S)7BN(8)7S)dY]%(S)+Z%_[Z((YN(S)’BN(S)’S)(ZBN(S)

+ %—T(YN(S%BN(S)’S)‘{S

to
t

:/F(K(YN(S),BN(S),S),S)CZS+/G(K(YN(S),BN(S),S),s)dBN(s).
Therefore, Xy (t) := K(Yn(t), By (t),t) satisfies
XN(t) :X()+/F(XN(S)7S)dS+/G(XN(S)7S)dBN(S), te (t17t2).

By Theorem 6.2 it follows that we have the following pathwise property:
lim sup ||Yn(t) =Y (¢)] =0.

N—=00 ety 1)
Then the continuity properties of K and (2.2) imply that for a.e. w € € it holds
lim sup || Xn(t) —X ()| =0.

N—=00te(t,ts)
By this we have proved that having the solutions and the approximations of the
pathwise differential equation, we can obtain the solutions and approximations of
the given stochastic differential equation.

Now we prove that having the solution X for the stochastic equation (4.1),
we can construct the solution Y of the pathwise differential equation (4.3). This
argument assures the uniqueness of the local solution of (4.1), since (4.3) has a
unique global solution.

Let K be the solution of (4.2). It is known that in a neighborhood V of
(Yo, Zo, to) the solution is invertible, i.e.

(y,2,t) € V+— (K(y, 2,t), z,t) has an inverse .
We denote by L the mapping which satisfies

L(K(y,z,t),2,t) =y and K(L(z,2,t),2,t) = x.
On the neighborhood V' we have the matrix equality

oL 0K -t
%(a:,z,t) = (a—y(L(a:,z,t),z,t)) (4.5)
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and by using (4.2) we get

oL "\ 0L ;
-, (@2,1) = —; 57 (@2 )G (3, )
and
oL " 9L IK*
E(xvzvt) - = %(‘razat)W(L(xvzvt)azat)'

i=1
Applying the stochastic It6 formula to the function L(z, z,t) and the R™*!-valued
process (X (t), B(t)) we obtain

L(X(t), B(t),t) — L(X(to), B(to), o)

— 2/%()((3),3(5),5)&1‘(5)+/2—§(X(s),3(s),s)d3(s)
+ [ G20 BGs) s

" r oL oK'
_Z/a (X(s), B(5), 1) %5 (L(X(5), B(s), ), B(s), 5)ds.

But X (s) = K(L(X(s), B(s),s), B(s),s) and (4.5) holds, therefore
Y(t) == L(X(t), B(t), )

is a local solution of the pathwise equation (4.3). Analogously we can prove that
Yn(t) := L(Xn(t), BN(t),t) is a local solution of the pathwise equation (4.4). By
this, we get the main result of our paper.

Theorem 4.1. Let B be a fractional Brownian motion approzimated through the
processes By as given in (2.1) and (2.2). Let F,G : R™ x [0,T] — R™ be random
functions satisfying with probability 1 the conditions (C1) and (C2). Let to € (0,T]
be fixed. Then, each of the stochastic equations

t

X(t) :Xo+/F(X(s),s)ds+/G(X(s),s)dB(s),

to

Xy () :XO+/F(XN(5),5)d8+/G(XN(S)7s)dBN(5), N eN,
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admits almost surely a unique local solution on a common interval (t1,ts) (which is
independent of N and contains ty). Moreover, we have the following approximation
result:

P(lim sup || Xn(t)—X()]=0)=1.

N—=00 4 (ty,t2)

5. Application

We consider the one-dimensional stochastic linear equation from finance mathe-
matics, modeling the price S of a stock,

t t

S(t) = So + /,u(s)S(s)ds + /U(S)S(s)dB(s),

0 0

where (B(t)) 011 is a fractional Brownian motion with Hurst index H > %, I
tefo,T

is the interest rate and o the dispersion function.
It is known (see [7, p. 1022]) that this equation has the following unique
solution:

t

S(t) = Sopexp /u(u)du + /o(u)dB(u) for all t € [0, T7.
0 0

By the methods of the above section we approximate B through the processes By,
via (2.1) and (2.2) and consider

t t

Sn(t) = Soexp /ﬂ(u)du + /U(u)dBN(u) for all t € [0, 7.
0 0

Using Theorem 4.1 it follows that

P( lim sup |Sn(t)—S(t)]=0)=1.
N—00¢e(0,7]

In the special case when p and o are constants, we have that the price of a
stock is

S(t) = SpetttoBW)
and we can simulate it by computer using

Sn(t) = SperttoBy®)

as given in Figure 3.
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26

0.8
0

FIGURE 3. Approximated solution Sy (we took H = 0.9).

6. Appendix

We prove the existence of the local solution of a deterministic equation with locally
Lipschitz function (in the version we need in our paper). We adapt the ideas from
the proof of Theorem 1.4 in [9]. We give the proof here in order to make the proof
of Theorem 6.2 more understandable.

In what follows || - || denotes the norm in R™.

Theorem 6.1. Let A : R™ x [0,00) — R™ be such that for each u € R™ the function
A(u, -) is continuous and for any ¢, T > 0 we have

[A(z, 1) — Ay, )| < L(c, T)||lz -y

for all x,y € R™ with ||z|]| < ¢, ||y|| < ¢ and t € [0,T), where L(c,T) > 0 is the
locally Lipschitz constant. We consider the equation

Ut) = Uy +/A(U(s),s)ds, (6.1)

where Uy € R™ and tg > 0 fized. Then equation (6.1) has a local solution, i.e.,
there exists a maximal interval (t1,t2) € [0,00) containing to and a function U :
R™ X (t1,t2) — R™ such that (6.1) is satisfied for each t € (t1,t2).

Proof. For any T > 0 let M(7) = I[BlaX | [IA(0,t)]|. We consider
tel0, 7+

" 2||Uol|L(2([Uoll, to + 1) + M (to)
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We define the mapping A : C([tg — d,t9 + 0], R™) — C([to — I, to + ], R™),
t
(AUY(E) 1= U + /A(U(s), s)ds, t € [to—d,t0+ 0.
to

We prove that A maps the ball B(0, R) of radius R = 2||Uy|| centered at 0 of the
space C([to—0, to+9], R™) into itself. For U € B(0, R) and for each ¢ € [to—§, to+7]
we have the estimates

[A@)OI < Vol + /IIA(U(S%S)—A(O,S)HHIA(O,S)II)dS
< Ul + (L(R, to + 1) R + M (to))[t — to| < 2[|Uol| = R

Therefore, AU € B(0, R). It is easy to verify that for each U,V € B(0, R) and each
t € [to — d,to + 0] we have

[AU) () — AV)DI < L(R,to+ Dt —to]  sup  |[U@E) = V(@)
te[to—é,to-‘r&]
For each N € N we denote
AN = Ao 0 A.
—_—
N times

From the definition of A it then follows for each N € N and each ¢ € [tg — 4, tg + ]
that

N
L(R,to + 1)|t — to|
o0 - A < L0 - ) ww-vol
. te[to—é,to-‘r&]

Hence

N
. . (L(R, to + 1)5)
sup  JAT(U) (&) —AT(V)(#)]| < i sup  [[U(H) =V (#)]].
te[to—é,to-‘r&] . te[to—é,to-‘r&]

N
(L(R, to + 1)5)
N!

the contraction principle it follows that .4 has a unique fixed point in B(0, R).

We have proved that there exists a solution U defined on the interval [tg —
d, to+ 0] satisfying (6.1). This solution can be extended to the interval [to —0*, o+
0*] (6* > ¢), where on [tg— 0, to+ J] we have the above solution U and for t > to+4
we use the above method to find a local solution for

< 1. By a well-known extension of

For N large enough we have

U(t) = Ulto + 8) + / A(U(s), 5)ds,
to+d
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and also for t < tg — § we use the above method to find a local solution for
¢
Ut)=U(to—96) + / A(U(s), s)ds.
to—5
Moreover, 6* depends only on 6, ||U(to + 9)||, ||U(to — 9)||, M (to + 9), M (to — J).

Hence, there exists a maximal interval (¢1,t2) containing to for the existence of
the local solution U. O

Theorem 6.2. Let A : R"™1 x [0,T] — R™ be such that for each (z,u) € R"*! the
function A(x,u,-) is continuous and we have

[A(z,u,t) = Ay, v, t)|| < L(e) ([l — yl[ + [u —v])

for all z,y € R™ with ||z|| < ¢, |lyll < ¢, |u] < ¢, |v] < ¢ and each t € [0,T], where
L(c) > 0 is the locally Lipschitz constant. Let Uy € R™ and to € (0,T] fized.
Assume that (vy)nen s a sequence from C[0,T] which converges uniformly to
v e C[0,T), i.e.,

lim sup |on(t) —v(t)] = 0.
N—ootelo,1]

We consider the equations

t

Un(t) = Up + /A(UN(S),UN(S),s)ds, NeN (6.2)
and
Ut) = U + / A(U(s), 0(s), 5)ds. (6.3)

The equations (6.2) and (6.3) have local solutions, i.e., there exists a mazimal
interval (t1,t2) C [0, (which does not depend on N ) containing to and functions
Un,U : R™ x (t1,t2) — R"™ such that (6.2) and (6.3) are satisfied for each t €
(t1,t2). Moreover,

lim  sup ||Un(t) — U@ = 0.

N=00 te(ty,t2)
Proof. For any 7 > 0 let M = n%a)qg] ||A(0,0,t)||. Since (vn)nNeN converges uni-
telo,
formly to v in C[0, T, it follows that there exists m > 0 such that

sup |on(t)|+ sup |v(t)] <m for each V € N.
te[0,T] te[0,T]

We consider

6= min{l,

m
(IUoll + 2m)L(|[Uo]| + m) + M

7t07T_t0}-
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We define the mapping Fu : C([to — 0, to + 0], R™) — C([to — 9, to + ], R™)
t
(FNY)(#) = Up+ / A(Y (s),0x (), 8)ds, ¢ € [to— 6, to + ).
to

We prove that Fn maps the ball B(0, R) of radius R = ||Up|| + m centered at
0 of the space C([tg — d,tp + ¢],R™) into itself. For Y € B(0,R) and for each
t € [to — 0, %0 + d] we have the estimates

[FNY)OI < (Ul + /IIA(Y(S),UN(S%S)—A(070,8)II+IIA(070,S)II)dS
< Ul + (L(R)(R 4 m) + M) |t — to| < ||Uo]| +m = R.

Therefore, FxY € B(0, R). It is easy to verify that for each Y,Z € B(0, R) and
each t € [tg — 0,0 + d] we have

IFn(Y)(#) = FN(Z2) (@) < L(R)[t — to] s 1Y (t) = Z(0)]]-

Using the contraction principle exactly as in the proof of Theorem 6.1, it follows
that Fy has a unique fixed point in B(0, R), which is defined on [ty — §,t0 + 9]
This fixed point is the local solution Ux of (6.2). We observe that this interval
of existence of the local solution Uy does not depend on N, and Uyx € B(0, R)
for each NV € N. Exactly in the same way we can prove that on the same interval
[to—0,to+0] there exists a solution U € B(0, R) satisfying (6.3). Let (t1,t2) C (0,T]
be the maximal interval (which does not depend on N) containing ¢y such that (6.2)
and (6.3) are satisfied for each ¢ € (¢1,t2) and there exists R > 0 (independent of
N) such that Uy, U € B(0, R). Then for large N we have

U~ -U@] < /IIA(UN(S)va(S)vs)—A(U(S),U(S)vs)\lds

< /L(R)(IIUN(S)—U(S)II + lluw(s) = v(s)l)ds| .

to

By the Gronwall lemma we get

sup |Un(t) =U@)| < sup [on(t) —v(t)|e R0,
tE(tl,tz) te(tl’tz)
Therefore,
lim sup ||Un(t) —U(t)| =0. O

N—=00 4 (ty,t2)
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Critical Exponents for Semilinear PDEs with
Bounded Potentials

José Alfredo Lépez-Mimbela and Nicolas Privault

Abstract. Using heat kernel estimates obtained in [18] and the Feynman-
Kac formula, we investigate finite-time blow-up and stability of semilinear
partial differential equations of the form %(m) = Awe(x) — V(x)we(z) +
v ()G (we(z)), wo(x) > 0, z € RY, where v and G are positive measurable
functions subject to certain growth conditions, and V' is a positive bounded
potential. We recover the results of [19] and [14] by probabilistic arguments
and in the quadratic decay case V(z) ~+o00 a(1 + |z|*)™!, @ > 0, we find two
critical exponents By (a), 5*(a) with 0 < B.(a) < 8*(a) < 2/d, such that any
nontrivial positive solution blows up in finite time if 0 < 8 < B4 (a), whereas
if 8*(a) < B, then nontrivial positive global solutions may exist.

Mathematics Subject Classification (2000). 60H30, 35K55, 35K57, 35B35.

Keywords. Semilinear partial differential equations, Feynman-Kac represen-
tation, critical exponent, finite time blow-up, global solution.

1. Introduction

Consider a semilinear Cauchy problem of the form

8Ut
ot
where > 0 is constant, ¢ > 0 is bounded and measurable, and A is the generator
of a strong Markov process in R?. Tt is well known that, for any non-trivial initial
value ¢, there exists a number T,, € (0,00] such that (1.1) has a unique mild
solution v which is bounded on [0,7] x R? for any 0 < T < T,, and if T, < oo,
then |lut(-)||oc — o0 as ¢t T T,,. When T, = oo, the function u is called a global
solution of (1.1), and when T, < oo, one says that u blows up in finite time or
that u is nonglobal.
The blow-up behaviors of semilinear equations of the above type have been
intensely studied mainly in the analytic literature; see [1, 3, 7, 12, 13] for surveys.

(z) = Aug(z) + ut1+ﬂ(a:), uo(z) = (), z e R, (1.1)
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In the case of the fractional power A = —(—A)O‘/2 of the Laplacian, 0 < o < 2,
it has been proved that, for d < o/, any nontrivial positive solution of (1.1) is
nonglobal, whereas if d > «/3, then the solution of (1.1) is global provided the
initial value satisfies p < yG& for some r > 0 and some sufficiently small constant
v > 0, where G&, r > 0, are the transition densities of the stable motion with
generator —(—A)*/? see [2, 4, 10, 11, 15].

Critical exponents for blow-up of the semilinear equation

ou

L (1) = Aug(a) — V@) + (@), wole) = ple), z R, (12)
where ¢ > 0 and V is a bounded potential, have been studied in [14, 18, 19], where
it is proved that if d > 3 and

0<V(x) <

a
——, zeRY 1.3
STeEp (13)

for some a > 0 and b € [2,00), then b > 2 implies finite time blow-up of (1.2) for
all 0 < B < 2/d, whereas if b = 2, then there exists 5, (a) < 2/d such that blow-up
occurs if 0 < B < Bi(a). It is also proved that if

Viz) >

d

for some ¢ > 0 and 0 < b < 2, then (1.2) admits a global solution for all 8 > 0
and all non-negative initial values satisfying ¢(x) < ¢/(1+ |z|?) for a sufficiently
small constant ¢ > 0 and all o obeying o > b/f.

In this note we give conditions for finite-time blow-up and for existence of
nontrivial global solutions of the semilinear problem

aut

ot
where V', ¢ are as above, and v, G are positive measurable functions subject
to certain growth conditions. Using heat kernel estimates obtained in [18] and
the Feynman-Kac representation of (1.5) we prove that, for dimensions d > 3,
condition (1.3) with b > 2 entails finite time blow-up of any nontrivial positive
solution of (1.5) provided

(z) = Aug(z) = V(@)us(x) + v (2)G(ue (), wo(z) = @(z), =R (1.5)

G(z) > k2P, 2>0 and w(z) > 7,‘<1Bf1/2 (z), (x,t) e RI xRy,

where £ > 0 and (3, ¢ are positive constants satisfying 0 < 8 < 2(1 + ¢)/d. (Here
and in the sequel, B, (z) denotes the open ball of radius r centered at x).

We also prove that Eq. (1.5) admits nontrivial global solutions if (1.4) holds
with b < 2 and vy(2)G(2) < Kt¢2'HP ¢ >0, z > 0, for some positive constants &,
¢ and .

As to the critical value b = 2, we investigate Equation (1.2) with a potential
satisfying either (1.3) or (1.4), and with more general nonlinearities. We prove that,
in dimensions d > 3, there exist critical exponents (. (a), 5*(a), both decreasing



Critical Exponents for Semilinear PDEs with Bounded Potentials 245

in a > 0, given by

2(1 -4
0 < fu(a) s= 2LEE) A0 ;f)m =

. 21+) 20+9)
< B%(a) = d+min(1,a(d + 4)~2/64) STa

where ¢ > 0 is independent of a, and such that

a) if0<V(z) < ﬁ, then (1.2) blows up in finite time provided 0 < § <
Be(a); .
b) if V(z) > T ep then (1.2) admits a global solution for all 5 > 8*(a).
x

We remark that the blow-up behavior of (1.2) with potentials of the class we
are considering here remains unknown when f,(a) < 8 < *(a), but notice that
in the (unbounded) case V(x) = alz|~2, it can be deduced from [1], [8] and [5]
that (1.2) admits a unique critical exponent §(a) < 2/d, given by

2
bla) = 14+d/2+4 Ja+ (d—2)2/4

Namely, if V(z) = a|z|~2, then no global nontrivial solution of (1.2) exists if

0 < B(a), whereas global solutions exist if 5(a) < . However, the approaches of

the papers quoted above are specially suitable for the potential V(x) = a|z|~2 and

do not apply to our potentials, which are bounded on R? in the subcritical case.
In the case of the one-dimensional equation

%(x) = —(=2)*uy(x) = V(@)us(x) + £t Glug(x)),  uo(z) = p(z), =R,

(1.6)
where G(z) satisfies a suitable growth condition with respect to z'*%, we show
that, for every a € (1,2] and ¢ > 0, any nontrivial solution of (1.6) blows up in
finite time whenever 0 < f < 1+ «af and V : R — R, is integrable. The same
happens when 3 = 1+ a( and the L'-norm of V is sufficiently small. We were not
able to investigate here the blow-up properties of (1.6) in the general case d > 1.
From the perspective of our present methods, such investigation requires to derive
sharp heat kernel estimates for the operator A, — V, which is a topic of current
research.

Let us remark that the heat kernel bounds from [18] play a major role in
our arguments. In Section 2 we briefly recall such estimates, and derive some
other ones that we will need in the sequel. These estimates are used to obtain
semigroup bounds in Section 3. In Section 4 we investigate finite time blow-up of
solutions using the Feynman-Kac approach developed in [2] (see also [9]). Section 5
is devoted to proving results on existence of global solutions.

We end this section by introducing some notation and basic facts we shall
need.
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Let A, = —(—A)?*/2 denote the fractional power of the d-dimensional Lapla-
cian, 0 < o < 2. We write (S§")¢>0 for the semigroup generated by A, — V, ie.,

Ste) = [ et @) = fi)

where f; denotes the solution of

%(x) = Aufi(z) = V() fe(x), fo(z) = (),

and p¢(z,y), t > 0, are the transition densities of the Markov process in R? having
A, — V as its generator. Recall that from the Feynman-Kac formula we have

i) = Gre ) [o (- [vorpas) e =]

where (W¢)ser, is a symmetric a-stable motion, and G§¢, ¢ > 0 are the corre-

sponding a-stable transition densities. In case @ = 2 we will omit the index a and

write
1 _l=? d
Gt(x)—We i, relR 5 t>0,

for the standard Gaussian kernel, and

pi(z,y) = Gi(x — y)Ex [exp (— /Ot V(W,) ds) ‘Wt - y} . >0,

where (W )scr, is a Brownian motion.

2. Heat kernel bounds of A — V
Recall that from Theorem 1.1 in [18] we have:
Theorem 2.1. Letd >3, b> 0, a > 0, and assume that

V(z) z € R4,

> a
= 1+|l’|b’

There exist constants cy,ca,c3 > 0, and a1(a) > 0, such that for all z,y € RY and
t > 0 there holds

1/2 1-b/2 1/2 1-b/2
tets o (o (etn) s ()

“ ( )z‘fb <2,
pe(2,y) <9 caGyles(z — y)) max (1t41r/|i| : 1) nax (1tJ1r/|Z| ' 1)

ifb=2,

caGi(cs(r —y)) ifo>2.

We also recall the following estimates, cf. Theorem 1.2 in [18].
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Theorem 2.2. Let d > 3 and assume that, for some b >0 and a > 0,

a
0<V(z)< ——— RY. 21
<V(x) < 15 2]’ T € (2.1)

There exist constants c4,c5,c6 > 0, and ag(a) > 0, such that for all t > 0 and
x,y € R? there holds

cee 2t Gy(ea(z —y))  ifb< 2,

pi(r,y) = § cot 2 WGilea(w —y)) ifb=2,

c6Gi(ca(z — y)) if b> 2.
Remark 2.3. Notice that from Proposition 2.1 of [17] we have
a1(a) = min(1, a(d + 4)"2/64), a>0.

Moreover, from the arguments in [18], pp. 391-392, it follows that as = ca for
some ¢ > 0 independent of a.

Let B, C R¢ denote the open ball of radius » > 0, centered at the origin.
Notice that, under (2.1), Lemma 4.5 and Lemma 5.1 of [18] imply the more precise
statement: for t > 1 and z,y € R?,

coe2051 t1/2(x)13 L2 (W), if 0<b<2,
ay

ajt
pt(x7y) > 4/2
cgt—2(@)—d/ 1Ba2t1/2 (m)lBaztlﬂ (y), if b=2,

where c¢5, cg, a1, a2 are positive constants and as(a) = ca is a linear function of a.

We complete the above results with the following estimate, which yields an
extension of Theorem 2.2 to the case a € (1, 2], though only in dimension d = 1.

Theorem 2.4. Let d =1 and o € (1,2], and assume that V() is integrable on R.
Then, for all z,y € R,

l-1/a
pi(z,y) > e @ Gy (z — y)lBtua (‘r)lB,;/a (y), t>0,
where C > 0 is a constant.

Proof. Using (1.7) and Jensen’s inequality we have

P (e, y) > G — y)exp (—Ex [ / VW) ds|wi - yD |
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From the scaling property of stable densities we obtain, for y € B,1/» and x €
Btl/a,

G (z —x)Gi (2 —y)
Gy — )
_sTHet—s)TVGR (s (2 — 2))GR((E — 5) " (2 — )

FURGT( Ty 7))
s—Vea(t — )1/
t—1/a ’

< C,

0<s<t,

for some C,, > 0. Hence

E, UotV(W;*)ds‘Wf = y} = /R/Of V(s Gl Z:;()jﬁ_xgz =Y 4z ds

t —1l/a(y _ \—1/a
< CQ/V(z)dz/ > (t=s) ds
R 0

t—1/a

1
= C’atlfl/a/V(z) dz/ sTVe(1 —s)7 Vs, (2.2)
R 0

3. Semigroup bounds

In this section we establish some bounds for the semigroup (S;):cr, of generator
A — V. The following proposition will be used in the proof of Theorem 5.2.

Proposition 3.1. Let aj,as3,0 >0 and 0 < b < 2, and assume that

al a2 d
Viz) > ——— d 0< < , € R%.
() = R < p(z) < 5o x

i) If b < 2, then for all e € (0,1) we have

1S:plo0 < et o/, t>0,

for some c. > 0.
ii) If b =2, then for all € € (0,1) there exists cc > 0 such that

15:0]lo0 < Cst—(l—a)al(al)—dﬂ’ t>0,

provided o > d.
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Proof. 1) If b < 2, applying Theorem 2.1 we obtain
Sip(y)

- / o(@)pr(, y)de
Rd

f1/2 1-b/2
< e /IR" o(z) exp (—cl (m> > Gi(cs(x —y))dx
4172 1-b/2

< — _ G —y))d
< C2eXP< C1 <1+t(15)/2> >/{|ac§t(1—€)/b} o(2)Gi(c3(r —y))dx

+co / o(2)Gi(es(x — y))dz,

{lz|>t(==)/v}
hence

(/2 1-b/2 s
Suply) < azexp | —ar (m) =

ii) Let now b =2 and € € (0,1). From Theorem 2.1 we know that
Srp(y)

1/2 —ai(a1) 11/2 —ai(a1)
< cz/go(x)max (rlxl,l> max (mJ) Gi(cs(z —y))dx
41/2 (a1)
< —1 G —y))d
<of o e@m(fm) G-
41/2 —aa(a1)
—1 G —y))d
v [ etema () eala —y))da
41/2 ai1(a1)
< [ () Gt
v [ @Gl - y)ds
{lz[>t=/2}
< e 9me [ )Gyl - y)s
{lzl<te/2}
c2 7(1/2/
+—7st p(x)dx
(4m)?/2 {lz>t=/2)
€2 —(1—5)a1(a1)/2—d/2/ —(o—d)e/2—d/2
< t p(x)dx + crt .
(4m)d/2 {lzl<t</2}

Hence for some ¢, > 0 we have
St(P(y) < Cgt_(l_a)al(al)/Q_d/z, ye Rd, t> 17
provided (1 — €)ai(a1) < (o — d)e. O
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The following lemma will be used in the proof of Theorem 4.1.

Lemma 3.2. Let d > 3, b > 2, and let p : R — R, be bounded and measurable.
Assume that
a

o<V < .
V@) < p

Then, for all t > 1 and y € R? we have
Suply) = cot™™ =1, , (v) /B ple) dr,
1/2

where ag =0 if b > 2, and az(a) = ca for some ¢ > 0 when b= 2.

Proof. Let y € Bji/2. Due to Theorem 2.2 and self-similarity of Gaussian densities
we have

Sil) = [ el@mlay)de

> ot —2(@) / 0(x)Gy(ca(z — y)) da
$1/2
> cptm2(9) d/z/ )G (cat V2 (x — ) da
fl/z
>

ot 20~ d/2/

The next lemma, which will be needed in the proof of Theorem 4.1 below,
provides lower bounds on certain balls for the distributions of the bridges of the
Markov process (X¢)¢cr, generated by A —V.

f1/2

O

Lemma 3.3. Assume that d > 3 and let (Xt)teRJr denote the Markov process with
generator A — V. If for some b > 2,

a

0 V(@) <

e R?,

then there exists cg > 0 such that for allt > 2,y € B2, x € By and s € [1,t/2],
Po(Xs € Baje | Xy = y) > cst 2220,
where az(a) =0 when b > 2 and as(a) = ca when b= 2.

Proof. Since V(x) > 0, the Feynman-Kac formula (1.7) yields p:(z, y) < Gi(y—x),
t >0, z,y € R% An application of Theorem 2.2 and of the Markov property of
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(XS)SER_{_ gives
P.(Xs € Base | Xi =)
. / Pios(y, 2)ps(2,2)
B.1/2 pt(y’ l‘)

1 Gis(caly — 2))Gs(ca(z — @)
C%SO‘Z(“)(t — S)az(a) /351/2 Gt(C4(y - l’)) dz

2 Cgt72a2 (a)

b

where we used Lemma 2.2 of [2] to obtain the last inequality. O

We conclude this section with the following lemma, which will be used in the
proof of Theorem 5.2.

Lemma 3.4. Let d >3 and V(z) > 0, z € R, Assume that

V(x)

L _a
T 14|z

holds for all |z| greater than some ro > 0, where a > 0 and 0 < b < 2. There exists
v > 0 such that for all bounded measurable D C R?,

Silp(z) < ept~ Yz eRY, (3.1)
for all sufficiently large t, where cp does not depend on x and t.

Proof. By Theorem 2.1 we have

wa) < s (<o ((555) +(557) )

for certain constants c1,co,c3,¢4 > 0. Condition (3.1) is obviously fulfilled for
any positive v if b = 0, hence let us assume that 0 < b < 2. For any bounded
measurable D C R? we have, provided ¢ > ||D||? := sup,¢p [|yl|*,

Silp(z) < C2/Gt(Cs(ﬂf—y))eic(”‘t”‘b) dy
D
ca

— d
(drt) 72 /D Y

< CDt*(lJrW)7

with = (d — 2)/2 > 0. O

4. Explosion in subcritical dimensions

Recall that if ug, vy respectively solve

%@) = Auy(y) + G(y)uly),

81115

E(y) = Av(y) + &(y)ve(y),
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with ug > vg and (¢ > & for all t > 0, then uy > vg, t > 0. In particular, if ¢ >0
is bounded and measurable, and if u; is a subsolution of

ow

5 W) = dwi() +rw Py), wo =, (4.1)
where k, 3 > 0, then any solution of

61)t

- W) = Do) + sl (Wvey), v =g,

remains a subsolution of (4.1).

Theorem 4.1. Letd > 3,b>2, 3> 0 and a > 0, and assume that

a
0<V(r) < —— e R%
Let G : Ry — Ry be such that
G
Gz) > k2P, z >0, (4.2)
z

for some k> 0. Let v: Ry x R — R, be a measurable function satisfying
Ut(m) > tclBt1/2 (l’)
for some ( > 0. Consider the semilinear equation
Oug(x)
ot

where ¢ > 0 is bounded and measurable.
a) Ifb>2 and

= Aug(z) = V(@)ue(x) + ve(2)Gue(@)),  uo(z) = p(x), xeR?, (4.3)

then any nontrivial positive solution of (4.3) blows up in finite time.
b) Ifb=2 and

0< B < Bula) = 1;;3;/2;0 _ 2(1;_0’

where 2ac < 14 ¢ and ¢ > 0 is given in Remark 2.3, then any nontrivial
positive solution of (4.3) blows up in finite time.

Proof. Let g; denote the mild solution of

) = Bga) = Vo) + @) L g 0), - gn(o) = ),

where f; = Syp satisfies

0

It 0) = M)~ V@) L), fole) = ola)
By the Feynman-Kac formula (1.7) we have

g:(y) = /Rd o(@)pe(x,y) By {exp/o vs(Xs)% ds
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Let as(a) = 0if b > 2, and as(a) = ca if b = 2. Then, for y € B,1,2, and for
certain positive constants K1, Ko, K3, we have by Lemma 3.2 that

gt(y)
> [ et s, [expm [ ey

X :y} dx

vV

t/2
90 pt z y z eXP/ K25<_dﬂ/2_ﬂa2(a)1381/2 (Xs) ds
1

X :yl dx

vV

R4

t/2
/ o(z)pe(z, y) exp <K3t 20‘2(“)/ §¢—dB/2=Baz(a) ds) dx
d 1

where we used Lemma 3.3 to obtain the fourth inequality. The above argument
shows that g eventually grows to +oco uniformly on the unit ball By provided

¢—dp/2 — (B+2)az(a) > —1.

This condition is satisfied for all 0 < § < 2(1 4 ¢)/d if b > 2, and for all 0 <
0 < B«(a) if b = 2. Since g is subsolution of (4.3), the comparison result recalled
at the beginning of this section shows that the solution u; of (4.3) also grows to
+00 uniformly on B;. A well-known argument [6] involving Condition (4.2) then
shows blow-up of (4.3). For the sake of completeness we include this argument
here. Given tg > 1, let @y = usyt, and K(tg) = infrep, ut, (). The mild solution
of (4.3) is given by

t/2
/ o(z)pe(z, y) exp <K2/ §¢—aB/2=Bea(a)p (Xs € Ba2| X =) ds) dx
1
p

v
=

v

o(@)pi(, y)dz exp ( K, 1$—d8/2— (ﬁ+2)az(a)+1)

d

=

i) = | o+ [ [ pe@)ien )G W) dyds.

Thus, for all ¢ € (1,2] and z € By we get from Theorem 2.2:

()

vV

t
/ pe(@, 9)io(y) dy + / o / P, y) 8P (y) dy ds
B1 0 B1

t
> K(to) | Gilca(r —y))dy + "‘WG/ ¢ [ Gioslea(z —y))a, "’ (y) dy ds.
0 By

By

Since ¢ := ¢; Y min,ep, mingepy 91 Po (W € Be,) > 0, we have

t
min i (z) > ek (to) + 5606/ 58 (min @s(z)) 7 ds.
0

rEBy rEBy
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It remains to choose tg > 0 sufficiently large so that the blow-up time of the
equation
t
v(t) = Ecs K (to) + KkEcs / sCu P (s) ds
0
is smaller than 2. O

The following result gives an explosion criterion which is actually valid for
any « € (1,2] and d = 1; its proof uses Theorem 2.4 instead of Theorem 2.2 and
Lemma 3.3. Here the potential V need not be bounded.

Theorem 4.2. Let o € (1,2], 8 > 0 and assume that V : R — R, is integrable.
Then the solution of
8Ut
ot
blows up in finite time whenever 0 < B < 14+ «a(. If B = 1+ a(, the same happens
provided fR V(z) dz is sufficiently small.

(#) = =(=2)"?uy(z) = V(w)uy(x) + stuy P (2),  wolw) = p(x), weR,

Proof. Let g; denote the mild solution of

%(ﬁ) = _(—A)a/2gt(3:) —V(z)gi(x) + ﬁtcftﬁ(m)gt(x), go(z) = p(z), = €R,

where f; = Py satisfies

Uy =~ (AR, folw) = o),

and (P;)ier, is the a-stable semigroup. The Feynman-Kac formula and Jensen’s
inequality yield

91(y) =
[ et —we (2] [ (-vovn o asn?) aswi =] ) a

where, for any ¢ > 1,

B[ [ (Rotwe) asfy =]

t
> ook, |:/ 5—5/0+C1{B 1/a}(Wsa)’Wta = yil
1 s
t
> 02/ P (W& € Boja | WS = y)sPlotCds
1
t
> 05/ 6B/
1

_ ‘s 1-B/a+¢ .
= 2t —1);
T7¢—plal )
here we applied Lemma 2.2 of [2]. The last inequality together with (2.2) renders

— 1-1/a 5 (41+¢—p/a_
guly) = O IV At v,
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hence by the same steps as in the proof of Theorem 4.1 (comparison result for
PDEs and blow-up argument of [6]), finite time explosion occurs if 8 < 1+ a(, or
if =14 a¢ and [, V(z)dz is sufficiently small. O

Since 0 < V(x) < (1 + |2[*)7!, # € R, and 1 < b < 2 imply integrability
of V(z) on R, Theorem 4.2 yields a partial extension of Theorem 4.1 to the case
0<a<?2

5. Existence of global solutions

We have the following non-explosion result, which is a generalization of Theorem
4.1 in [9].
Theorem 5.1. Consider the semilinear equation
8wt
ot
where ¢ € R, ¢ is bounded and measurable, and G : Ry — Ry is a measurable
function satisfying

(2) = Awe(z) = V(@)we(z) + G we(x),  wo(z) = p(x), z R, (5.1)

0< @ <M\P, 2 €(0,0), (5.2)

for some A\, B,¢ > 0. Assume that ¢ > 0 is such that

3 [ S el dr <1
0

and
oo 1/8
lell e (128 [~ lisigliar) 5:3)
Then Equation (5.1) admits a global solution ui(x) that satisfies
S
0 < w(z) < () zeRY, t>0.

75"
(1=28 Jy relIS el Sedr)

Proof. This is an adaptation of the proof of Theorem 3 in [16], see also [9]. Recall
that the mild solution of (5.1) is given by

w(@) = Sip(z) + / S, Glur(z)) dr- (5.4)

0
Setting

t -1/p
s = (1-38 [ Islar) L =0
0
it follows that B(0) =1 and

d

t -1-1/8
GE0 =M% (123 [ Isiollar) = xElsielB )
0
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hence ,
B(t)=1+ )\/ || Srp|| 2 B P (1) dr.
0
Let (t,7) — v;(z) be a continuous function such that v;(-) € Co(R?), ¢ > 0, and
Srp(z) < wv(x) < B(t)Sep(x), t>0, z e R (5.5)
Let now

R(v)(t,z) = Syp(z) + / S G (v () dr.

0
Since vr(z) < B(r)||Sr¢lleo, 7 > 0, we have from (5.5), (5.3) and (5.2) that

Seplx) + / ", <®v> (z) dr

0 Ur

R(v)(t, z)

t

Sup() + A / P (B))? |Srpll 81 v () dr

IA

IN

t
Sip() +A/ r B ()| |3 St—r (Srip(x)) dr
0

= Sip(x) (1 + A/OtrcllsrsollfoBHB(T) d?") :
where the last inequality follows from (5.5). Hence
Sip(@) < R()(t, ) < B(t)Sip(z),  ¢>0, z €R™
Let
ud(z) = Spp(x), and ul™(z) = R(u™)(t,x), ncN.
Then u?(z) < u}(x), t > 0, x € R Since S; is non-negative, using induction we
obtain

0 <ul(z) < upt(x), n > 0.
Letting n — oo yields, for t > 0 and x € R?,
S,
0 <wue(x) = lim up(z) < B(t)Sip(z) < () < 0.

1/p
(1= 78 fo r<1IS sl Sedr)
Thus, u, is a global solution of (5.4) due to the monotone convergence theorem. [

As a consequence of Theorem 5.1, an existence result can be obtained under
an integrability condition on ¢.

Theorem 5.2. Let G: R, — Ry and v: Ry x RY — R be measurable functions
such that G(2) < k12'78, 2 > 0, and vi(z) < Kot®, (t,x) € Ry x R, where
6,(,k1,k0 > 0. Let 0 < b <2, a>0, and assume that

V(z) z € R4,

> a
= 1+|£L’|b’
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i) If b < 2, then the equation
Ous
ot
admits a global solution for all 5 > 0.
i) Ifb=2 and

() = Aug(z) = V(@)ue(2) + v (2)G(ue(2)),  wo = ¢, (5.6)

g > 6*(a) = 7d2(+1a+18),

then (5.6) admits a global solution.

Proof. Clearly, it suffices to consider the semilinear equation

aut

— (@) = Dug(a) = V(@)uy(@) + 6t @), wol@) =p(@),  (5.7)
for a suitable constant x > 0. Suppose that for some o > 0,
C
0< < — R,
—‘p(x)—1+|:c|a’ x €

i) Assume that o > b(1+¢)/8, and let € € (0, 1) be such that (1 —¢&)Bo/b >
1+ ¢. From Proposition 3.1.i) we get

o0
| sl <1,
1

provided C' is sufficiently small.
i) Ifb=2and 8 >2(14+¢)/(d+ ai(a)), let € € (0,1) be such that 5(d/2 +
(1 —¢)ag(a)) > 14 ¢. From Proposition 3.1.ii), there exists o > d such that

oo
/ €Syl Lt < 1
1

provided C' is sufficiently small. O

Remark 5.3. An alternative proof of Theorem 5.2-1) consists in letting the initial
value ¢ in (5.7) be such that

() < 7S1p(x),

for a sufficiently small constant 7 > 0, where D C R? is bounded and Borel
measurable. By Lemma 3.4,

Sep(x) < 7811p(x) < Tep(14)~ ),

thus showing that [ ¢|Syp||? dt can be made arbitrarily close to 0 by choosing
7 sufficiently small. By Theorem 5.1 we conclude that (5.7) admits positive global
solutions.
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Remark 5.4. In the same way as in the above remark we can deal with the semi-
linear system

%(ﬂs) = Aug(x) — Vi(2)us(x) + ug(z)ve(x),  uo(z) = @(x),
(5.8)
%(m) = Avy(w) — Va(z)ve(x) + ue(w)ve (),  vo(x) = (),
where z € R?, d > 2, v, >0, and
ai az
Vl(x)wm7 Vz(x)Nm, r € R,

with a; >0 and b; > 0,7 =1,2.

Theorem 5.5. If max(by,b2) < 2, then (5.8) admits nontrivial positive global solu-
tions.

Proof. Without loss of generality let us assume that b := b; < 2. Let (S})i>0
denote the semigroup with generator L = A — V;. By Lemma 3.4, there exists
v > 0 such that

StllD(a:) < thf(HV), r e RY,
for all sufficiently large ¢ > 0, where ¢p does not depend on x and ¢. The proof is
finished by an application of Theorem 1.1 in [10]. O
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Generalized Ornstein—Uhlenbeck Processes on
Separable Banach Spaces

V. Mandrekar and B. Rudiger

Abstract. In this article we reduce the analysis of Banach-valued general-
ized Ornstein—Uhlenbeck processes to an application of the results in [12, 16],
concerning Banach-valued stochastic integrals w.r.t. Lévy processes and com-
pensated Poisson random measures, as well as the results in [11], related to the
analysis of Banach-valued stochastic differential equations with Lévy noise,
and the corresponding It6 formula studied in [17].
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tions, generalized Ornstein—Uhlenbeck processes, It6 formula.

1. Introduction

O. Barndorff-Nielsen and N. Shepard introduced the generalized Ornstein—Uhlen-
beck process as a model for volatility in Finance [5] (see also the article by Z. J.
Jurek, W. Vervaat [9] and related comments in Remark 3.4 of Section 3). From
the results in [11] it follows that generalized Ornstein—Uhlenbeck processes can
be studied also on Banach spaces. In fact, existence and uniqueness of the solu-
tions for the corresponding linear stochastic differential equations (SDEs) (defined
in (3.1)—(3.3) below) follow from general results in [11], where SDEs with local
Lipschitz drift and noise coefficients have been analyzed. In [12] we give sufficient
conditions for the existence of It6 integrals w.r.t Banach-valued Lévy processes and
prove that these can also be written as integrals w.r.t. the corresponding compen-
sated Poisson random measure (cPrm). As an example for possible applications
of these previous results, together with the It6 formula for Banach-valued jump
processes found in [17], we show in this article that these can be used to study



262 V. Mandrekar and B. Riidiger

pathwise properties of Banach-valued generalized Ornstein—Uhlenbeck processes,
also related to properties of the corresponding invariant measures.

In Section 2 we recall some of our previous results on stochastic integrals w.r.t.
cPrm and Lévy processes [11, 12, 16, 17]. We recall in particular the It6 formula
for Banach-valued jump processes obtained by integration w.r.t. ¢cPrms [17] and
the results in [12] where we show that integrals w.r.t. Lévy processes coincide with
integrals w.r.t. cPrms [12]. In Section 3 we present the results related to generalized
Ornstein—Uhlenbeck process mentioned above.

2. Stochastic Integrals and the Lévy noise on Banach spaces

In [11, 12, 16] we analyzed the stochastic integrals of Banach-valued random func-
tions w.r.t cPrms and additive processes. Here we recall only a small part of these
results, in fact only the results which are used in the following section. We restrict
in particular our attention to the case of Lévy processes.

In the whole article we assume that

q(dsdx)(w) := N(dsdz)(w) — dsB(dx)

is the compensated Poisson random measure associated to an F-valued Lévy pro-
cess (X¢)i>0 on a filtered space (Q, F, (Ft)o<t<oo, P), where E is a separable Ba-
nach space with norm || - || g and (B(E)) is the corresponding o-algebra. When no
misunderstanding is possible we write || - || instead of || - ||z. We assume that the
filtered probability space satisfies the “usual hypotheses”, i.e.:

i) F; contain all null sets of F, for all ¢ such that 0 <t < o0
i) Fy = }T? where ]-"t+ = Nyu>tFu, for all ¢ such that 0 < ¢t < 400, i.e., the
filtration is right continuous.

Let us use the notation Ey:= F \ {0}. It is well known that the measures
N(dsdz)(w) (for w fixed) and dsB(dx) on B(Ep) are o-finite (eventually not finite)
measures, which are finite on the sets (0, 7] x A, with A € B(Ep) and 0 ¢ A (where
with A we denote the closure of the set A).

Let F be a separable Banach space with norm || - ||r. (When no misunder-
standing is possible we write || - || instead of || - ||.) Let & := B(Ry X Ep) ® Fy
be the product o-algebra generated by the semi-ring B(R4 x Ey) x F;. Let T > 0,
and

MT(E/F) :={f : Ry x Ey x Q — F, such that f is &r/B(F)-measurable,
f(t,z,w) is Fe-adapted Vax € Ey, t € (0,T]}

There is a “natural definition” of stochastic integral w.r.t. ¢(dtdz)(w) on
those sets (0,T] x A with A € B(Ep) and such that 0 ¢ A [16]:

Definition 2.1. Let t € (0,7],0 ¢ A, f € MT(E/F). Assume that f(-,-,w) is
Bochner integrable on (0,7] x A w.r.t. dsf(dx), for all w € Q fixed. The natu-
ral integral of f on (0,t] x A w.r.t. the compensated Poisson random measure
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q(dtdx) := N(dtdz)(w) — dtS(dx) is

/ / f(s,z,w) (N(dsdx)(w) — dsp(dzx))
= Zf(&(AXS w),w)Ia(AXs(w //fsxwdsﬁdm)weﬁ

0<s<t

where the last term is understood as a Bochner integral, (for w € Q fixed) of
f(s,z,w) w.r.t. the measure dsg(dzx).

It is more difficult to define the stochastic integral on those sets (0, 7] x A,
A € B(Ep), s.th. 0 € A, as it might be that 3(A) = oo (see, e.g., [18] or [10] for
the discussion on the properties of Lévy measures 3(dz)).
Definition 2.2. A function f belongs to the set X(E/F) of simple functions, if
fe€MT(E/F), T >0 and there exist n € N, m € N, such that

n—1 m

t €, w Z Z 1Ak 1 1Fk 1 )l(tk,tk+1](t)ak,l (21)
k=1 1=1
where Ak-J S B(Eo) and 0 ¢ Ak,la tr € (O,T], ty < tpy1, Fry € Fyy, axy € F
Forall ke l,...,n—1 fixed, Ale X Fk’,ll n Ak,l2 X Fk712: 0if 1 #£ ls.

Let f € 3(E/F) be of the form (2.1), then

n—1 m
/ / ft,x,w)q dtdx ZZ akl]-Fkl (tk7tk+1] (O,T]XAk.J NA)(w)
k=1 I=1
(2.2)
forall A € B(Ey), T > 0. (Equation (2.2) might either be interpreted as a definition
or, like done in [11, 12, 16], as a statement, by first introducing the definition of
“natural integral”.)
We recall here the definition of a strong-p-integral, p > 1, (Definition 2.6
below) used in [16] (and in several previous articles, see Remark 2.7.)

First we establish some properties of the functions f € Mg’p (E/F), where
T
MIE/F) = Af € MTE/F): [ [ Bl )P ) < ). (23)
0

Theorem 2.3 ([16], Theorem 4.2). Let p > 1. Let T > 0, then for all f €
MBTP(E/F) and all A € B(Ey), there is a sequence of simple functions { fn}nen
satisfying the following property :

Property P: f, € S(E/F)¥n € N, f, converges dt ® f(dz) @ P-a.s. to f on
(0, 7] x A x Q, when n — oo, and

T
fim [ Ellfaltn) — (6.0 P diida) =o0. (2.4
n—oo 0
i.e., || fn— f|| converges to zero in LP((0,T] x Ax §Q,dt® ((dx)® P), when n — co.
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Definition 2.4. We say that a sequence of functions f,, is LP-approximating f, if it
satisfies property P, i.e., f, converges dt ® 3(dx) ® P-a.s. to f on (0,7] x A x Q,
when n — oo, and satisfies (2.4).

Definition 2.5. Let p > 1; L;‘T(Q7 F, P) is the space of F-valued random variables,
such that E||Y[|? = [||Y]|PdP < co. We denote by || - ||, the norm given by
Y, = (E||Y]|P)Y/P. Given (Y;,)nen, Y € LE(Q, F, P), we write lim},_, | Y, =V
if limy, 00 ||Yn — Y|, = 0.

In [16] we introduced the following

Definition 2.6. Let p > 1, ¢t > 0. We say that f is strong-p-integrable on (0,t] x A,
A € B(Eyp), if there is a sequence { f,,}nen € X(E/F), which satisfies the property
P in Theorem 2.3, and such that the limit of the integrals of f,, w.r.t. ¢(dtdz)
exists in LE(Q, F, P) for n — oo, ie.,

//fta:w (dtdz)( ::nhm//fnta:w (dtdz)(w)  (25)

exists. Moreover, the limit (2.5) does not depend on the sequence {f,}nen €
Y(E/F), for which property P and (2.5) holds.

Remark 2.7. The definition of stochastic integral w.r.t. cPrm defined in Defini-
tion 2.6 is also used, e.g., (for the finite-dimensional case) in [2, 6, 19] and recently
in [3] (however without calling the stochastic integrals strong-p-integrals). In [16]
we compared these integrals with the ones introduced, e.g., in [8]. These are called
in [16] simple-p-integrals. In [16] we show in particular that the definition of strong-
p-integral is more general than the definition of simple-p-integral. (We refer to [16]
for precise statements, i.e., Theorems 6.4-6.7 in [16].)

In [11, 16] we gave sufficient conditions for the existence of the strong-p-
integrals, when p =1, or p = 2.
Theorem 2.8 ([16], Theorem 4.12). Let f € MT’l(E/F) then f is strong-1-
integrable w.r.t. q(dt,dx) on (0,t] x A, for any 0 <t < T, A € B(Ey) . Moreover,

h//wamm ﬂ@//wﬂxwwwm>

Theorem 2.9 ([16], Theorem 4.14). Suppose (F,B(F)):= (H,B(H)) is a separable
Hilbert space. Let f € M§2(E/H), then f is strong 2 mtegmble w.r.t. q(dtdz) on
(0,t] x A, for any 0 <t < T, A € B(Eyp). Moreover,

h//wa@m H //Mwawwm

The following Theorem 2.12 was proven in [16] for the case of deterministic
functions on type 2 Banach spaces, and on M-type 2 spaces for functions which
do not depend on the random variable z, in [12] for the general case.

We recall here the definition of M-type 2 and type 2 separable Banach space
(see, e.g., [13]).
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Definition 2.10. A separable Banach space F, with norm || - ||, is of M-type 2, if
there is a constant Ks, such that for any F-valued martingale (My)ke1,... n the
following inequality holds:

E[| M%) < K2 Y B[| My — My_a|],
k=1
with the convention that My = 0.

We remark that a separable Hilbert space is in particular a separable Banach
space of M-type 2.

Definition 2.11. A separable Banach space F is of type 2, if there is a constant Kq,
such that if {X;}} , is any finite set of centered independent F-valued random
variables, such that E[||X;]|?] < oo, then

By X < Ko Y BIXP)

We remark that any separable Banach space of M-type 2 is a separable Ba-
nach space of type 2. Typical examples of separable Banach spaces of M- type 2
are the spaces L,(Q, P), p € [2,00).

Theorem 2.12 ([11], Theorem 3.6). Suppose that F is a separable Banach space
of M-type 2. Let f € M§2(E/F), then f is strong 2-integrable w.r.t. q(dtdx) on
(0,t] x A, for any 0 <t < T, A € B(Eyp). Moreover,

E {II /Ot/Af(syxw)Q(dsdw)(w)llz} SKz/ot/AE[IIf(S,xyw)llz]dSﬁ(dx),

where K is the constant in the Definition 2.10 of M-type 2 Banach spaces.

Theorem 2.13 ([16], Theorem 4.16). Suppose that F is a separable Banach space
of type 2. Let f € MgQ(E/F), and [ be a deterministic function, i.e., f(t,z,w)
= f(t,x), then f is strong 2-integrable w.r.t. q(dtdz) on (0,t] x A, for any 0 <
t<T, A€ B(Ey). Moreover,

U//wamm M<m//mmxwwmm

where KCq is the constant in the Definition 2.11 of type 2 Banach spaces.

Proposition 2.14 ([16], [11], Proposition 3.12). Let f satisfy the hypothesis of The-
orem 2.8, or 2.12. Then fg S\ f(s,z,w)q(dsdx)(w), t €[0,T] is an Fy-martingale
with mean zero and is cdd-lag.

In [17], we analyzed the It formula for jump processes defined through the
strong-p-integrals in Definition 2.6. and proved the following Theorem (in a slightly
more general form than here, by adding also the stochastic integrals w.r.t. random
functions of bounded variation).
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Theorem 2.15 ([17], Theorem 5.1). Letp =1 orp=2. Let f € MﬂT’p(E/F), where
F is a separable Banach space of M-type 2, ifp = 2 or of type 2, if p =2 and f
is a deterministic function, i.e., f(t,z,w) = . Let

//ftmw (dtdz)( //, (s,z,w)N(dsdz)(w),

where A € B(Ey) and A’ € B(Ey), with 0 ¢ A’. Moreover let the random function
k(s,r,w) € MT(E/F) be finite P-a.s. for every s € [0,T], x € A, and be cddlag
or cdglad.

Let G be a separable Banach space. Let G be of M-type-2, if p = 2. Sup-
pose that the Fréchet derivatives OsH(s,y) and OyH(s,y) exists and are uniformly
bounded on [r,t] x F, and all the second Fréchet derivatives 0;0sH(s,y),
05,0, H(s,y), 0y0sH(s,y) and 0y0,H(s,y) exist and are uniformly bounded on
[1,t] x B(0,R), for all R > 0. Then

H(t, Yi(w)) = H(r, Yz (w))

/ OsH(s,Ys_ )ds+/ /A{H(&st(w) + f(s,z,w))
—H(s,Ys_(w))} q(dsdz)(w)

/ [ e @)+ ls..0) = M5, (@)
— OyH(s,Ys_ (W) f(s,z,w)}dsB(dx)

/ / {H(s,Ys_(w) + k(s,z,w)) — H(s, Ys_(w))} N(dsdzx)(w)
P-a.s. (2.6)

In [12] we analyzed the Ité-integral of random functions H(s,w) w.r.t. Ba-
nach-valued martingales (M;)i>0 on (2, F, (Fi)o<t<co, P), obtained by strong-p
integration w.r.t. cPrm. We proved that such integrals can be seen as strong-p-
integrals w.r.t. cPrms. We recall here some results, however restricting only to the
case where H(s,w) is real-valued. For more general cases we refer to [12].

Let MT(R4/R) be the set of progressive measurable processes (Hy)iefo, 1
with values on R.

Definition 2.16. We denote by ET(R,/R) the set of elementary processes
(H(t,w))ie[o,1], i-e., those which are in MT (R4 /R), are uniformly bounded and
are of the form

r—1
w) = Z Lt ti+1) () Hi(w) (2.7)
i=1
with H;(w) Fy,-adapted, 0 < t; < tjpq1 < T.

In the usual way we introduce the stochastic integral of elementary processes
w.r.t. martingales on the filtered space (0, F, (F¢)o<t<oco, P)-
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Definition 2.17. Let (M;);c[0,7] be an Fi-adapted martingale with values on the
separable Banach space F. Let (H(t,w))icpo,7] € ET(R4/R), (H(t,w))iepo,1] be
of the form (2.7). The stochastic integral (H - M), t € [0,77], of (H(t,w)):epo,m
w.r.t. (Mi(w))sepo,r) is defined by

(H - M)(w / H(s,w)dM,( Z Hi(w)[Mi, (@) — My, pe(w)]-

Let p=1orp=2.Let F be a separable Banach space. If p = 2 we suppose
also that F' is an M-type 2 Banach space. Let f € Mgp(E/F) (defined in (2.3)).
We define

MIP(R./R) =
{(H(t,))epr) € MT(R4/R), sth. [y [ BIH()P||f(s,2)||PldsB(dz) < oo}
Remark 2.18. If (H(t,w))epo,m) € M}jg)(R+/R)) then there exists a sequence of
elementary processes (Hy(t,w))ejo,r] € BT (R4 /R) s.th.
T
lim E[|H,(s) — H(s)]?||f(s,z)||"]dsB(dz) = 0. (2.8)
n—oo [q Eo
This can be proven e.g. with the analogous techniques used in STEP 1-STEP 4
in the proof of Theorem 2.3 in [16].
We denote with ./\/l?g (Ry/R) the set of dt ® dP equivalence classes in
M}:g’(RJr/R). M?’g(R+/R) is a separable Banach space.

Theorem 2.19 ([12], Theorem 3.6). Let (H(t,w))¢cjo,1) € Mzg’(R+/R). There is a
unique element (H - M), € ./\/l B(R4/R), such that
p [t
(H-M); = lim (Hy - M); = lim [ HndM, (2.9)

n—o0 n—oo 0

for any sequence of elementary processes (Hy(t,w))iecjo,1] € ET(R, /R)), for which
(2.8) holds.
Moreover the following properties hold:

1) The convergence (2.9) holds also in the following sense:
P([Sup] [(Hyp - M)¢ = (H - M)¢|| > €) —p—oo 0.
0,7

It follows that there is a subsequence such that

lim sup ||(Hn-M)y—(H-M)||=0 P-a.s. (2.10)
n—0%0 ¢e[0,T]

2) (H - M); coincides with the strong-p-integral of the function Hf w.r.t. the
cPrm q, i.e.,

P ((H - M), :/0 ; H(s,w)f(s,z,w))q(dsdz)(w) Vte [O,T]) =1.
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3) (H - M), is an Fi-martingale.

As already stressed in [12] it follows in particular that the definition of Lévy
noise introduced in [4] is well defined on Banach spaces. (See [12] for a more precise
statement.)

Definition 2.20. We call fot H(s,w)dMs(w) = (H - M)s(w) the stochastic Ito-
integral of (H(t,w))ief0,r] W-r-t. (M¢(w))ecjo,), if it is obtained from the limit
n (2.10).

Remark 2.21. If f is a deterministic function and p = 2, then it is sufficient that
F is a separable Banach spaces of type 2.

3. The generalized Ornstein—Uhlenbeck processes on separable
Banach spaces

Let p =1, or p = 2 and (F,B(F)) be a separable Banach space of type 2. We
assume that

/ P B(dz) < oo (3.1)
o<l <1

We analyze
dne(w) = —an(w)dt + dé;(w) (3.2)

//<|z|<1 (dsda)( //w|>1 (dsdz)(w),  (3.3)

a > 0 and the initial condition 7y being independent of the filtration (F3)¢>o of
(&t)tefo,1)- As a consequence of [12] (or the previous section),

dé(w) = /O<|z|<1 zq(dsdx)(w) + /|z|>1 N (dsdz)(w)

From the general results in [11, Theorem 4.11], we know that for every T' > 0
there is a unique path wise solution (&;):e[o,r) of (3.2) with initial condition 7.
Moreover if ng = x, x € F, then (&):e[0,r] is Markov ([11, Theorem 5.2]).

Using It6’s formula we show in this section that the solution is

t
n(w) = e (no(w) +/ e“sdés(w)) . (3.4)
0
In fact, applying the It6 formula (2.6) in Theorem 2.15 to
H(s,z) :=e "z

where

Yiw) = mo(w)+ / € dt ()

= (w) +/ /<|w|<1e zq(dsdx)(w) + / /|x|>1e“SmN(dsdw)(w)
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f(s,z,w) = e*x

we obtain

H(t, Yi(w)) = H(r, Y7 (w))

¢
= —a/ e “Ys(w)ds

+/T /o<|z|<1{e_as Voo (W) + €] — 7Y, (w) — a}dsf(dr)
+/T /o<|z|<1{”s Ve (@) +ea] — Y, (w)}a(dsda)(w)

+/T /|$|>1{eas[Ys(w) + e x] — e *Y,_(w)}N(dsdz)(w)

. / oy (o
//<|z|<1 a(dsdz)( //z|>1 N (dsdz)(w)

and hence (3.2).
Remark that

de(w) = —ae™at (no(w) +f t e“dgs«u)) dt + ot ( / t e“dgs«u))

where
t
d as e = e ¢, )
(/ c 5(@) " de, ()

Let us denote for x € Ey, A € B(Ey)
Py(x,A) = P(n € A/no = z)
the transition probability of 7;. Then
Pi(x, A) = e-aty x Qr(A) VA € Ey

where with x we denote the convolution, § is the Dirac measure, and Q. (-) is the
distribution of fg e~ (a(t=9)q¢  We remark that this coincides with the distribution

t . . . . .
of fo e~ *dE,, as £ has stationary independent increments. If n; has an invariant
measure, i.e., there exists a measure p on E s.th.

[E Py, A)p(da) = p(A),
then

/E o ety * Qu(A)u(dz) = u(A).
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Theorem 3.1. Let 1y be independent of the filtration (Fy)i>o0 of (&)i>0, and

¢
N = e (770 +/ easd§s> :
0

Let (Py)i>0 denote the Markov semigroup associated to (n:)e>o0. Suppose that p
is a corresponding invariant measure, and let L(X) denote the law of a random

variable X, then if fof e~ d&s converges in law, then

t
tlim L (/ e‘“sd§s> = p. (3.5)
Proof of Theorem 3.1.

t
p=Pixp=ple )% L (/ 6‘“““”6@) :
0

L (/Ot e“dg(s)> =L (/Ot ea“S)ng) .

Since a > 0, e — 0 when t — oo, gives u(e=*.) — §p when t — oo, so that
there is a measure v (see e.g. [10]), s.th.

t
L (/ e‘“sd§S> — v when t— o
0

and v = p. g

We note that

a

Let us discuss when Theorem 3.1 can be used to find the invariant measure of
the solution (3.4) of (3.2), (3.3). We first prove that P;(x,-) is infinitely divisible.

Lemma 3.2.
[ On
Ey

= exp e Yiz*(z)]

t
exp / / (7 W) g jent=9) 1% () ds B(dy)
0 Jo<lylI<1

t
P l / / (e W) l)dsﬂ(dy)]
0 Jyll>1

t
= exp [e“tix*(m) —|—/ 1/J(ea(ts)m*)ds}

0
where exp(tp(x*)) is the Fourier transform of &.

Proof. The proof is obtained by applying the Ité formula in Theorem 2.15 to (3.4)
and is similar to the computations in the appendix. O
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Remark 3.3. Lemma 3.2 implies that P;(x,-) is infinitely divisible and the corre-
sponding Lévy measure G;(-) is such that

Bi0) = [ Blan) [ ane s, A€ BR, x B).

while the corresponding shift is

t
vi=e Y +/ 5(dy)/ e y(Locyy<1e” Yy — Locy<1(y)ds .
Ey 0

(See e.g. [18] for the definitions and properties related to infinitely divisible laws
on R?, Chapt. 3, Paragraph 17 in particular for such computations, [10] on Banach
spaces.)

Remark 3.4. Lemma 3.2 was proven in Lemma 17.1 in Chapt. 3, Paragr. 17, [18],
for the real-valued case, however using an approximation by simple functions. The
existence of the solution of (3.2) has been proven in Paragr. 17 of [18], only for the
case where (£t );e0,77 is of bounded variation, (i.e., has big jumps), while it has been
proven on the real line in [9] in an ad hoc way, by defining the stochastic integral
of e7% w.r.t. d€s by assuming that an integration by part formula holds, which
follows now as a consequence of the Ité formula [17, Theorem 5.1] (or Theorem 2.15
in this article).

Following [18] Theorem 17.5, Chapt. 3, Paragraph 17, it can be shown that
if

/ log [ly18(dy) < oo
llyl|>2

then the limit distribution x in (3.5) exists and its Fourier transform i is

L= /000 Y(e”*x*)ds

We note that p is infinitely divisible as the limit of infinitely divisible Q.
Similar to [18] one can show that the corresponding Lévy measure [ and shift v is

B(A) = lim ~ / B(dy) / 1a(e~*y)ds,

t—oo

1 Yy
= - —B(dy) .
! /H o)

Appendix A. Lévy processes and Lévy measures

We assume again that (E, B(FE)), and (F, B(F)) are separable Banach spaces and
use the same notation as in the previous sections. We show how the results in [11,
16] have natural consequences concerning the Lévy processes, which are well known
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for the real-valued case, e.g., [18]. Let p = 1, or p = 2 and (F, B(F')) be a separable
Banach space of type 2. We assume that

[ 5@t < o, (A1)
Eo

PR
/ Eof q(dsdz) //f H>1f:c (dx)ds (A.2)

is a Markov process ([11, Theorem 5.2]). In this section we show that any such
solution (&)¢>0 is a Lévy process. (Thlb implies as a particular case, by taking
f(x) = x, that any compensated Poisson-Lévy measure is associated to a Lévy
process.)

Let us apply the It6 formula ([17, Theorem 5.1] or Theorem 2.15 in this
article)

HE(w)) — H(Er (@)
/ / HEe (@) + £(2)) — H(Ex ()} aldsda)(w)
<\|f(!1?)|\<1

then

+ / / (H(E (@) + F(2) — H(E (@) — H (€ () f(2)} dsp(dx)
o< f (=) ]I <1

/ / H(Ee (W) + F()) — H(Ex (@)} N(dsdz)(w)
{llf(z H>1}

—a.s.,
to H(&(w)) = e (&) for * € E*, E* denoting the dual space of E. We get
Bl €0) _q]

t
= / ; E[e® (¢()) (e”” (@) 1 - im*(f(a:))lﬂf(x)ugl) dsp(dz)
0 o
Let us define ¢ (2*) = E[e’* €®)], then we get
d
Soula) = ()
Po(§") =1
with
c;:/E (6 0ED — 1~ ia* (F@) g1 ) Bld).
0
Solving the above equation, we get

¢t($*) _ et fEO (em*(f(m))*1*”*(f(fl?))1||f(m)uglﬁ(dw)) )
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Thus (ff)f>0, bolution of (A 2) is a Lévy process with Lévy measure §y(dx), such
that By(A) = [, 3 ) for any A € B(Ep). Conversely, from the Lévy-Ito
decompou‘mon Theorem ([1 T heorem 4.1]) it follows that, given any Lévy process
(&)¢>0, such that the associated Lévy measure 3(dx) satisfies (A.1) for f(z)=x,
then (& )¢>0 satisfies (A.2), with f(z) =
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Approximation of Rough Paths of Fractional
Brownian Motion

Annie Millet and Marta Sanz-Solé

Abstract. We consider a geometric rough path associated with a fractional
Brownian motion with Hurst parameter H e]i, %[ We give an approximation
result in a modulus type distance, up to the second order, by means of a
sequence of rough paths lying above elements of the reproducing kernel Hilbert
space.
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1. Introduction

Consider a d-dimensional fractional Brownian motion W# with Hurst parameter
H €], 2[U]5, 1] and integral representation

132
WwH = /OlKH(us) dB,, (1.1)
where K (t,s) =0, if s >t and for 0 < s < t,
Kot s)=cuy(t—s)T 7 +s7 3R (é) (1.2)

with

Fi(2) =cg (% - H) /OZ_1 w3 (1 — (u+ 1)H—%) du, (1.3)
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for z > 1 (see, for instance, [1], equation (42)). In (1.1), B denotes a standard
d-dimensional Brownian motion and in (1.2), (1.3), ¢y denotes a positive real
constant depending on H.

Let p €]1,4[ be such that pH > 1. In [2], it is proved that the sequence
of smooth rough paths based on linear interpolations of W converges in the p-
variation distance. The limit defines a geometric rough path with roughness p lying
above WH . We will call this object the enhanced fractional Brownian motion.

In the recent papers [3, 5], the p-variation distance on rough paths is replaced
by a strictly stronger, modulus type distance defined as follows:

~ [p] |z (1) (il
dp(z,y) = sup |y

0<s<t<1 \ =} (t—s)%

In [3], it is proved that the enhanced fractional Brownian motion can actually be
obtained by means of the d, distance and also that linear interpolations of W
define stochastic processes with values in H¥ , the reproducing kernel Hilbert space
associated with W# (see Theorem 3.3 in [4] for a description of this space). Then,
the authors state a characterization of the topological support of the enhanced
fractional Brownian motion among other results.

Our aim in this work is to give a new approximation of the enhanced fractional
Brownian motion by means of a sequence of geometric rough paths which, unlike
those based on linear interpolations, are not smooth, but also belong to H.
For the sake of simplicity, we restrict to [p] = 2. We are pretty confident that our
results extend to [p] = 3; however, dealing with higher generality would most likely
produce a very technical paper. Our result, as is stated in Theorem 2.1, provides
in particular a new approximation of the Lévy area of the fractional Brownian
motion.

For any m € N, we consider the dyadic grid ({J*' = k27™,k=0,1,...,2™)
and set A7 =t} |, ;"] and A'B = Bym — By . Define B(m)o = 0 and for
t € Ay, B(m)y = Byr | +2M(t - t?_l)AmB Our approximation sequence is
defined by

= /t KH(t,$)B(m), ds, (1.4)
0

m € N, where B(m), denotes the derivative with respect to s of the path s —
B(m),. Notice that W (m)# ¢ 1.

Let KX be the orthogonal projection of K (¢, ) on the o-field generated by
(A7, k=1,...,m). That is, forany 0 < s <t <1,

om

KH2(t,s) Z 2m (/ K (t,u) du) Iam(s). (1.5)
ATA]0,1]

We clearly have
1
g = / KH(t,5)dBs. (1.6)
0
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For H €]i,1], we set W = (W, = (Ws(lt),() <s<t<1),Wm)=
(W ( )er = (W(m){),0<s<t<1)), while for H €)1, 1[ we set W = (W, =
Wiy, 52,o<s<t< 1)) and W(m) = (W(m), , = (W(m)\},w(m)$,0 <

s<t<1)),m>1.

The main result of the paper states the convergence of W(m) to W in the
dy-metric for p €]1,3[. For p €]1,2[, the result is an almost trivial consequence of
Lemma 3.2 which establishes Holder continuity in the L?[0, 1]-norm of the kernels
K" KH respectively, and a control of the quadratic mean error in the approx-
1mat10n of K by KX. For p € [2,3], the approximation of the Lévy area relies
on representation formulas for the second-order multiple integrals by means of
the operator K* given in (2.3) and introduced in [1] (see also [2]). There are two
fundamental ingredients. Firstly, Proposition 2.3, giving the rate of convergence of
the approximation at the second-order level in the L?(Q2)-modulus norm; secondly,
Lemma 3.5, an extension of the Garsia-Rademich-Rumsey Lemma for geometric
rough paths of any roughness p. Other technical results used in the proofs, mainly
on the kernels K# and K are given in the Appendix.

For simplicity, in general we shall not write explicitly the dependence on H;
thus W stands for WH | K(t,s) for K*(t,s), etc. For any q € [1,00[, we denote by
| - llq the LY(Q)-norm. We make the convention ZZ:G zy = 0if b < a and denote
by C positive constants with possibly different values. For additional notions and
notation on rough paths, we refer the reader to [6].

2. Approximation result

For p €]1, +o00[ we set d, = dyn2, that is,

~ 2 15 )
dp(2,y) = sup —
0<s<t<L1 i—1 (t — s)p

The purpose of this section is to prove the following approximation result.
Theorem 2.1. Let H €]1,1[, p €]2,4[ (resp. H €]3,1[, p €]1,2]), be such that
pH > 1 and q € [1,+00[. The sequence (dp (W(m),W),m > 1), converges to 0
in L9(Q) and a.s. Thus for H €]3,1[ and p €]1,2], if G, denotes the set of dyadic
geometric rough paths endowed with the norm dp( ,.) and P denotes the law of
the fractional Brownian motion W then the triple (X, H™, P™) is an abstract
Wiener space.

The next proposition provides the auxiliary result to state the approximation
of the first component of the enhanced fractional Brownian motion.
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Proposition 2.2. Let 0 <s <t <1, q€[l,00].

(i) For any H €]0, [/\E[OH[
HWS{? —w(m) | <o — )T (2.1)
q
(ii) For any H 6]% 1[, e € [0, H[, p €]O0, H(21€{+1) [
[wid = wm| < cammege - s, (22)
q

Proof. By the hypercontractivity inequality, it suffices to prove the results for
q = 2. In this case, it is an easy consequence of the identity

M (|2 ' 2
B ([ = wmB[) = [ 100 — Ks,w) = (Rt = o)
0
and of Lemma 3.2. Indeed, by (3.14), we have
2
B (jwsy - won ") < op - s

Hence, if t — s < 27™, we easily obtain (2.1) and (2.2).
Assume now H 6]0 tland t —s > 27™. By (3.15), for € € [0, H],

E (‘Wﬁﬁ ~wm)| ) < C27mH < g tmeft — s|2(H =),

Hence, (2.1) follows.
Let H €]1,1[and t — s > 27™. Let a €]0, 1] ; then (3.14) and (3.16) imply

|y - W(m)i?BH < Ot — [0,
q

with A €]0 By taking o = %, we obtain (2.2) with u = A&. O

) 2H+1[

Throughout the rest of this section, H €], 1.
Following [1], let Hx denote the set of functions ¢ : [0, 1] — R such that
2

el = [ s K (L, 8)%ds + / s (/ le(t) — ()] 1Kt 9) <.

For any p € Hi, 0 < s <, set
K* (g () (0. — 04) () = 1o () / (6r — s) K(dr,u)
1, () (K(t, D=9+ [ (o —%)K(dr,w). (2.3)

Following [2],

1
, 1
W — /O K* (g, g () (W= W) (B + 5t = 51
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Moreover, by Theorem 9 in [7], for W (m) defined in (1.4) we have

W(m)$) = /01 K" (Ls() (W(m). = W(m)y)) (u) B(m).du.
Proposition 2.3. For eachm e N, 0 <s <t <1, g€ [l,00],
IWE = W)y < 27t — s, (24)
for some positive constants C' and any € €]0,2H — %[ and p €]0, £[.

Before proving this proposition, we give an equivalent expression for V[/(m)iyt7
as follows. The integration by parts formula of Malliavin calculus (see, e.g., [8],
Equation (1.49)) and (1.6) yield W (m )9 . = AL, (m)+ A2 (m), with

Ag(m Z/ dulap (u)2™K* (]st]() dB; (W(m )~—W(m)s)) (u),
(2.5)

A2 (m Z/dulm 2m K (]gﬂo/mdr(ffm(»r)—Km<s,v~>>> (w.
) (2.6)

By definition, for r € AP, K,,(t,r) = 2™ fA"’ﬂ]O . K(t,u)du = 2™ K (am)(t).
mA)0,t

Since h := K (lap) € Hg, the duality relation given in [7], equation (58) and
Lemma 3.3 yield

2"7L
42 ,(m / drlap (122" / dulap (K" (g (K (lag), ) (@)

= Z dr Iam (r)2°™ IK (Iap) (du) (K (1ap) (u) — K (1ar) (s))
k=170 s

$° [ tap om0 0K 1) )

—170 §

2

1 [t 1 1
3 [ drlKntn) = Kl = 51 ()13
0
Thus, since E|W; — Wy|? = |t — s|*H | Schwarz’s inequality, (3.14), (3.15) imply
1
‘Ag,t(m) — §|t —s|?H| < c2 et — s|PH e, (2.7)

for some positive constant C' and € €]0, H].
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Hence, in order to establish (2.4) it suffices to prove that for any small pa-
rameter € €]0,4H — 1] and p €]0, ],

“

for all m > 1. We devote the next lemmas to the proof of this convergence, using
the expression of the operator K* given in (2.3).

1 2
/0 K* (Lo g () (W, = W) (w)dB, — A%, (m) ) < C2 s, (2.8)

Lemma 2.4. Forany 0 <s<t<1,m>1, we set

Ti(s,1) :/OS iB, (/:(Wr —WS)K(dr,u)),

Ty(s,t,m) = :Ej:l/;: dB,. 2™ </A?m]078] du (/:(W(m)v —W(m)s) K(dv,u))) .

Then for any € €]0,2H| and p €]0, €[, there exists C > 0 such that
E (|T1(s, t,m) — Tl(s,t)|2) < 2 mH|f — g[AH—¢ (2.9)

Proof. Assume s € A}, I > 1; we consider the decomposition

3
E (|T1(s,t7m) - Tl(s,t)|2) <O (s t,m),

j=1

with

T1,1(8,t,m) = Z E(

ke{1,1-1,I}

X <~/A'Z‘ﬂ]0,s] du (/:(W(m)v - W(m)QK(dv,u))) ’2>, (2.10)
/AMOVS] aB, (/:(WU — W) K(dw)) |2 ,

(2.11)

ZZ_:/A? dB; 2m/ du(Lt(W(m)v —W(m)s) K (dv,u)

Am
). (2.12)

dB, 2™

k

T1,2(s,t,m) = Z E

ke{1,I—1,I}

7'1’3(8715, m) = E<

- [ = W)
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By Lemma 3.4, (3.4), Schwarz’s inequality and (3.14), any term on the right-
hand side of (2.10) is bounded as follows. Let € €]0,2H][, A 6]@7 1[; then
2H -3+2 < —-1,1-2\—(2H —¢) <0 and

» dB, 2™ </ o du (/:(W(m)v - W(m)s)K(dv,u))> ‘2

1 t
<C dr/ dp 2m/ du/ (K (v, p) — K (s, p)) K(dv,u)
AT 0 mn]0,s] s

1 t
<C dr/ dp2m/ du (/ dv |v —u|2H3+2>‘>
arJo N s
t
< ([ dolntoop) = KontoupPlo -2

S C du (8 _ u)2H72+2)\|t _ S|2H (lt _ u|172)\ _ |8 _ u|172)\)
AN]0,s]

E

2

<C du (8 _ u)2H72+2)\|t _ S|2H |t _ 8|2H75 IS _ u|172)\7(2H75)
ARrN]0,5]
< C'|75—8|4H75/ du|s —ult™t < C27me|t — 5| e,
A™N]0,s]

Each term of the right-hand side of (2.11) can be studied using a similar strategy.
Thus we obtain for € €]0,2H]:

T11(s,t,m) + T12(s, t,m) < C27™|t — s|*H ¢, (2.13)

Set for s > 3-27™, and, hence, I > 4,
¢
X, ZlAm 2 [ du ([ W, = wm).) Ko
po N
t
—/ (W, — WS)K(dv,r)).
Notice that X, fo p)dB,, with
-2
LRI 2m/ i ([ K00 (o 0.9) ~ Konls20)
ap s

/Kdvr p) — K(s,p))).
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Hence, by Lemma 3.4 and Schwarz’s inequality, 71 3(s,t,m) < C(11,3,1(s,t,m) +
71 3,2(s,t,m)), with
-2 1
T1,3,1(s,t,m) = ZZ’”/ dr / du / dp
k=2 s f 0
2

b

X ‘ / (Km(v,p) = Km(s,p)) (K (dv,u) — K(dv,r))

I-2 1 t
T1,3,2(s,t,m) :Z/ dr/ dp‘/ K(dv,r)
k=2 L" 0 S

X (Km(v7 p) - Km(57 p) - K<U7 p) + K(57 p))
Owing to (3.4), (3.7), we have for \ €]0,1[, u,r € A}",

0K 0K
‘%(U’U) - %(Uvr)

’ 2

A 11—\
< 0| % ) - O o) (]68 |+ |Gt )
<C2™Mo— (V)T [wAar) T 4 - (wvr) ] (2.14)

Thus, taking \ := H yields 71 31(s,t,m) < C272m Z?Zl T1,3,1,(s,t,m), with

I1-2 1
manalsitom) = 32" [ ar [ du [dp( [ avlEno.p) - Knls.p)
k=2 i & 0

t
s
2

xJo = (v )T Hwar) )

-2
T1’3’1’2(S7t, m) = Z2m/ d?"/
k=2 4
3

X |v— (uw)ra)z.

au | L [ vlBn(0up) = Kol 0)

m
k

Let a = 2 — ¢, with € €]0,2H][. Schwarz’s inequality along with (3.14) yield

-2 t
T1,3.1,1(8,t,m) < C’Z Zm/ dr/ du (/ dvlv — (u Vv T)|“dv>
2 ZL ZL s

t
X (/ dvlv — 5|4H3+a|u/\r|2H>
S

t7,
<l = s [ dus = ) )
tm

< C|t _ S|4H76 8672H < |t o S|4H76 27771(672[‘[). (215)
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Indeed, f: dvlv — (u VvV r)|72t¢ < O(s — Up)“" ! for U, defined by (3.13). Let
€ €]0,2H| using Schwarz’s inequality and (3.14), we obtain

-2 t
T1,3,1,2(s,t,m) §C'22m/ dr/ du(/ dvlv — (u\/r)|_2_2H+5)
k=2 k' i s
t
X (/ dvlv — (u\/r)|2H7€71|v—s|2H)

t7 o t
<Clt— s|4H_E/ du/ dv(v — Ty, ) "2 2Hte
tm s

m
tI—2

< Olt _ 8|4H—e/ du(s _ Um)_1_2H+E
t;"
< Ot — s|ti—eg—m(e—2H), (2.16)
From (2.15), (2.16) we deduce that for e €]0,2H],
T13.1(s,t,m) < CJt — s|*H—c27me, (2.17)

Let 6 €]0,2H[, o €]0,2H|, A €]0,1[ and p1 €]%,1— H|. Notice that for these choices,
—2u+1—2H + § < 0. Holder’s inequality together with (3.14) and (3.15) yield
for any A €]0, 1],

T13,2(8,t,m) < OT1321(8,t,m)* 71.32.2(s,t,m) =

9

where

m

e, t t
T1,3.2,1(s,t,m) = / dr (/ dv(v — T)QH_3+2“) (/ dv(v — r)_z“(v - 5)2H> ,
4m s s

1
m

ti o t n
7'1,3,2,2(8715, m) :/ dr (/ dv(v _ 7ﬂ)2H3+2u> (/ dv(v o T)2”22mH> )

tr s s
For the first term we have

t7 o
T1,3.2,1(s,t,m) < CJt — s[*77° / dr(s — r)2H=2420 (5 _ p)=2u+1-2H+5
tm
<Ct- s|4H*‘57

while for the second one, we obtain
t7 o
maa(sitim) < C2 20— o [ (s gt gy,

i

Consequently,
13 2(8, t, m) <C |t _ S|(4H75))\+(2H7a)(17)\) 272mH(17)\) )

Take «,d arbitrarily small and 1 — A = 26;1112 Then for 8 < e < 2H, we have
proved that
T1,3,2(s,t,m) < C|t — s|4H*62*m6.
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This inequality, together with (2.13) and (2.17) yields (2.9). O

Lemma 2.5. For any 0 <s <t <1, set

Ta(s,t) = /t dBy, K (t,u)(W, — W),

gm
To(s,t,m) = Z/ dB, 2™ (/ duK (t,u) (W (m), — W(m)s)> :
=1 I ArN]s,t]
Then, for b €]0,2H], there exists a constant C > 0 such that for each m > 1
E (|T2(s, t,m) — To(s, t)|2> < 2 mb|p gD, (2.18)

Proof. Let s € AT, t € A?. We have

E(|Tg(s,t,m) Ta(s,t)] )<C’ZT2]stm)

Jj=1
with, for T ={I,1+1,J—2,J — 1J},

)

Ty (s,t,m) ZE( dBr 9m duK (t,0) (W (m)u — W(m)s)
ATN]s,t]
Tya(s,t,m) = ZE‘/ dB, K (t,1)(W, — W)

kel mn]s,t]

keZ
)
)
J—-3

Ty 5(s,1m) = B k;Q/m aB, [2 /Amn]st] duk (8, 0) (W (m) — W (m)s)

— K (t,r)(W, — WS)} ‘2)

Owing to Lemma 3.4 applied to the Gaussian process

X, = IAZL(T)/O dB, <2m /Amn] . duK (t,u) (Km(u, p) — Km(s,p)))

and Schwarz’s inequality, we have for any £k =1,...,2™,

2
T(s,t,m, k) :=F

B, 2™ / duk (8, 10) (W (m)u — W (m)s)
Am A™N]s,t]

1
< C’22m/ dr/ dp </ duK?(t, u))
m 0 ATAs 8]
AN]s,t]
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Let k = I,1+ 1; since [,,,
"
have for any b €]0,2H],

T(s,t,m, k) < C2™|t — 5|1 / dulu — s|*1
AMN]s,t]

< comt - s|4H—b/ dulu — s|b < C2-mblp — g|4H-D.
AN, t]

Let k = J—2,J —1,J with J —2 > I + 1, then, for v € A}, (3.5) implies
|K(t,u)|> < Clt —u?~1 and |t — u| < C27™; we obtain for b €]0,2H],

T(s,t,m, k) < C2™ / dult — u|?H=17b2=mbgy, / dulu — s|*H
ATN]s,t] AMN]s,t]

< C|t _ s|4Hfb27mb.

]duKQ(t,u) < f]s q duK?(t,u) < C|t — s|*2, we

N]s,t

We therefore have proved that for b €]0,2H],
Toa(s,t,m) < O270™ |t — s*H =0,

The analysis of the term T% (s, t,m) is easier. Indeed, the isometry property
m

of the stochastic integral yields for any kK =1,...,2™,

E =C dr K2(t,r)|r — s|*H.

AMN]s,t]

/ dB, K (t,r) (W, — W)
ATN]s,t]

(2.19)
For the particular values of k € Z, the right-hand side of (2.19) can be analyzed
following similar ideas as for T5 1 (s, ¢, m), which yields for b €]0,2H]|

Too(s,t,m) < C27™0|t — s[*H =0,

We now study T» 3(s,t, m) and note that T5 3(s,¢,m) = 0 if |t — s| < 27™. Thus,
we may assume that ¢ —s > 27", First, we apply Lemma 3.4 and obtain

Ty 3(s,t,m) < C(Tz3,1(s,t,m) + Ta32(s,t,m)),
where

im’_zlf'm 1 T
Ts31(s,t,m) :/ dr/ dp‘Qm/ du(K(t,u) —K(t,r))
s 0 L

2

9

% (K p) = Kun(s,))

im’_zlf'm 1 T
Ty 32(s,t,m) 2/ dr/ dp‘Qm/ duK (t,r)
s 0 L

Sm

< (Kl p) ~ Konls.p)]  [K(rop) (s 0] )|
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By Schwarz’s inequality and (3.14), for b €]0,2H],

£m721_m, Tm
Tz,g,l(s,t,m)g/ dr2m/ dul K (1) — K (t,7)[2u — o7

m

im_zl—nL Ton
< C’|t—s|2H/ dr2m/ dulK (1) — K(t,7)]2
Sm T

< 02—2mH|t _ 8|2H < CQ_mb|t _ 8|4H_b,

where the last inequalities follow from (3.19) and |t —s| > 27™.
Owing to (3.15), we have for u € [r,,, Tm],

1
[ dolttn(s.p) - K (s p) <C27m,
0
1

1
[ doitintu,p) = K )P <C [ dp(1Eom(up) = K p)
0 0
K (up) = K(r,p)?) < C272m1,

Schwarz’s inequality, along with (3.5) and the above estimates yield

im_zl—nL
Ty 32(s,t,m) < C dro—2mH (|7“|2H_1 + |t — ’I“|2H_1)

Sm

< 0272mH (tQH _ 82H + |t _ S|2H +272mH)
< 0272mH|t o S|2H < C2fmb|t o S|4H7b

for b €]0,2H]|. Indeed, for each H €0, 5[, and s < t, t*/ — $* < (¢t — 5)?7 and
we are assuming that 2™ < |t — s|. Thus, (2.18) is proved. O

Lemma 2.6. For any 0 <s <t <1, set

t t
Ty(s,t) = / dB, / K (dr, u)(Wy — W),

gm
T3(s,t,m) = ZQ"’/
k=1

There exists a positive constant C' such that, for any € €]0,4H — 1],

4B /Ai?ﬁ]s,t] du/u Foldv,w) (Wm)o = Wimo)-

m
k

E <|T3(s, t,m) — Tg(s,t)|2) < C27me|t — gtHe, (2.20)
for each m > 1.

Proof. Assume s € A}, t € A}'; we consider the upper bound

3
E (|T5(s, t,m) — Ts(s,t)|?) < C YTy (s,t,m),
j=1
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where for 7 ={I,I+1,J—1,J},

T3 (s,t,m) = ZE\Q"L/ dB/ | / K (dv,u)
m ANt u

keJ
X (W(m), = W(ma)[*), (2.21)
t
Tya(sitym) =Y E(‘/ dBT/ K (dv, ) (W, — W) 2>7 (2.22)
keg ATN]s,t] r
Tys(s,t,m) = E ‘ Z zm/ dB/ du
k=I+2 1 1

y (/u K (dv, ) (W (m)y — W (m)u) — /:K(dv,r)(W,, _ vm)f).

Lemma 3.4 along with Schwarz’s inequality yield for each term of the sum on the
right-hand side of (2.21) the upper bound

1 t 2
C dr/ dp Zm/ du (/ K(dv,u)(Kp(v,p) — Km(u,p))> .
AT 0 mn]s,t] u

Fix a €]2 — 4H,1]. From Schwarz’s inequality, (3.4) and (3.14) we deduce the
following estimates for this integral:

¢ t
C dr2m/ du (/ dv|v — u|_“> (/ v — u|4H_3+“>
A mNls,t] u u

<C@™At—s|) [t — s/

A similar analysis yields the same result for each term on the right-hand side
of (2.22). Consequently,

T3 (s,t,m) + Tao(s,t,m) < C (27" AJt —s|) [t — s[*L. (2.23)

If |t — s| <27™, then T3 3(s,t,m) = 0. Hence, let us assume that ¢ —s > 27"; in
2
this case T3 3(s,t,m) is equal to E (fol dBTXT) , with X, = fol dB,g(r, p), and

Z Iap (r 2m/Amdu/Kdvu (v, ) — Knm(u, p))

k=I+2

—/T K(dv,r)(K(U,P)—K(TvP))}
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We at first study the contribution to T3 3(s,t,m) of the integrands

Z 1ap (r Zm/mdu/ K (dv, u) (K (v, p) — Ko, p)).

k=142

Z Lap (r Zm/mdu/ K (dv, 1) (K (v, p) — K(r, p)),

k=142

which we denote by T5 3 ;(s,t,m), j = 1,2. Actually, both are similar and therefore
we only study the first one. Lemma 3.4, (3.4), (3.14) and Schwarz’s inequality
imply, for each a €]2 — 4H, 1],

T531(s,t,m) <C Z Qm/ dr/ du/ dv|v — u|” a/ dv|v — y|*H=3+a

k=I+2
< o2 MY ), (2.24)

We end the analysis of the term T3 3(s,t,m) by studying the contribution of
T333((s,t,m) defined in terms of the integrand

Z / dr2m/mdu/ K (dv, ) (Ko (v, p) — Ko(, p)

k=142

—KuuMKmm—Kmmﬁ

Notice that gs(r, p) is the sum of two analogous terms where the set A} of the
integral with respect to the variable u is replaced by [r,,,, [, [r,Tm[, respectively.
Again, the contribution of both terms is similar, so that we concentrate on the
first one. That is, we consider

Ty53(s,t,m) = E Z2m/mdB/ [du/ K (dv, u)

]{3 I+2 Tm

2
X (W (m)o = W(m)a) = K (dv,r) (W, = W) |).

As before, all the arguments rely on Lemma 3.4, (3.4), (3.14), a suitable factoriza-
tion of the integrands along with Schwarz’s inequality. In order to deal with the
singularity at v = r, we first replace the integral with respect to the variable v by
anmLQ_m

T

. Given a €]2 — 4H, 1], the corresponding contribution to Tgfg’g(& t,m) is
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bounded by
T +27
ZM/ dr/ du/ dp ‘/ K(dv,u)
k=I+2 k' (27l
Tm+27 9
X (K (v, p) = K (u, p)) +‘/ K(dv,r)(K(v, p) —K(np))‘ )
J—2 Fo4gm -
<C > 2" / i / du / dvlo — 7|~ / dvlv — [t -3+
k=I+2 Ay eyl I r
< C27mUID ), (2.25)

Let us finally consider the range |r,, + 2™, ¢[ for the variable v. We have to
study two terms:

1(s,t,m) ZZm/ dr/ du/dp/ dv
rlr Tm+2—™

k=I+2
oK oK
mmmmdwmmbwm—amw

)2
1 t
K
(s,t,m) Z Zm/ dr/ [du/o dp(/ ) dv‘%—v(vm)‘
O T 427
2

k=I+2

X [(Kn(v, p) = K (u. p)) = (K (v, p) = K(r,p))] ) -

For M (s,t,m), we proceed in a similar way as for the term 7y 31(s,t,m) in
Lemma 2.4, as follows. By means of (2.14) we obtain for A €]0,1[ Mi(s,t,m) <
C2—2mA (.2\41’1(87 t, m) + ]\41.2(87 t, m))7 with

1 t
Mi (s, t,m) = ZZ’”/ dr/ *2>‘/dp(/ dv
[T 7l 0 Tm+2"™

k=I+2

K0 ) — Kol )0 —117-2)’,

M o(s,t,m) = ZZm/ dr/ du/dp(/t
I [r7] r+2"’

k=I1+2

2
K (0,p) = o, )l = 7137

Let a €]2 — 4H, 1[, A €]0, 3[. Since t — s > 2™, for u € [r,,,7[, we have
t
/ dvlv — r|?H=3%aly — 2P < Ot — p[HFe2,
T2
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Consequently, since r > u > r,, > tr41 implies u >
t
Mia(s,t,m) <C Qm/ dr/ _2’\ / dv|v —r|_“>
k=I+2 K Tmt27
¢
X (/ dv|v—r|2H_3+a|v—u|2H)
?m+27’lil
t
< C/’I“72>\|t — s|M Yy < Ot — s, (2.26)
S

Analogously, for b €]2 4+ 2\ —4H,1[, A €]0,2H — [ and [t — 5| > 2™,

M o(s,t,m) < CZ Qm/ dr/ du / dv|v—r|_b>
’VTI Tm+2 m

k=I1+2
t
% (/ dU|U—T|2H_3_2>\+b|U—u|2H)
Fr2-m
t
< c/ [t — 12N gy — (g — s 12N, (2.27)

Finally, if we additionally use (3.15), we obtain for a €]2 — 4H, 1],

2(s,t,m) C’ZQm/ dr/ du/dv|v—r|a

k=I1+2

% (/ dvlv — r|2H- 3+a2—2mH)
+2-m

—m

< C/ [t —r[tma g mUEH=24a) g < Comb|p — g HH-0 (2.98)
S

for b €]0,4H — 1[. We easily check that (2.20) follows from (2.23)—(2.28). O

Proof of Proposition 2.3. We remark that Lemmas 2.4 to 2.6 yield the upper bound
(2.8). Therefore, for ¢ = 2, (2.4) follows from (2.7) and (2.8). The hypercontrac-
tivity inequality yields the validity of the same inequality for any ¢ €]2, ocol. g

Proof of Theorem 2.1. Let H €],1[ and p €]%,2[. The convergence of dp(W (m),
W) to zero in L?(£2) is a consequence of (2.2) and the usual version of the Garsia-
Rademich-Rumsey lemma (see, e.g., [9], Theorem 2.1.3).

Consider the metric space (G,,d,). The canonical embedding H? — G,
is continuous. Indeed, let h;, i = 1,2, belong to L2([0,1]). Then for h;(.) =
IN K(,r)hi(r)dr and 0 < s <t <1,

1(B)) = (B2) ) < 1t — 1™l — halls < |t — 8|7 ||h1 — Rl

Consequently, the preceding convergence shows that (G, HH, PH) is an abstract
Wiener space.
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Let now H €], 1[. We follow the outline of the proof of Lemma 3 in [3], but
refer to the extension of the Garsia-Rademich-Rumsey lemma stated in Lemma 3.5.

Fix p €]2,4] such that pH > 1. We shall prove that there exists 6§ > 0 such
that for every ¢ € [1, 00|,

a

S(W, Wm))|') < 02,

Indeed, for a fixed ¢ € [1,00], let M > ¢ and N = 2M satisfy N > m Let
a,b’>0deﬁnedbya:%+M75:I—)+N.
By virtue of (2.1) and (2.4), we easily check that the random variables
1,1 IW(l) _ W(m)(1)|2N
Ai(m) : = dsdt1 = =
1(m) /(; /(; $ {s<t} |t—8|2NB )
1 1 W(2) —Wi(m (2)j2Mm
Ag(m) - / / dsdt1{3<t} I s,t (QM)s,t| ’
o Jo [t — s[*Me
satisfy
E(Ai(m)) < 272N L B(Ay(m)) < C27 MM (2.29)

for some p > 0.
Furthermore, the hypercontractivity property and the inequality (3.14) imply
that for 0 < s <t <1 andgq € [1,],

sup (W Nl + W (m) ) < Clt— 5|7

This yields
sup E(n(m)) < C, (2.30)

1 1
_ /1 /1 et ( )|2N + |W( )( 2|2N
o Jo {S<t} |t — s[>NP .
By Lemma 3.5, we deduce that for any 0 < s <t <1,
(W) = W(m))| <C Ay(m) 7 |t — 5|7, (2.31)
W = Wm)2) <C [As(m)2 + A )y pm) 2] o= P, (232)

where

Finally, Schwarz’s and Holder’s inequalities together with (2.29)-(2.32) conclude
the proof of the theorem. O

3. Appendix

Let WH# = (WH t € [0,1]) be a d-dimensional fractional Brownian motion with
Hurst parameter H €0, 1[U]%, 1[ and integral representation given in (1.1).
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Assume H €]3,1[; by computing the integral of the right-hand side of (1.3),
we obtain the followmg expression for the kernel K defined in (1.2):

1 1 t
K (t,s) =cy (H — 5) si=2 |y (—) , (3.1)
s
where for z > 1,
z—1
Fy(z) = / w3 (u+ 1) 2 du. (3.2)
0
From (1.2), it follows that
8KH 1 S %_H H-—3
S (ts) = cn (H—§> (E) (t—s)H-3. (3.3)
holds for any H €0, $[U]3,1[ and 0 < s < t < 1. Consequently, for H €]0, 1],
oK
5 (t:9)] < Clt—s|F~3. (3.4)

The next lemma collects some technical estimates on the kernel K (¢, s).

Lemma 3.1. Let 0 < s <t < 1.
(1) Assume H €]0, 5[. Then,

[KH(t,s)| < C (SH% L 5(s) + (1 — )"z 1[%,t[(8)> ; (3.5)
‘%(t’s) < C (" F 1y () + (= )T H 1y (5)), (3.6)
‘%(t, s)| <Ot —s)-32 (5—11]07%[(5) +(t—s)7t 1[%7“(3)) . (3.7)
(2) For H €]3,1],
IKH (¢, )] <C(t—s %1]07%[(5)+SH7%][[%¢[(S))7 (3.9)
’ag:( s)| <Ot — st (s—<H+%>1]O%[(s) +(t— 3)_(H+%)1[%7t[(s)). (3.9)

Proof. Assume first H €]0, %[ It is easy to check that, for any u > 0,

0<l—(u+1)"3< ((%—H)u)/\l.

Hence,fo1r0<s<t,0<u<%—17

ufH—% (1 —(u+ 1)H_%> < Cuft™h L, 1A(§—1)[(u)
FOUT sy ) (340
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Thus, from (1.3), (3.10), it follows that

(N<c/ Widdu < C,

for%§s<t,whilefor0<s<§,

1
F1<§>’§C/ 2du+C/ “Sdu<C.
0

I <f>’ <, (3.11)

S

Consequently,
sup
0<s<t
and the identity (1.2) yields (3.5).
By differentiating with respect to the variable s in (1.2) and using (3.11), we
obtain

OK*H
a5 (0?)

which yields (3.6). The inequality (3.7) follows by differentiating with respect to
the variable s in (3.3).
Suppose now H €]i,1[. Consider the function F, given in (3.2). Clearly, if

%—1§1,thatis,if%§s<t,
t
B ()|
s

Assume £ —1 > 1. For any u €]1,% — 1], (1 + w)?~3 < Cu’~3. Consequently,

t Los Che AN
Fy (—)’ SC(/ uH_Edu+/ uQH_Qdu> SC(—) .

The previous upper bounds, together with the representation of the kernel K
given in (3.1), imply

L ¢ 2H—1 .
[K"(t,5)| < C (sH‘E (g) Lo e((s) + 5772 1[;,t[(8)>

S (SHiE ]I.]O’%[(S) + SiHjLE (t — 8)2H71 ]I.]O’%[(S) + SHi% 1[%71‘[(8)>

and (3.8) follows.
Differentiating with respect to the variable s in (3.1) yields

" H-3 7o\ H-
oo fin () it () ()
S S S S

— (1
0s (¢ )
3 t 2H-1 1 1 3
<o (1) mopo) ¢ b gt

<cC (|t— s|T=% 45132 +s—1t|t—s|H—%) :




294 A. Millet and M. Sanz-Solé

where in the last inequality we have applied the upper bounds for F, obtained

before. Replacing in the last expression t?#~—1 by C(s?H=1 4 (t — 5)2H~1) and

tH+3 by C(sH+2 + (t — s)HT3), respectively, yields

oKH
s

(t,5)

<C (sH*% F(t—s)T 3 s HED (g - s)QHfl). (3.12)

If0<s<ithen s <t—sand (t—s)7 3 < s3 < s~ T (t — 5)2H1
while for % < s < t, the previous inequalities are reversed accordingly. Hence (3.9)
clearly follows from (3.12). O

We introduce the notation
t, =[2"t]27™ and i, =t,, +27", (3.13)

for any m € N. Notice that, K given in (1.5) satisfies K (t,s) =0 if s > £,,.
In the next result, we give a bound for the approximation in quadratic mean
of the kernel K by its projection K.

Lemma 3.2. (1) Let H €]0, $[U]3, 1[. There exists a positive constant C' such that
forany0<s<t<1,

1
sup/ (’Kg(t7U)—Kg(8,u)‘2+‘KH(t,u)_KH(&u)’?) du < Clt — s?H.
0

m>1

(3.14)
(2) For H €0, 3],
! 2 2H
/ |KH(tu) — KE(tu)| du<C(tn2=m™)"". (3.15)
0
(3) For H €]3,1] and any X €]0, Tlﬂ[,
1
/ | K (t,u) — K (t,u)[* du < €272 2= (3.16)
0

Proof. The operator T, is a contraction on L?[0,1]. Thus,

1
sup/0 (|Kﬁ(t,u) —Kﬂ(s,uﬂ2 + |KH(t,u) —KH(s,u)|2> du

m>1
1
< 2/ KH (1 u) — KM (s, 0)|? du = 2B ((WH — WHP) = 2]t — ¥,
0

proving (3.14).
By the same argument,

1 1
/ KH (1 u) — KE (1) du < 4/ K (8, ) du = 4421 (3.17)
0 0

Therefore (3.15) holds for t < C'27™.
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Fix t € A7 with I > 7. We assume first H €]0, [. Consider the decomposi-
tion

1 5
/ K5 (1) — KE(t0)|” du< CS T, (3.18)
0

i=1
with

o
Ty(t) :/ K (t,u) — K2 ()| du,
0

o
Tg(t):/I K (8 ) — K (¢, u)| du,
i
2714
OIS |K™ (t,u) — K2 (t,u)| du,
k=3 JAR
-3
r = > [ K" - K] du
k=[2m—1t]+27 A%
Ts(t) = |KH (4, u) — K (t,u)] du.
AEZ"L*H]H

Schwarz’s inequality and (3.5) imply

t;’L tgl
) < 4/ K ()2 du < C / W21 gy = O g=2m |
0 0

Similarly,
tm ¢
Tg(t)§4/ |KH(t7u)\2du§C/ [t — " du = C 272
17y 7y

Let A €]H,1[ and k = 3,...,[2™ '], which implies A7* C]0,L[. By Schwarz’s
inequality, the mean value theorem and (3.5), (3.6), we obtain
/ K5 (8 ) — K2 (8, u)| du < zm/ du/ do | K (1, u) — KU (1, 0)
AR K K

g2m/ du/ do | K (1 w) — K (1, 0) |2 || )|+ B (1 o) O
v Jap

SC’Z‘m(”‘_l)/ du/ dv ((u/\v)zH_l_Q’\).

For u,v € A", u Av > u —27"™; thus,

T
[2m—1¢]
du (U 27m)2H7172)\ < 0272mH.

Ts(t) < C0272m* /

m
t2
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Fix now k = [2"7 '] +2,...,1 — 3, so that A" C [§,t[. In this case

/ KH (8, u) — KX (8, u)]? du < C2mD
A
X / du dv (t — (u V)12
A NG

Since for u,v € AP, t— (uVov) >t —u—2"" >t , — u, the previous estimate
implies
t7 g
T4(t) < CQ—Qm)\ du (t?l—Q _ u)QH—l—QA < CQ_QmH.

tEZ?n =1y

We study the term T5(t) using the same method as for T5(¢), T4(t), as follows:

T5(t) SQm/ du dv’KH(t,u)—KH(t,v)|2
am o am o
[2m—1¢41 [2m—1¢+41
2X
< C27mA-D) ldu dv ((u A ’U)H_% +(t—(uV v)H_%)
N Ao
[2m—1¢)41 [2m—1¢]41

2(1-)

x((u/\v)H*%—&-(t—(u\/v)H’%) .
For u,v € Agm,_lt]+17 uAv > %—2*’”, uVo < %—&-2*’” and t — (uVv) > %—2*m.

Thus, the last integral is bounded by

. 2H—1—2
/ du/ dv (— — 2m> .
Am Am 2

[2m—1l¢]41 [2m—1¢41

Moreover, since we are assuming that ¢t € A7, with I > 7, % —27m > 27mHl
Thus, we finally obtain for A = %7
T5(t) < co—2mH

Then (3.15) follows from the upper bounds obtained so far for T;(t), i = 1,...,5.
Notice that we have also proved that for H €]0, 1],

I1-3
sz/ du/ dv| K (t,u) — KB (t,0))? < 0272mH, (3.19)
k=3 [ i

Assume now H €]3,1[ and fix A €]0, Tlﬂ[, so that H — A > 0. Since the
inequality (3.17) holds for any H €0, 2[N]3,1], (3.16) holds for any ¢t < C27™.
Let now t € A}, with I > 7. We apply a similar method as we used in the case
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H €]0, 1], using the decomposition (3.18). In fact, owing to (3.8),

tnl
<C/ 2H 1du<02mt2H1

I
Th(t) < C w1 du < c27m2H -1,

m
tI3

Fix k = 3,...,[2™!]. Schwarz’s inequality, along with the mean value theorem
and (3.8), (3.9), imply

/m |K™ (t,u) — K (t,u)]” du < 2m/m du / do |K (t,u) — K7 (£, 0)[

2(1-))
K (8 u)| + K (8 0)|

< C27m(2)\71)/ du / dv ((t o (UAU))(A+1)(2H—1) (u/\v),)\(QHJrl)

< C272m)\ t()\+1)(2H71) / du (U o 27m)7>\(2H+1).

m
k

Since A < we have

2H+17
Tg(t) < C2—2m)\ tQ(H_)\).
Let now k = [2m 7] 4+ 2,...,I — 3. With similar arguments as before, we deduce

/ |K (t,u) — K (t,u)|” du§2m/ du/ dv |K (t,u) — K (t,0)

><‘|KHtu)\+|KH H (= A)

< 2™ / du / dv(t — (uV v)))‘@H*S) (uV v)“*)‘)(zH*l)

< C272m)\ t(lf)\)(2H71) / du (t —u— 27m))\(2H73).

m

For \ < A(2H — 3) +1 > 0. Hence,

1
2H+1’

e
Ty(t) < 02~ 2mA(1-N)@H-1) / ! 3(t C w2 mACHB) < gm2mA 2(H ),

t

2
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Finally, we study the contribution of T5(t) as follows.

Ts(t) < 2™ du do |[KH (t,u) — K7 (t,0)]
A’VTL 1 A’VTL 1
[2m—1¢41 [2m—1¢41
< 2~ / du dv((t — (uAw))*H-t
Wzlm 1441 Agm—lt]ﬂ

x ((wAv)™HFD) (¢t — (uv v))—(H+%>))”

X ((t— (u/\v))H—% 4 (u\/y)H—%)Q(liA).

For u,v € Agm—lt]ﬂ’ uNv > Crt, uVo < Cat, t—(uAv) < Cst and t—(uVv) > Cyt.
Thus,

T5(t) S Cz—m(?)\—l)Q—thQ(H—)\)—l S 02—2m>\ tQ(H—X)
The estimates obtained so far imply (3.16). O

In the next Lemma we prove a simple extension of a well-known integration
formula for bounded variation functions.

Lemma 3.3. For any he€ H,t > 0,

[ rwtaw = 22, (3.20)
0

where the integral is understood in the sense of Proposition 5 in [7].

Proof. Let n > 1 and let h(n) be the function obtained by linear interpolation on
the n-th dyadic grid of h. We have proved in [7], Theorem 9 that

i [ A0 (u)h(n) (dur) /h

n— oo 0

for any ¢ > 0. Since (3.20) is true with h replaced by h(n), the result follows. [

The following result gives an upper bound for the L? norm of a Skorohod
integral of a Gaussian process.

Lemma 3.4. Let X; = fo (t,s)dBs, t € [0,1], with g a deterministic function
belonging to L*([0,1]?). Then, the Skorohod integral fol X,dB; satisfies

1 2 1 1
E(/ Xsst> gc/ ds/ dr|g(s,m)|?. (3.21)
0 0 0

Proof. The isometry property of the Skorohod integral ([8], Equation (1.48)) yields

(/XdB) <C/E ds+/ds/drE|DX9|)

Since E(X;)? = fo lg(s,7)|?dr and the Malliavin derivative D, X, is equal to
g(s,r), (3.21) follows. O
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We conclude this section by proving an extension of the Garsia-Rademich-
Rumsey lemma used to estimate d,(X,Y) when X and Y are geometric rough
paths with roughness p € [2, o] (see [6], Definition 3.3.3).

Lemma 3.5. Let X and Y be geometric rough paths with the same roughness p €
[2,+00. Set k= [p]. Fori=1,...,k, let M; > 1, a; = -+ Mii Suppose that

1 1d dtl |XS(Q|2M¢+|YS(’?|2M1 <A 1<i<k-1 3.22
sdtl{s<s) ¢ — s[2Mic < A, <i<k-—1, (3.22)
0 Jo
v
0 JO

Then, there exists a constant C > 0 such that for any 0 < s <t <1,
X+ YV <CRlt -5, 1<i<k-1, (3.24)

\ngg Y9 <calt—slr, 1<i<k (3.25)

where F; and G; are defined recursively by
il
Fy =AT" +Y FjFj, 1<i<k-1, (3.26)
j=1
il
Gi=B™ +> G;F_;, 1<i<k (3.27)
j=1
Remark 3.6. For rough paths X, Y of roughness p € [1,00], XSQ - Ys(i) =

(X — Y)(qlf) . The usual version of the Garsia-Rademich-Rumsey lemma yields the

following. If
1 1 |X(1t) _Y(PIQMl
/0 /0 dsdtl{sgt} M—2Mm S Bl7
1
then [X Y — V)| < C B |t — s|7. Similarly, if

1 1
0 0 {Sgt} |t _ S|2M10(1 - L

then [X |+ V| < AT |t — 7.

Proof of Lemma 3.5. Throughout the proof, the constants F;, 1 <i < k —1 and
G;, 1 <i <k are defined by (3.26), (3.27), respectively. We introduce the following
assumption:



300 A. Millet and M. Sanz-Solé

(H,) 1 g1 X1 — v
/ / detl{sgt}W < B,
o Jo

X+ YD I<CRlt—sl7, 1<j<i-1,
XY -yYY|<CGlt—sF, 1<i<i-1,
i €{2,...,k}, and we prove that (H;) implies
X0 —YDI<oat— s (3.28)

For this, we use an argument similar to the proof of Theorem 2.1.3 in [9].
Indeed, for every ¢ € [0, 1], set

XL VP / XEa = Vil
t

I(t) = du .
( ) 0 |t_8|2Miai |u_t|2M1a1
Then fol I(t)d fo t)dt < B; and there exists o > 0 such that I(tg) +
J(to) < 24;. We construct by induction a decreasing sequence (t,, n > 0) such
that lim, ¢, = 0 and an increasing sequence (s,, n > 0) such that so = to,

lim,, s, = 1, and such that there exists C' > 0 such that for every n > 1,

i—1

’Xfi),to }/t(nzto <C/ 18 Bi| ™ wrdu+ C ZF Gi—j, (3.29)
i—1
iXSO,sn Y9, <C/ 18 Bi| % ui ' du+C ZF Gij. (3.30)
Then Chen’s identity implies as n — +o0,
X610 = Yol | < 1XG0, = Youu | + 1Xih — Y|
i—1
+§j(|Xé?20 Y IXG P+ X - v (3.81)

With the hypothesis (H;), we obtain (3.28) with s =0 and ¢t = 1.
To construct (¢, ), we suppose that ¢, _1 has been chosen. Let d,,_1 be defined
by dp' | = 2 tn . Then there exists ¢, €]0,d,—1[ such that

4 B; and |th,tn . _Y(n)n 12 < 21(ty—1)
dn—l |tn—1 - tnle'az o dn—l '

I(t,) <

Indeed, the sets where each one of these inequalities may fail has Lebesgue measure
> L=ty < dY = 1t% and
[t — tng1|™ <t =2d5y < 4(dY —d,', ). Hence there exists a €]0, 1] such that
tn+1 < aty,, so that lim, ¢, = 0 and more precisely,

t, < a”to, (3.32)
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while for any n > 1,

XD =Y <RI d T [t — |
< |8Bi|2M7; I — 2Mi 4|dgi _dglﬂ
dn
§4ai/ I8 B;| 7% o~ T gy, (3.33)
dnt1

Let b=ar < 1; Chen’s identity, (H;) and (3.33) imply that for any n > 1,

tni1,to tn+17t0 tn+1,tn tnt1,tn

= ‘Xt(z to }/;E,Z to

+ ’X @ . —-vY

+ Z (IX tntiitn Y(n]+1,tn| |Xt(l,tfu)| + |Yn+1 ol XD - f(nl,tg)l)

< ‘Xt ,to _YtZ)to

+C’/ |SBZ'|#41: ur ' du
n,+1
+CY (GiFij+ FiGi ) [tn — tuia|?[to — tn] >
j=1

; 1
Since sup;<j<; 1 [tn — tn+1|% < th < COb™ < 1, an easy induction on n implies
that for any n > 1,

S

<C/ |SB|2M1 ur 1du+C’ ZG FZ,J <Zbl>

which implies (3.29). To prove (3.30), we proceed in a similar way, exchanging
the endpoints of the interval [0, 1]. Recall that so = to; suppose that s,_; has
been defined and let d,,_1 be such that |1 — §,,_1|* = %| @i There exists
Sn €]0n—1,1[ such that

- 1@& oM 20 (501).

4B, x{,
J(sn) < and [Xon 1.0 <
1- 6n—1

T 1= |5n

Then for every n > 1, 2|1 — §p41|* = |1 — Spq1|* < |1 =
that s, <, < spt1 < dpy1 and for some a €]0, 1]

o =11-t,

Qi g
‘. S0

1—s, <a™(1—tp),

so that lim,, s,, = 1 and computations similar to those proving (3.33) yield

SnySn+1

) On+1
|X(Z) - YS,L,S,L+1| < 4az / |8 B,Aﬁ U_ﬁi-"_ai_l du.

n
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— 1

Thus if b=a? < 1, Chen’s identity and (H;) imply

<C/ 18 Bi| ™ up L du + C ZFG” (Zbl>

to

X0

to,Sn thSn

which completes the proof of (3.30) and hence that of (3.28) for s =0, ¢t = 1.
To deduce (3.28), for any s,¢ € [0,1] with s < ¢, define X, = Xy (1—s)u, Yu =
Yoy (t—s)u for u € [0,1]. Then X and Y are geometric rough paths with the same

roughness p. Moreover, for 0 <u<wv <1,5=1,...,k, )_(q(j,), = Xgi_)(t )5+ (t—s)v"

In fact, by a change of variables, we see that this identity is obvious for smooth
rough paths and therefore it is trivially extended to geometric rough paths.
Furthermore,

X, — V)M
/ / dudvl{u<v}| | u|2ML1

o X {0, — Y2
— (t— 5)72F2 1M1/ /dudvl{u@}' o — |2ML1

S(t— ) 2+2a1MiB _ o )QMpB

Hence, if the pair (X,Y) satisfies (H;), then (X,Y) satisfies a similar property
with constants Aj = (t— _8)2Mj%Aj, Fp = |t - s|%Fj,1 <j<i-1, B =
(t — S)QMj%Bj, Gj=|t— s|%7 1 < j <. This finishes the proof of (3.28).

Taking in the preceding arguments first X = 0 and then Y = 0, we see
recursively that (3.22) implies (H;) for any ¢ = 1,...,k — 1, with B; = A;. Hence
we obtain (3.24). Moreover, we also see that (H;) holds true for any i = 1,...,k,
whenever (3.22), (3.23) are satisfied. This concludes the proof. O
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A One-Dimensional Analysis of Singularities
and Turbulence for the Stochastic Burgers
Equation in d Dimensions

Andrew D. Neate and Aubrey Truman

Abstract. The inviscid limit of the stochastic Burgers equation, with body
forces white noise in time, is discussed in terms of the level surfaces of the
minimising Hamilton-Jacobi function, the classical mechanical caustic and
the Maxwell set, and their algebraic pre-images under the classical mechani-
cal flow map. The problem is analysed in terms of a reduced (one-dimensional)
action function. We give an explicit expression for an algebraic surface con-
taining the Maxwell set and caustic in the polynomial case. Those parts of the
caustic and Maxwell set which are singular are characterised. We demonstrate
how the geometry of the caustic, level surfaces and Maxwell set can change
infinitely rapidly causing turbulent behaviour which is stochastic in nature,
and we determine its intermittence in terms of the recurrent behaviour of two
processes.

Mathematics Subject Classification (2000). Primary 60H15, 60H30, 35Q53;
Secondary 76M35, 35R60, 76F20.

Keywords. Stochastic Burgers equation, turbulence, caustic, Maxwell set.

1. Introduction

Burgers equation has been used in studying turbulence and in modelling the large
scale structure of the universe [1, 9, 28], as well as to obtain detailed asymptotics
for stochastic Schrodinger and heat equations [10, 11, 29, 30, 31, 32]. It has also
played a part in Arnol’d’s work on caustics and Maslov’s works in semiclassical
quantum mechanics [3, 4, 20, 21].

We consider the stochastic viscous Burgers equation for the velocity field
v (x,t) € RY, where € R% and t > 0,

ov#
ot

2 .
F (" V)l = %Av“—VV(x)—ert(x)Wt, v (z,0) = VSo(z)+0(12).
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Here W, denotes white noise and 2 is the coefficient of viscosity which we assume
to be small. We are interested in the advent of discontinuities in the inviscid limit
of the Burgers fluid velocity v°(z,t) where v#(x,t) — v%(z,t) as u — 0.

Using the Hopf-Cole transformation v#(z,t) = —pu?V Inu”(z,t), the Burgers
equation becomes the Stratonovich heat equation,

Out 2 . S
But = %Au“—FM_ZV(x)u“—F%kt(x)u“th, ut(z,0) = exp (— ib(;)> To(x),
where the convergence factor Tj is related to the initial Burgers fluid density [14].

Now let
¢
/ X2(s ds—/ V(X ds—e/ ks(X(s))dW,,  (1.1)
0
and select a path X which minimises A[X]. This requires that
dX (s) + VV(X(s))ds + eVks (X (s)) dW, = 0.
We then define the stochastic action A(X(0),x,t) := i%f {A[X]: X(t) = x}. Set-
ting
A(X(0),z,t) := So(X(0)) + A(X(0),z,t)
and then minimising A over X (0) gives X (0) = V.So(X(0)). Moreover, it follows

that
Sile) = inf {A(X(0).2.0)}

is the minimal solution of the Hamilton-Jacobi equation,
1
de, + (§|V8t|2 + V(a:)) dt + 6]411{(%‘) th = O, St:()(l') = So(x)

Following the work of Donsker, Freidlin et al [12], —u? Inut (2, t) — Si(x) as pp — 0.
This gives the inviscid limit of the minimal entropy solution of Burgers equation

as v9(z,t) = VS;(z) [5).
Definition 1.1. The stochastic wavefront at time ¢ is defined to be the set
We={z: S&(z)=0}.

For small x4 and fixed ¢, u#(z,t) switches continuously from being exponen-
tially large to small as x crosses the wavefront W;. However, u* and v* can also
switch discontinuously.

Define the classical flow map @, : R — R? by

dd, + VV(®,)ds + eVky(P,)dW, =0, &y =id,  Py=VS,.
Since X (t) = z it follows that X (s) = ®; (@;1(@), where the pre-image o (z,t) =
@, !(x) is not necessarily unique.

Given some regularity and boundedness, the global inverse function theorem
gives a caustic time T'(w) such that for 0 < ¢t < T(w), ®; is a random diffeomor-
phism; before the caustic time v°(z,t) = @, (<I>t_1(x)) is the inviscid limit of a
classical solution of the Burgers equation with probability 1.
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The method of characteristics suggests that discontinuities in v°(z,t) are as-
sociated with the non-uniqueness of the real pre-image xo(x,t). When this occurs,
the classical flow map ®; focusses an infinitesimal volume of points dxzg into a zero
volume dX(t).

Definition 1.2. The caustic at time t is defined to be the set

om o aa (220 o).

Assume that x has n real pre-images,

@ {2} = {zo(1)(@,8), 20(2) (2, 1), ..., wo(n) (2, 1)},

where each (i) (z,t) € R%. Then the Feynman-Kac formula and Laplace’s method
in infinite dimensions give for a non—degenerate critical point

Si(x, t))
0; exp 0 , 1.2

Z ( I (12)
where S§(z,t) := So (zo(i)(z,t)) + A(a:o( )(z,t),x,t), and 6; is an asymptotic
series in p2. An asymptotic series in p? can also be found for v#(z,t) [33]. Note
that S;(z) = min{S¢(z,t) :i=1,2,...,n}.

Definition 1.3. The Hamilton-Jacobi level surface is the set
Hf ={z: Si(z,t)=c for somei}.
The zero level surface Hy includes the wavefront W;.

As 1t — 0, the dominant term in the expansion (1.2) comes from the min-
imising (%) (x, t) which we denote Zo(z,t). Assuming Zo(x, t) is unique, we obtain
the inviscid limit of the Burgers fluid velocity as v(z,t) = &, (Zo(2,1)).

If the minimising pre-image Zo(z,¢) suddenly changes value between two
pre-images o (i)(x, t) and xo(j)(x,t), a jump discontinuity will also occur in the
inviscid limit of the Burgers fluid velocity. There are two distinct ways in which
the minimiser can change; either two pre-images coalesce and disappear (become
complex), or the minimiser switches between two pre-images at the same action
value. The first of these occurs as x crosses the caustic and when the minimiser
disappears the caustic is said to be cool. The second occurs as x crosses the Maxwell
set and again, when the minimiser is involved, the Maxwell set is said to be cool.

Definition 1.4. The Maxwell set is given by
M, = {a: : dxg, T € R? s.t.
x = Py(xg) = P(Z0), o # Eo and A(xo, x,t) = A(Eo, z,t)} .
Ezample (The generic Cusp). Let V(z,y) = 0, ki(z,y) = 0 and So(zo,y0) =

x310/2. This initial condition leads to the generic Cusp, a semicubical parabolic
caustic shown in Figure 1. The caustic C; (long dash) is given by

3 1
—tx% _Z

zi(zo) = t2af,  wi(xo) = 5 -
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The zero level surface HY (solid line) is

i) 1
T (1,0)(w0) = o> (1 +4/1— t%%) Yoy (o) = 5 <t2x0 —1+4/1- t2m3> ,

and the Maxwell set M, (short dash) is =0 for y > —1/%.

2 xo’s
N\ 3 xo’s

F1GURE 1. Cusp and Tricorn.

Notation. Throughout this paper x, zg, r; etc will denote vectors, where normally
x = ®4(x0). Cartesian coordinates of these will be indicated using a sub/superscript
where relevant; thus = = (z1,x2,...,24), o = (z},22,...,28) etc. The only ex-
ception will be in discussions of explicit examples in two and three dimensions
when we will use (z,y) and (xg,yo) etc. to denote the vectors.

2. Some background

We begin by summarising some of the geometrical results established by Davies,
Truman and Zhao (DTZ) [6, 7, 8] and presenting some minor generalisations of
their results [22, 25]. Following equation (1.1), let the stochastic action be defined,

A ‘TO,pO; / X dS —/

where X (s) = X(s,z0,p0) € R? and
dX(s) = —VV(X(s))ds — eVky(X(s))dW,, X(0) ==z, X(0)=po,

V(X (s))ds + eks (X (5)) dW, |,

for s € [0,¢] with z¢,po € R%. We assume X (s) is F, measurable and unique.
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Lemma 2.1. Assume So,V € C? and k; € C?*°, VV,Vk, Lipschitz with Hessians
V2V, V?k; and all second derivatives with respect to space variables of V and k;
bounded. Then for pg, possibly xo dependent,

04 . aX(1)
oz a(anpoat) _X(t) : 63)8

Methods of Kolokoltsov et al [18, 19] guarantee that for small ¢ the map
po — X (t, o, po) is onto for all xg. Therefore, we can define
A(x()’ z, t) = A(xo,po, t)|p0:p0(z0,z,t)7

where py = po(zo, z,t) is the random minimiser (assumed unique) of A(xg, po,t)
when X (¢, zo,po) = z. The stochastic action corresponding to the initial momen-
tum V.Sy(xo) is then A(zg, z,t) :== A(zo,x,t) + So(xo).

— X,(0), a=1,2,...,d

Theorem 2.2. If ®, is the stochastic flow map, then ®i(xg) = x is equivalent to
0
0x§

The Hamilton-Jacobi level surface Hf is obtained by eliminating z¢ between

[A(zo,z,t)] =0, a=1,2,...,d

0A

Dag (xo,2,t) =0, a=1,2,...,d.
Alternatively, if we eliminate z to give an expression in zy, we have the pre-level
surface ®; ' Hf. Similarly the caustic C; (and pre-caustic ®; 'C}) are obtained by
eliminating zo (or z) between

A(xg,x,t) = c and

2
det <87Aﬁ(xo,x,t)> =0 and 8,%(11 (o, 2,t) =0 a=1,2,...,d.
Ox§ox 0 f=12,..d 0z

These pre-images are calculated algebraically which are not necessarily the topo-
logical inverse images of the surfaces C; and Hf under ®;.
Assume that A(zg,,t) is C* in space variables with det (awaawﬁ) # 0.

Definition 2.3. A curve x = z(7), v € N(7,9), is said to have a generalised cusp
at v = 7o, v being an intrinsic variable such as arc length, if j—:(’yo) =0.

Lemma 2.4. Let ®; denote the flow map and let <I>;1Ft and I'y be some surfaces
where if xg € <I>t_1I‘t, then x = ®4(xg) € I'y. Then B, is a differentiable map from
<I>t_11"t to I'y with Frechet derivative

9 A A
D8fan) = (~pmtennt)) (G enat)).

Lemma 2.5. Let xo(s) be any two-dimensional intrinsically pammeteﬂsed curve,
and define x(s) = ®¢(xo(s)). Let e denote the zero eigenvector of ( o )2) and

assume that ker ((S;—SQ) = (eg). Then, there is a generalised cusp on x(s) when

s = o if and only if either:



310 A.D. Neate and A. Truman

1. there is a generalised cusp on xo(s) when s = o; or,
2. xo(0) is on the pre-caustic and the tangent %(s) at s = o is parallel to eq.

Proposition 2.6. The normal to ®; Hf is

%A AN\
n(fro) = — (6%‘08%0) (83:0633) X (tﬁl’o, VS()(LL’())) .

Corollary 2.7. In two dimensions, let ®; ' Hf meet ®;'Cy at xo where n(z) # 0

and ker (&j—:ﬁ) = (ep). Then the tangent to @;lHtc at xg 1s parallel to eq.
Proposition 2.8. In two dimensions, assume that n(zq) # 0 where o € ®; ' Hf, so
that ®;7 ' Hf does not have a generalised cusp at xo. Then Hf can only have a gener-
alised cusp at Dy(xo) if P¢(xo) € Cy. Moreover, if v = ®y(xp) € Dy {fb;lC’t N H{l},
then Hf will have a generalised cusp.

Ezample (The generic Cusp). Figure 2 shows that a point lying on three level
surfaces has three distinct real pre-images each on a separate pre-level surface.
A cusp only occurs on the corresponding level surface when the pre-level surface
intersects the pre-caustic. Thus, a level surface only has a cusp on the caustic, but
it does not have to be cusped when it meets the caustic.

FIGURE 2. (a) The pre-level surface (solid line) and pre-caustic
(dashed), (b) the level surface (solid line) and caustic (dashed),
both for the generic Cusp with ¢ > 0.

Theorem 2.9. Let
x € Cusp(HY) = {a: c o, (<I>t_16’t N <I>;1Hf) ,x = Py(x0),n(x0) # 0} .

Then in three dimensions in the stochastic case, with probability 1, T, the tangent
space to the level surface at x is at most one-dimensional.
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3. A one-dimensional analysis

In this section we outline a one-dimensional analysis first described by Reynolds,
Truman and Williams (RTW) [34].

Definition 3.1. The d-dimensional flow map ®; is globally reducible if for any

r = (v1,22,...,2q4) and zo = (2}, 22,...,28) where x = ®;(x0), it is possible to
write each coordinate z§ as a function of the lower coordinates. That is,
r=®(v0) = a§=a5(x,ah, 23, . ay ) fora=dd—1,...,2. (3.1)
Therefore, using Theorem 2.2, the flow map is globally reducible if we can
find a chain of C? functions x¢, xg 1, ..., x3 such that
_ 0A
zd = xg(x,xé,xg,...xg Lt & e d(xo,x t) =0,
8A
d—1 d—1 d—2 d
gl =2l Nl 2R, xR & ﬁ(méma...,xo(...),x,t):07
Oxy
zp = rg(z,20,t) &
0A d
o Q(mmmmmg(m x5, x5, t), . xl(. ), x,t) =0,

where a:g(. ..) is the expression only involving ) and x3 gained by substituting
each of the functions z3, ... ,ngl repeatedly into zg(z,z}, 22, . .. ,ngl, t). This
requires that no roots are repeated to ensure that none of the second derivatives
of A vanish. We assume also that there is a favoured ordering of coordinates and a
corresponding decomposition of ®; which allows the non-uniqueness to be reduced
to the level of the x} coordinate. This assumption appears to be quite restrictive.
However, local reducibility at x follows from the implicit function theorem and
some mild assumptions on the derivatives of A.

Definition 3.2. If ®; is globally reducible, then the reduced action function is the
univariate function gained from evaluating the action with equations (3.1),

) (z5) == flxh, 2, t) = Alxh, 23 (x, xh, 1), 28(.. ), ..., 2, t).

Lemma 3.3. If ®; is globally reducible, modulo the above assumptions,

det (%(mt))

To= (movmo(mwov) 73"'0( )

8 ? 1 a+1 d
11 K%>A(%7.. cag, a2l (), 2 t) mg:xg@,zg,f,) 7

a=1

Tg :5170( )
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where the first term is f(’; t)(a:(l)) and the last d — 1 terms are non-zero.

Theorem 3.4. Let the classical mechanical flow map ®; be globally reducible. Then:
1. f’z " (x}) = 0 and the equations (3.1) & x = ®4(x),
2. f(xt (z}) = f(w t)(mo) = 0 and the equations (3.1) & x = ®y(x) is such that
the number of real solutions xo changes.

4. Analysis of the caustic

We begin by parameterising the caustic 0 = det (D®;(x()) from Definition 1.2;
this equation only involves zy and ¢, and is therefore the pre-caustic. We use this
to parameterise the pre-caustic as

zo=A, @2=DXa, ..., 2i'=Xi1 and zd =z, N, hal).
The parameters are restricted to be real so that only real pre-images are considered.

Definition 4.1. For any A = (A1, A2, ..., Aq_1) € R%"! the pre-parameterisation of
the caustic is given by z;(\) := ®; (A, 2d())).

The pre-parameterisation will be intrinsic if ker(D®;) is one-dimensional.

Corollary 4.2. Let z:()\) denote the pre-parameterisation of the caustic where A =
(A1, A2y, Ag—1) € RIL Then f(’m (/\1) fzt(A (A1) =0.

Proposition4.3. Let 2::()\) denote the pre-parameterisation of the caustic where A =
(A, A2, .5 Aao1) € RITL Assume f(zt(,\)yt)(x(l)) € CP*Y, then, in d dimensions, if
the tangent to the caustic is at most (d — p + 1)-dimensional at x(N),

f(xf(A t)( ) f(ac (A),t) ()\1) = fac (2, 1) ( ): 0.

Proof. Follows by repeatedly differentiating f(It () (A1) = 0, which holds if the
tangent space at x¢(\) is (d — 2)-dimensional [22]. O

From Corollary 4.2, there is a critical point of inflexion on f(, 4 (x§) at 2§ =
A1 when z = z4(\). Consider an example where for x on one side of the caustic
there are four real critical points on f(, (z}) = 0. Let them be enumerated
x}(i)(,t) for i = 1 to 4 and denote the minimising critical point &} (x,t). Figure 3
illustrates how the minimiser jumps from (a) to (b) as x crosses the caustic. This
will cause u* and v* to jump for small 1 and the caustic at such a point is described

as being cool.

Definition 4.4. Let x¢(\) be the pre-parameterisation of the caustic. Then x;(\)
is on the cool part of the caustic if fiz,(x),¢)(A1) < fra, (0,6 (@5(0) (e (N), 1)) for all
i=1,2,...,n, where z{(i)(x,t) denotes an enumeratlon of all the real roots for
z§ to f(’mvt)(m(l)) = 0. If the Caustic is not cool, it is hot.

Definition 4.5. The pre-normalised reduced action function evaluated on the caus-
tic is given by Fa(25) 1= fre,0.0)(20) = frzun.n(M)-
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Before Caustic On Cool Caustic Beyond Caustic

(@) (b)

Minimiser at Two x}’s coalescing Minimiser jumps.
23 (2)(z,t) = 33(x,t).  form point of inflexion.

FIGURE 3. The graph of f(, () as = crosses the caustic.

Assume that F)(z}) is a real analytic function in a neighbourhood of \; € R.

Then,

Fa(xp) = (w5 — M)*F(xp),
where F' is real analytic. When the inflexion at 3 = )1 is the minimising critical
point of Fy, the caustic will be cool. Therefore, on a hot/cool boundary this
inflexion is about to become or cease being the minimiser.

Proposition 4.6. A necessary condition for z:(A) € Cy to be on a hot/cool boundary
is that either F(x}) or G(x}) has a repeated root at x} = r where

G(ap) = 3F (xp) + (25 — M) F (xp).

Proof. The minimiser could change when either F has a repeated root which is
the minimiser, or there is a second inflexion at a lower minimising value [23]. O

The condition is not sufficient as it includes cases where the minimiser is not
about to change (see Figure 4).

Increasing A Caustic changes hot to cool No change in caustic

N VAR R
[V /| N

et | WAL
boundary [ /—/ /\ \
UL
[ 7 M A

FIGURE 4. Graphs of F)(z{) as \ varies.
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F1GURE 5. Hot and cool parts of the polynomial swallowtail caus-
tic at time ¢t = 1.

Ezample (The polynomial swallowtail). Let V(z,y) = 0, ki(z,y) = =z, and
So(7o0,y0) = x§ + z2yo. This gives global reducibility, and k;(x,y) = x means

that the effect of the noise is to translate e = 0 picture through (—e fg W ds, O).
A simple calculation gives

F(xzg) = 1202 — 3\t 4 6z — txo + 222,
é(xo) = 15M% — 4\t + 10 xg — 2tz + 5.

Ezample (The three-dimensional polynomial swallowtail). Let V(z,y) = 0,
ki(x,y) = 0, and So(zo, Yo, 20) = 2§ + x3yo + x320. The functions F' and G can
be easily found, and an exact expression for the boundary extracted [22]; this is

shown in Figure 6.

Boundary on the caustic. Hot and cool parts.

FIGURE 6. The hot (plain) and cool (mesh) parts of the 3D poly-
nomial swallowtail caustic at time ¢ = 1.



A One-Dimensional Analysis of the Stochastic Burgers Equation 315

5. Swallowtail perestroikas

The geometry of a caustic or wavefront can suddenly change with singularities ap-
pearing and disappearing [2]. We consider the formation or collapse of a swallowtail
using some earlier works of Cayley and Klein. This section provides a summary of
results from [23] where all proofs can be found.

We begin by recalling the classification of double points of a two-dimensional
algebraic curve as acnodes, crunodes and cusps (Figure 7).

Acnode. Crunode. Cusp.

FiGURE 7. The classification of double points.

In Cayley’s work on plane algebraic curves, he describes the possible triple
points of a curve [27] by considering the collapse of systems of double points which
would lead to the existence of three tangents at a point. The four possibilities are
shown in Figure 8. The systems will collapse to form a triple point with respec-
tively, three real distinct tangents, three real tangents with two coincident, three
real tangents all of which are coincident, or one real tangent and two complex
tangents. It is the interchange between the last two cases which will lead to the
formation of a swallowtail on a curve [15]. This interchange was investigated by
Felix Klein [17].

R

F1GURE 8. Cayley’s triple points.

In Section 3, we restricted the pre-parameter to be real to only consider
points with real pre-images. This does not allow there to be any isolated double
points. We now allow the parameter to vary throughout the complex plane and
consider when this maps to real points. We begin by working with a general curve
of the form x(\) = (x1(N),22(N\)) where each z,(\) is real analytic in A € C. If
Im{z(a +in)} = 0, it follows that z(a + in) = x(a — in), so this is a “complex
double point” of the curve z(A).
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Lemma 5.1. If (\) = (x1(\), 22(X)) is a real analytic parameterisation of a curve
and X\ is an intrinsic parameter, then there is a generalised cusp at A = \g if and
only if the curves

1
0= Elm{xa(a—i—in)} a=1,2,

intersect at (Ao,0) in the (a,n) plane.

Now consider a family of parameterised curves z;(\) = (z;()\),z7()\)). As t

varies the geometry of the curve can change with swallowtails forming and disap-
pearing.

Proposition 5.2. If a swallowtail on the curve x¢(\) collapses to a point where
A=\ when t =1, then
dl’g Iy dzl'g ~

DN = e W=

Proposition 5.3. Assume that there exists a neighbourhood of A € R such that

dff (A) # 0 fort € (t—95,t) where § > 0. If a complex double point joins the curve

z4(\) at A= X when t =1 then,

dz; ~ d2z; -~
Gy = S5G) =
dA dA
These provide a necessary condition for the formation or destruction of a
swallowtail, and for complex double points to join or leave the main curve.

Definition 5.4. A family of parameterised curves x;(\), (where A is some intrinsic
parameter) for which

dl’; ~ d2£L'; ~

L= =0

TeG) = SR =0

is said to have a point of swallowtail perestroika when \ = Xand t = 1.

As with generalised cusps, we have not ruled out further degeneracy at these
points. Moreover, as Cayley highlighted, these points are not cusped and are barely
distinguishable from an ordinary point of the curve [27].

5.1. The complex caustic in two dimensions

The complex caustic is the complete caustic found by allowing the parameter
A in the pre-parameterisation z;(\) € R? to vary over the complex plane. By
considering the complex caustic, we are determining solutions a = a; and n = n,
to

f(lac,t)(a +in) = f(/;,t)(a +1in) =0,

where € R2. We are interested in these points if they join the main caustic at
some finite critical time ¢. That is, there exists a finite value ¢ > 0 such that , — 0
as t T t. If this holds, then a swallowtail can develop at the critical time t¢.
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Theorem 5.5. For a two-dimensional caustic, assume that x¢(\) is a real analytic
function. If at a time t a swallowtail perestroika occurs on the caustic, then x =
x;(A) is a real solution for x to

FlayO) = Flo ) = FlLy () = f (V) =0,
where XA = az.

Theorem 5.6. For a two-dimensional caustic, assume that x:(\) is a real analytic
function. If at a time t there is a real solution for x to

oty ) = Fl i) = flL ) = £, () =0,

and the vectors wa('x E)()\) and V, f( t)( ) are linearly independent, then x is a
point of swallowtail perestroika on the caustic.

Example. Let V(x,y) = 0,ki(z,y) = 0 and So(xo,v0) = x§ + xoyo The caustic
has no cusps for times ¢ < £ and two cusps for times ¢t > t where = 4v/2 x 333/% x
77/ = 2.5854.. ..

At the critical time ¢ the caustic has a point of swallowtail perestroika as
shown in Figures 9 and 10. The conjugate pairs of intersections of the curves in
Figure 9 are the complex double points. There are five before the critical time
and four afterwards. The remaining complex double points do not join the main
caustic and so do not influence its behaviour for real times.

FIGurE 9. Im{z:(a+in)} = 0 (solid) and Im{y(a +in)} = 0
(dashed) in (a,n) plane.

—

F1GURE 10. Caustic plotted at corresponding times.
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5.2. Level surfaces

Unsurprisingly, these phenomena are not restricted to caustics. There is an inter-
play between the level surfaces and the caustics, characterised by their pre-images.

Proposition 5.7. Assume that in two dimensions at o € ®;'Hf N &, 'Cy the
normal to the pre-level surface n(xo) # 0 and the normal to the pre-caustic i(xo) #
0 so that the pre-caustic is not cusped at xo. Then ni(xg) is parallel to n(xg) if and
only if there is a generalised cusp on the caustic.

Corollary 5.8. Assume that in two dimensions at oy € ®; ' Hf N®; ' C; the normal
to the pre-level surface n(xg) # 0. Then at @¢(xg) there is a point of swallowtail
perestroika on the level surface Hf if and only if there is a generalised cusp on the
caustic Cy at ®¢(x0).

Example. Let V(z,y) = 0, ki(x,y) = 0, and So(wo,%0) = 2 + 25yo. Consider
the behaviour of the level surfaces through a point inside the caustic swallowtail
at a fixed time as the point is moved through a cusp on the caustic. This is
illustrated in Figure 11. Part (a) shows all five of the level surfaces through the
point demonstrating how three swallowtail level surfaces collapse together at the
cusp to form a single level surface with a point of swallowtail perestroika. Parts
(b) and (c¢) show how one of these swallowtails collapses on its own and how its
pre-image behaves.

FIGURE 11. (a) All level surfaces (solid line) through a point as

)
it crosses the caustic (dashed line) at a cusp, (b) one of these level
surfaces with its complex double point, and (c) its real pre-image.
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6. Maxwell sets

A jump will occur in the inviscid limit of the Burgers velocity field if we cross a
point at which there are two different global minimisers xo(¢)(x,t) and xo(j)(z,t)
returning the same value of the action.

In terms of the reduced action function, the Maxwell set corresponds to values
of x for which f(myt)(mé) has two critical points at the same height. If this occurs
at the minimising value then the Burgers fluid velocity will jump as shown in
Figure 12.

Before Maxwell set On Cool Maxwell set Beyond Maxwell set

&

1 .
g D

Minimiser at x§. Two xg’s at same level. Minimiser jumps.

FIGURE 12. The graph of the reduced action function as x crosses
the Maxwell set.

6.1. The Maxwell-Klein set

We begin with the two-dimensional polynomial case by considering the classifica-
tion of double points of a curve (Figure 7).

Lemma 6.1. A point x is in the Mazwell set if and only if there is a Hamilton-
Jacobi level surface with a point of self-intersection (crunode) at x.

Proof. Follows from Definition 1.4. O

Definition 6.2. The Maxwell-Klein set By is the set of points which are non-cusp
double points of some Hamilton-Jacobi level surface curve.

It follows from this definition that a point is in the Maxwell-Klein set if it is
either a complex double point (acnode) or point of self-intersection (crunode) of
some Hamilton-Jacobi level surface. Using the geometric results of DTZ outlined
in Section 2, it is easy to calculate this set in the polynomial case as the cusps of
the level surfaces sweep out the caustic.

Theorem 6.3. Let D, be the set of double points of the Hamilton-Jacobi level sur-
faces, Cy the caustic set, and B; the Maxwell-Klein set. Then, from Cayley and
Klein’s classification of double points as crunodes, acnodes, and cusps, by defini-
tion, Dy = Cy U By, and the corresponding defining algebraic equations factorise
Dy = C}' - B[, where m,n are positive integers.

Proof. Follows from Proposition 2.8 and Lemma 6.1. d
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Theorem 6.4. Let p(;cy(w) be the resultant

Pte)() =R (f(z,t)(') -, f(’x,t)(')) ;
where © = (x1,22). Then x© € Dy if and only if for some c,

Ip(t,c (e
Pl (@) = =5 22 () = =5 (@) = 0.

Further,
Dy(x) = ged (py (), pi (2))
where ged(-, ) denotes the greatest common divisor and p} and p? are the resultants

8p(t 3 8p(t 3 6p(t 2
1 _ ) 2 _ s 5
pi(x) =R (p(t’_)(a:), 02 (x)) and pi(z) = R( s (z), O (a:)) .

Proof. Recall that the equation of the level surface of Hamilton-Jacobi functions
is merely the result of eliminating =} between the equations

fan (@) =c and  f{, (x5) = 0.

We form the resultant p(; .)(z) using Sylvester’s formula. The double points of the
level surface must satisfy for some ¢ € R,
p(t.¢) 9p(t.¢)

Pt,e)(x) =0, 91y () =0 and 6—@(;5) =0.

Sylvester’s formula proves that all three equations are polynomial in ¢. To proceed
we eliminate ¢ between pairs of these equations using resultants giving
9P, 9y, \ 9P
R (). %20 ) = phto) and (%), T ) = i)

Let Dy = ged(p}, p?) be the greatest common divisor of the algebraic p; and p?.
Then Dy(z) = 0 is the equation of double points. O

We now extend this to d dimensions, where the Maxwell-Klein set corresponds
to points which satisfy the Maxwell set condition but have both real pre-images
(Maxwell) or complex pre-images (Klein).

Theorem 6.5. Let the reduced action function f(xyt)(x(l)) be a polynomial in all space
variables. Then the set of all possible discontinuities for a d-dimensional Burgers
fluid velocity field in the inviscid limit is the double discriminant

D(t) == D {Dx (fay(N) =)} =0,
where D, (p(x)) is the discriminant of the polynomial p with respect to x.
Proof. By considering the Sylvester matrix of the first discriminant,

Dx (fy(N) = ¢) = K [T (fa (@5 (i) (. 1)) = ¢)

=1
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where 2} (i)(z,t) is an enumeration of the real and complex roots A of f(’w t)()\) =0
and K is some constant. Then the second discriminant is simply

Do (Dx (fiao® = €)) = K2 T] (fiwan ()2, 1)) = oy (b))

O

Theorem 6.6. The double discriminant D(t) factorises as
D(t) = 65" - (C)* - (By)”,

where By = 0 is the equation of the Mazwell-Klein set and Cy = 0 is the equation
of the caustic. The expressions By and Cy are both algebraic in x and t.

Proof. See [23]. O

Ezample (The polynomial swallowtail). Let V(z,y) = 0, k(z,y) = 0 and
So(wo,y0) = x5 +x2yo. The Maxwell-Klein set can be found by factorisation giving
0 = —675+52t" — % 4 312032 — 224tz + 4t*' x — 38400%2% + 1408t°2?

+128000tz> — 5400ty + 312t°%y — 4t%y + 12480t xy — 448t3zy
—76800t32%y — 16200t%y> + 624t5y* — 4t'0y2 + 12480t 21>
—21600t3y> + 416t7y> — 10800t*y*.
Outside of the swallowtail on the caustic there are two real and two complex pre-
images whereas inside there are four real and no complex pre-images. Therefore,
any part of the Maxwell-Klein set outside of the caustic swallowtail must corre-

spond to Klein double points and any part inside must correspond to the Maxwell
set. This is shown in Figure 13.

6.2. The pre-Maxwell set

If the Maxwell set is defined as in Definition 1.4, then the pre-Maxwell set is the
set of all the pre-images xy and %y which give rise to the Maxwell set.

Definition 6.7. The pre-Maxwell set ®, LM, is the set of all points xg € RY where
there exists x, 2o € R? such that x = ®;(x¢) and x = ®;(Z¢) with ¢ # & and

Az, x,t) = A(Zo, z, t).

With the caustic and level surfaces, each regular point was linked by &, Lo
a single point on the relevant pre-surafce. However, every point on the Maxwell
set is linked by @, ! to at least two points on the pre-Maxwell set.

Theorem 6.8. The pre-Mazwell set is given by the discriminant Dy (G(ié)) =0
where

1 ~1
1y f@e@o)t)(T0) = (@ (20),t) (T0)
B
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\ /—Crunodes of Hf

= Maxwell set.

E<—Acn0des of HY
' = Klein set.

FIGURE 13. The caustic and Maxwell-Klein set.

Proof. From Definition 6.7 and Theorem 3.4 it follows that the pre-Maxwell set is
found by eliminating z and #} between

Fat)(@0) = @) (#0)  Flony (@) = flun(Es) = 0.

This surface would include the pre-caustic where z{ = &} and so this repeated
root must be eliminated. O

We can use this to pre-parameterise the Maxwell set as has been done with
the caustic and level surfaces. By restricting the parameter to be real, we only get
the Maxwell set as the Klein points have complex pre-images.

We now summarise the results of [25].

Lemma 6.9. Assume that a point x on the Mazwell set corresponds to exactly two
pre-images on the pre-Mazxwell set, xo and To. Then the normal to the pre-Mazwell
set at xg is to within a scalar multiplier given by

n(zg) = —(%g(mmm,t)) (%(mmx’w)_l
(X(t,meSo(xo)) - X(t,imVSo(io))) .

Corollary 6.10. In two dimensions let the pre-Maxwell set meet the pre-caustic at
a point xo where n # 0 and

0%2A
ker (W(xm ‘I’t(l‘o), t)) = <€0>’
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where eq is the zero eigenvector. Then the tangent plane to the pre-Mazwell set at
20, Ty, s spanned by eg.

Proposition 6.11. Assume that in two dimensions at o € <I>;1Mt the normal
n(xg) # 0 so that the pre-Mazwell set does not have a generalised cusp at xg.
Then the Mazwell set can only have a cusp at ®¢(xg) if Pi(xo) € Cy. Moreover, if

x = ®y(x0) € By {®;'CL Ny "M, ),
the Mazwell set will have a generalised cusp at x.

Corollary 6.12. In two dimensions, if the pre-Mazwell set intersects the pre-caustic
at a point xg, so that there is a cusp on the Mazwell set at the corresponding
point where it intersects the caustic, then the pre-Maxwell set touches the pre-level
surface <I>t_1Htc at the point xo. Moreover, if the cusp on the Mazwell set intersects
the caustic at a regqular point of the caustic, then there will be a cusp on the pre-
Mazwell set which also meets the same pre-level surface ®;7 ' Hf at another point
0.

Corollary 6.13. When the pre-Mazwell set touches the pre-caustic and pre-level
surface, the Mazwell set intersects a cusp on the caustic.

Ezample (The polynomial swallowtail). Let V(z,y) = 0, k(x,y) = 0 and
So(z0,y0) = 2§ + xYo.

Pre-curves Curves
FIGURE 14. The caustic (dashed) and Maxwell set (solid line).

From Proposition 6.11, the cusps on the Maxwell set correspond to the inter-
sections of the pre-curves (points 3 and 6 on Figure 14). But from Corollary 6.12,
the cusps on the Maxwell set also correspond to the cusps on the pre-Maxwell set
(points 2 and 5 on Figure 14 and also Figure 15). The Maxwell set terminates
when it reaches the cusps on the caustic. These points satisfy the condition for a
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generalised cusp but, instead of appearing cusped, the curve stops and the param-
eterisation begins again in the sense that it maps back exactly on itself. At such
points the pre-surfaces all touch (Figure 15).

i
1
1

1

1
1
|
1

\

Cusp on Mazwell set Cusp on caustic

FIGURE 15. The caustic (long dash) and Maxwell set (solid line)
with the level surfaces (short dash) through special points.

These two different forms of cusps correspond to very different geometric
behaviours of the level surfaces. Where the Maxwell set stops or cusps corresponds
to the disappearance of a point of self-intersection on a level surface. There are
two distinct ways in which this can happen. Firstly, the level surface will have a
point of swallowtail perestroika when it meets a cusp on the caustic. At such a
point only one point of self-intersection will disappear, and so there will be only
one path of the Maxwell set which will terminate at that point. However, when we
approach the caustic at a regular point, the level surface must have a cusp but not
a swallowtail perestoika. This corresponds to the collapse of the second system of
double points in Figure 8. Thus, two different points of self-intersection coalesce
and so two paths of the Maxwell set must approach the point and produce the
cusp (see Figure 16).

Approaching the caustic Approaching a cusp on the caustic

FIGURE 16. The caustic (long dash) Maxwell set (solid line) and
level surface (short dash).
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7. Some applications to turbulence in two dimensions

7.1. Real turbulence and the { process

Definition 7.1. The turbulent times ¢ are times when the pre-level surface of the
minimising Hamilton-Jacobi function touches the pre-caustic. Such times ¢ are
zeros of a stochastic process (°(.), i.e., ¢°(t) = 0.

These turbulent times are times at which the number of cusps on the corre-
sponding level surface will change. We begin with some minor generalisations of
results in RTW [34] and also [23, 26].

Proposition 7.2. Assume ®; is globally reducible and that x4(\) is the pre-para-
meterisation of a two-dimensional caustic. Then the turbulence process at X\ is
given by
C(t) = flauro).) (o) — ¢,

where f(, 1)(x3) is the reduced action evaluated at points x = x4(Xo) where x4(Xg) =
i (Mo, 23 (No)) € Ciy, A = g satisfying

day
Cdh
where Xy (X) = Dy (), x5 o(N) and x:(Xo) € Cf, the cool part of the caustic.

Hence, there are three kinds of real stochastic turbulence:

1. Cusped, where there is a cusp on the caustic,
2. Zero speed, where the Burgers fluid velocity is zero,
3. Orthogonal, where the Burgers fluid velocity is orthogonal to the caustic.

Proof. The number of cusps on the relevant pre-level surface is
ne(t) = #{NER: fla,00.0(N) =},

where the roots A = Ao correspond to points in the cool part of the caustic. The
pre-surfaces touch when n.(t) changes, which occurs when

d
af(zt()\),t) (A) =0. O

For stochastic turbulence to be intermittent we require that the process (¢(t)
is recurrent.

Proposition 7.3. Let V(z,y) =0, ki(x,y) = x and

So(zo,90) = f(x0) + g(x0)Yyo,

where f,g,f and g’ are zero at xy = a but g"’'(a) # 0. Then, for orthogonal
turbulence at a,

t 2 t
Cc(t):—aeWt—i—eQWt/ Wsds—%/ W2ds — c.
0 0

We note the following result of RTW [34].
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Lemma 7.4. Let W; be a BM(R) process starting at 0, ¢ any real constant and
t 2t
Y; = —aeWt+e2Wt/ Wsds — %/ Wfds—c.
0 0

Then, with probability 1, there exists a sequence of times t,, / oo such that
Y:, =0 for every n.

We also note that this can be extended to a d-dimensional setting where for
a d-dimensional Wiener process W (t) the zeta process can be found explicitly [22].

Theorem 7.5. In d dimensions, the zeta process is given by

G o= o) — eal(N) - W) +EW () / Ws)ds+ 5 / W (s)[2 ds,

where f(ac o (x}) denotes the deterministic reduced action function, x9()\) denotes
the pre- pammetemsatzon of the deterministic caustic, and \ must satisfy the equa-
tion

V5 (f&g(x)ful) ex®()) - W(t)) —0.

When ) is deterministic, the recurrence of this process can be shown using
the same argument as for the two-dimensional case (further results on recurrence
can be found in [24]). Here we recapitulate our belief that cusped turbulence will
be the most important. As we have shown, when the cusp on the caustic passes
through a level surface, it forces a swallowtail to form on the level surface. The
points of self-intersection of this swallowtail form the Maxwell set.

7.2. Complex turbulence and the resultant 7 process

We now consider a completely different approach to turbulence. Let (X, 2§ ¢()))
denote the parameterisation of the pre-caustic at time ¢t. When

Zy =Im {®(a+in, a2 c(a+in))},

is random, the values of 7(t) for which Z; = 0 will form a stochastic process.
The zeros of this new process will correspond to points at which the real pre-
caustic touches the complex pre-caustic. The points at which these surfaces touch
correspond to swallowtail perestroikas on the caustic. When such a perestroika
occurs there is a solution of the equations

FlayON) = Tl ) = FlL (V) = f(y (A) = 0.

Assuming that f(z,t)(a:o) is polynomial in x} we can use the resultant to state
explicit conditions for which this holds [23].

Lemma 7.6. Let g and h be polynomials of degrees m and n, respectively, with no
common roots or zeros. Let f = gh be the product polynomial. Then the resultant
18
N—-1
min!  fN)(0) ,
= (=1)™" R R(h,k")R(g, h)?
RS = 0™ (N o anew;) R ROG) R, b
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where N =m +n and R(g,h) # 0.

Since f(w (3:0) is a polynomial in ¢ with real coefficients, its zeros are
real or occur in complex conjugate pairs. Of the real roots, g = A is repeated. So,

f(act()\),t) (ff(lJ) (»To A)? Q) (ffo)H(/\ t) (ffo)
where @ is the product of quadratic factors
q

Qoo (@) = [T {(a5 —ab)® + i)},

=1

and Hy 1 (x}) the product of real factors corresponding to real zeros. This gives

Fl o (@0

Ny = 2[T{ON—ad)* + )} Hony (V).
0= i=1

We now assume that the real roots of H are distinct as are the complex roots

of Q). Denoting f(’;’t(A) " (x(l))‘ by f{”()\) etc, a simple calculation gives
) zh=x
[RAC" 00, £ )

—KtH o QH{ )+ 2((nf)? +<nz>2)<af’—a{)2+<(nf)2—<nz>2)2}
k=1 j#k
x | Ra(H, H')| |[RA(Q, H)|?,

K being a positive constant. Thus, the condition for a swallowtail perestroika to
occur is that

polt) = [Ba(£/ (). £ O0)| = 0,

where we call p,(t) the resultant eta process.

When the zeros of p,(t) form a perfect set, swallowtails will spontaneously
appear and disappear on the caustic infinitely rapidly. As they do so, the geometry
of the cool part of the caustic will rapidly change as the A shaped sections typical
of a swallowtail caustic appear and disappear. Moreover, Maxwell sets will be
created and destroyed with each swallowtail that forms and vanishes adding to the
turbulent nature of the solution in these regions. We call this ‘complex turbulence’
occurring at the turbulent times which are the zeros of the resultant eta process.

Complex turbulence can be seen as a special case of real turbulence which
occurs at specific generalised cusps of the caustic. Recall that when a swallowtail
perestroika occurs on a curve, it also satisfies the conditions for having a generalised
cusp. Thus, the zeros of the resultant eta process must coincide with some of the
zeros of the zeta process for certain forms of cusped turbulence. At points where
the complex and real pre-caustic touch, the real pre-caustic and pre-level surface
touch in a particular manner (a double touch) since at such a point two swallowtail
perestroikas on the level surface have coalesced.
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Thus, our separation of complex turbulence from real turbulence can be seen
as an alternative form of categorisation to that outlined in Section 7.1 which could
be extended to include other perestroikas.
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Attractors for Ergodic and Monotone Random
Dynamical Systems

Michael Scheutzow

Abstract. We relate ergodicity, monotonicity and attractors of a random dy-
namical system (rds). Our first result states that an rds which is both mono-
tone and ergodic has a weak random attractor which consists of a single point.
Then we show that ergodicity alone is insufficient for the existence of a weak
random attractor. In particular we present an rds in R%, d > 2 namely an
isotropic Brownian flow with drift, whose single-point motion is an ergodic
diffusion process and which does not have a weak attractor. It seems that this
is the first example of this kind in the literature.
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1. Introduction

Our motivation for studying the relationship between ergodicity, monotonicity
and the existence of a random attractor for a random dynamical system (rds)
is to provide a rather general sufficient condition for the existence of a random
attractor. Indeed, several authors have proved the existence of random attractors
for particular systems using ad-hoc methods and in many cases the systems were
in fact monotone and ergodic. When an rds is monotone, then this property is
usually very easy to prove. Ergodicity is not always easy to prove — but in most
cases still considerably easier than to prove the existence of an attractor. The result
in Section 2 provides a stronger conclusion than most other results on attractors
in that we show, that the attractor is trivial (i.e., consists of a single point). On
the other hand, due to the generality of the set-up, we can only show that the
attractor attracts all deterministic compact sets in probability while some authors
prove almost sure attraction for a larger class of sets.
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The article is organized as follows: we first introduce random dynamical sys-
tems and attractors. Section 2 contains the main result about attractors for mono-
tone and ergodic systems. This section is based on the joint paper [7] with Igor
Chueshov. Therefore we will omit detailed proofs. In Section 3 we provide a class
of examples of ergodic systems which do not have a weak attractor. These exam-
ples are random dynamical systems generated by a stochastic differential equation
on R?, d > 2, with bounded drift and isotropic diffusion part. In these examples,
the single-point motion is a nondegenerate diffusion process with additive white
noise. To the best of our knowledge, these are the first examples in the literature
of this kind. In Section 4, we briefly address the relationship between ergodicity
and point attractors and in the last section we discuss the relationship between
the existence of a trivial random attractor and coupling from the past.

We start by explaining some basic concepts in the theory of random dynam-
ical systems, which has been developed by Ludwig Arnold and his group during
the past two decades, see [1]: let (S, d) be a complete, separable metric space and
let T be either R or Z. Further T denotes the set of nonnegative elements from
T. We denote by B(S) the Borel g-algebra of subsets of S. By definition, a random
dynamical system with time T and state space S is a pair (1, ¢) consisting of the
following two objects:

o A metric dynamical system (mds) 9 = (Q, F,P,{9(¢),t € T}), i.e., a prob-
ability space (Q,F,P) with a family of measure-preserving transformations
9={9(t): Q@ — Q, t € T} such that

(a) 9(0) =id, ¥(t) o ¥(s) = ¥(t + s) for all ¢, s € T;
(b) the map (t,w) — ¥(t)w is measurable and
(c) 9(t)P =P for all t € T.

o A (perfect) cocycle p over 9 of continuous mappings of S with one-sided time

T, i.e., a measurable mapping

p: Ty xQx8—S (twz)—ptwe
such that the mapping x +— ¢(t,w)z is continuous for every ¢ > 0 and w € Q
and it satisfies the cocycle property:
o(0,w) =1id, @+ s,w) = p(t, I(s)w) o @(s,w)
forallt,s > 0 and w € Q.

Note that we do not require ¢ to be continuous with respect to ¢ in case
T=R.

We call an rds ergodic in case there exists a probability measure 7 on S such
that for each x € S, the law of ¢(t,w)x converges weakly to 7. Note that we do
not assume that the one-point motion is Markovian.

Next, we introduce the concept of a random attractor.

Definition 1.1. Let C be the family of nonempty compact subsets of S. The mapping
A Q — C is called an invariant random compact set if

(i) w d(z, A(w)) is measurable for each z € S, where d(z, A) = inf,c 4 d(x,y),
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(i) there exists a set Q € F of full measure which is invariant under 9(t) for each
t € T such that o(t,w)(A(w)) = AW(t)w) for all w € Q and t € T
An invariant random compact set is called a pullback attractor if for each compact
set BC S
lim sup d(p(t,9(—t)w)z, Aw)) =0 as.,

=00z

and a weak attractor if for each compact set B C §

lim sup d(p(t,9(—t)w)z, A(w)) =0 in probability.

t—00 4B

Since almost-sure convergence implies convergence in probability, every pull-

back attractor is also a weak attractor. The converse is not true (see, e.g., [19] for
examples). Clearly both notions coincide in case S is compact. The concept of a
pullback attractor was proposed independently in [10] and [21]. Weak attractors
were introduced in [17]. If an attractor (weak or pullback) exists, then it is unique
up to sets of measure zero. Sometimes a random attractor A is defined a bit differ-
ently or more generally by requiring that A attracts a different class of sets than
the compact ones (for example all bounded deterministic sets or a class of random
sets).

2. Monotone random dynamical systems

This section is essentially a condensed version of [7]. Proofs and detailed examples
can be found there. We alert the reader that in [7] we required an attractor to at-
tract all bounded deterministic sets instead of all compact sets (which necessitates
only few changes).

To introduce a monotone rds, we need a partially ordered state space S. We
will assume that (5, d) is a suitable subset of an ordered Banach space V:

Let V' be a real separable Banach space with a cone V. C V. By definition,
V4 is a closed convex set in V such that Av € V4 for all A > 0, v € Vi and
Vi N (=V4) = {0}. The cone V; defines a partial order relation on V via z <y
iff y — z € V. which is compatible with the vector space structure of V. If V; has
nonempty interior int V., we say that the cone V, is solid. For elements a and b
in V such that a < b we define the (conic) closed interval [a,b] as the set of the
form

[a,b] ={z eV :ia<xz<b}.

If the cone V is solid, then any bounded set B C V is contained in some interval.
A cone V, is said to be normal if every interval [a, b] is bounded.

An rds (0, ) taking values in a subset S of V' is called monotone or order-
preserving, if (possibly up to a universal set of measure zero) x < y implies
p(t,w)r < p(t,w)y for all t € T, and w € Q.

Theorem 2.1. Let (9,¢) be an ergodic and monotone rds taking values in a sepa-
rable Banach space V' with a solid and normal cone V.. Then the rds has a weak
attractor which consists of a single (random) point.
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If we denote the single point in the theorem by v(w), then it follows from the
invariance of the attractor that t — ¢(t,w)v(w) is stationary since p(t,w)v(w) =
v(9(t)w). The law of v equals 7 (which appears in the definition of an ergodic rds).

In many applications one has an ergodic and monotone rds on a subset of
an ordered Banach space. It is easy to construct examples which show that Theo-
rem 2.1 does not hold if V is replaced by an arbitrary subset of V (see [7, Example
3]). It does hold however if ¢ takes values in an admissible subset of V, which,
by definition, is a subset S of V whose induced topology admits a complete and
separable metrization and which has the property that for any compact set K in
S, there exist a,b € S, a < b, such that K is a subset of the relative interior
of [a,b] N'S. The latter property implies in particular that each pair z,y € S is
contained in an interval [a,b] with endpoints a,b € S. The condition that V be
solid can be dropped in case the state space S is admissible.

We provide the idea of the proof of this result in the special case where
S C la,b] and a,b € S (note that in this case S is automatically admissible):
first one shows that ||p(t,w)a — ¢(t,w)b|| converges to zero in probability (this is
Proposition 1 in [7] which is rather easy to prove and which does not require the
cone Vi to be solid or normal). Next observe that the sets ¢(t,9(—t)w)(S) are
decreasing in ¢. Due to the fact that by monotonicity ¢ (¢, ¥(—t)w)(S) is contained
in [p(t, d(—t)w)a, p(t,¥(—t)w)b] and the norm of the difference of the endpoints
of that interval converges to zero in probability (in fact even almost surely!), it is
easy to see (using the fact that the cone V; is normal) that Ny>o@(t, H(—t)w)(S)
consists of a single point which we call v(w). In particular, {v(w)} attracts the
whole space S almost surely. It is not hard to see that ¢(t,w)v(w) = v(¥(¢)w) holds
almost surely, but the exceptional set might depend on t. By some appropriate
perfection (see the Appendix of [7]) one can find a modification of v which is
invariant (without exceptional sets depending on ¢) showing that A(w) = {v(w)}
is a pullback attractor. The basic idea of the proof in the general case is similar
but a bit more technical. The reader is referred to [7] for details.

The assumptions of the theorem do not guarantee that the rds has a pull-
back attractor (see [7, Example 2]). We point out, that another paper dealing
with attractors for an ergodic rds (with independent increments) is [13], see also
Section 4.

Our result can be applied to one-dimensional rds, to multi-dimensional rds
with cooperative drift, to certain stochastic delay differential equations, certain
parabolic spde’s and some (monotone) interacting particle systems like the (dy-
namical) Ising model. The reader is referred to Section 4 of [7] for details.

3. A counterexample

In this section we will provide an example of an ergodic rds (1, p) on RY, d > 2,
which does not have an attractor. In this example, ¢ is even a cocycle of homeomor-
phisms rather than just continuous maps and the one-point motion is a diffusion
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process with additive noise. Roughly speaking, the drift vector points towards the
origin and is, on the one hand, strong enough to ensure ergodicity but, on the
other hand, weak enough in order to allow the noise to prevent large balls from
collapsing, i.e., even though each fixed initial point which is far out, tends towards
the origin, there will exist random points (measurable with respect to the future)
which will move out to oo, thus contradicting the existence of a weak attractor. To
the best of our knowledge such examples have not appeared in the mathematical
literature so far.

In our example, the noise which drives the flow will have to be sufficiently
non-degenerate. That is why we assume the noise to be an isotropic Brownian one.

In [20] we proved that there is a positive probability that the diameter of a
compact and connected subset of R? d > 2, consisting of more than one point
will grow to oo as t — oo (in fact with linear speed) under an isotropic Brownian
flow, the probability being 1 in case the highest Lyapunov exponent of the flow is
non-negative (see also [8]). Such an isotropic Brownian flow is not ergodic since its
one-point motion is Brownian motion, so we need to add some appropriate drift in
order to make it ergodic. If this drift is rather weak, then one may expect that it will
not be able to fully compensate the linear expansion of a set under the isotropic
flow. We will show below that this is true. We use similar techniques as in the
proofs in [20] but some arguments are a bit different. We will rely on two lemmas
from [20]: a support lemma and a lemma about the asymptotics of sequences of
random variables which are stated below as Lemma 3.5 and Lemma 3.6.

We will first define the concept of an isotropic covariance tensor b, then we
will introduce isotropic Brownian fields and finally flows generated by stochastic
differential equations which are driven by an isotropic Brownian field.

Definition 3.1. Let b = (b;;(x))i j=1,...a be a positive semidefinite real matrix for
each x € R?. We say that b is an isotropic covariance tensor or matriz if

(i) @+ b(x) is four times continuously differentiable

(ii) b(0) = E4 (the identity matrix)

(iii) z +— b(x ) is not constant
)

(iv) b(z) = G*b(Gx)G for all z € R4, G € O(d).

(i) is a convenient and not too restrictive smoothness assumption, (ii) a nor-
malization condition, (iii) is assumed to avoid rigid motions, and (iv) ensures that
b is invariant under orthogonal transformations — justifying the term isotropic.

Definition 3.2. Let b = (b;;(x))i j=1,....4 be an isotropic covariance tensor. An R4-
valued random field M(t,z), t > 0, € RY, defined on some probability space
(Q,F,P), is called an isotropic Brownian field with covariance tensor b, if

o (t,x) — M(t,x) is a zero-mean Gaussian process

o cov(M(s,z), M(t,y)) = (s A1) bz — )

o (t,z) — M(t,x) is continuous for almost all w € .

From this definition it is easy to obtain the following properties of M.
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Corollary 3.3. Let M be an R%-valued isotropic Brownian field. Then the following
holds:

e t+— M(t,z) is a d-dimensional standard Brownian motion for each x € R%,
o (M(-,x), M(-,y)); = b(x —y)t for each z,y € R

Next, we consider the Kunita-type stochastic differential equation (sde)
dX(t) = f(X(¢)dt + M (dt, X (t)), (3.1)

where M is an isotropic Brownian field and f : R? — RY satisfies a local Lipschitz
and a linear growth condition. It was shown by Kunita ([14, Theorem 4.5.1]),
that this equation does not only have a unique solution for every initial condition
X (0) = 2 € R? but that it even generates a stochastic flow of homeomorphisms,
i.e., that there exists a family (¢st)o<s,t<oco Of random homeomorphisms of R4 such
that:

® sy = Pty 0 Og for all 0 < s,t,u < 0o and all w € Q.
® ¢ss = idga for all s > 0 and all w € Q.
e For each s > 0, 2 € R? (¢s1())s>s solves (3.1) for ¢ > s with initial condition
X(s)=u=.
e The map (s,t,x) — ¢ (x) is continuous for all w € Q.
In case f = 0, this flow is called an isotropic Brownian flow. Isotropic Brownian
flows have been investigated by a number of authors, e.g., [4] and [15]. Note that
the one-point motion starting in x of an isotropic flow is a standard d-dimensional
Brownian motion (starting in z).
It is shown in Arnold and Scheutzow ([2]), that the solutions of equation (3.1)
even generate an rds (J,¢) (on a suitable mds). The relationship between the
cocycle ¢ and the flow ¢ is given by

o(t, V(s)w) = Ps,s4¢(w).
Note that this identity shows the equivalence of the flow property of ¢ and the
cocycle property of ¢.
Before we state our result about the non-existence of a weak attractor, we pro-
vide more information about the covariance tensor b introduced in Definition 3.1:
there exist C* functions By, By : [0,00) — (—1,1], called the longitudinal, respec-
tively transversal or normal correlation functions, satisfying

l’fET
b(x) = (Br(|z]) — BN(IéfI))W + By(|z))Ea,  x#0,

where E4 denotes the d x d identity matrix (see [4]). Further, By (r), BL(r) # 1
for 7 > 0. From this representation, it is easy to see that the set of eigenvalues of

the matrix
= (4 5 )

is given by {1 £ Bx(]z|),1 + Br(]z|)}. Note that in particular, the set of eigenval-
ues of a(x) is bounded and bounded away from zero for all x in a compact subset
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of RA{0}. If (z1,...,24) is an orthogonal basis of R? with z; = = (z # 0), then

the family
Zi .
( +2, ),z-l,...,d

is a basis of eigenvectors of a(x).
We introduce the filtration F; := o(p(s),0 < s <t) for t > 0.

Proposition 3.4. Let M be an isotropic Brownian field on R, d > 2 and f : R —
RY a bounded, locally Lipschitz continuous function. If B := sup,cga || f(z)| is
sufficiently small, then the rds (9, ) generated by the sde

dY (t) = f(Y(t))dt + M (d¢, Y (1))
does not possess a weak attractor.

Proof. Let D C R? be a compact and connected subset of diameter A. We show
that if § > 0 is sufficiently small, then for sufficiently large A we have

P { lim diam(p(n)(D)) = oo} >0

n—oo

which implies the non-existence of a weak attractor. Let
Dy := diam(p(t)(D)).
We will use the following lemma which is proved in [20], p. 2057.

Lemma 3.5. Let (Dn,fn), n > 0 be an adapted real-valued process satisfying

E(Dpi1— Du|Fo) > c1lp 50 (3.2)
and
p {|Jf)n+1 — Dy| > Al ]—'n} < e for all A >0 (3.3)
for some strictly positive constants a,cq,b1,by. Then for
Clb% b2
= bi,b2) = —=
v =(c1,b1,b2) 25

and K > £ > «a,
P{ lim D,, = oo and D,, >£&Vn > 0|.7-'0} >1—e 7578 o {Do >k} (3.4)
n—oo

and

1 - .

P {liminf —D,, > ¢i|limsup D,, > a} =1. (3.5)
n—oo 1 n—o0

We define the sequence Z,,, n > 1 as follows: for n € Ny, select F,,-measurable

(random) points x,Z € ¢(n)(D) such that ||« — Z|| = D,,. Define Z,,11 := 0 on the

set I, := {w : inf{Dy(w) : & < n} < 1}. Otherwise, select F,,-measurable points



338 M. Scheutzow

v, € p(n)(D) such that ||y — z|| = 1 and ||g — Z|| = 1 (such points exist since
©(n)(D) is connected). For fixed n, define
T—z T—
A = _ B = - =
<¢n,n+1(x)v ||35—5%||>’ <¢n,n+1(y)a ||(E—£i’||>7
pe T— ~ T—
A = Apnnt1(D) =) B = (¢nn1(9), =)
T e -7 T e — 2
Zns1 = AVB—AAB-D,.

Note that we have D11 > D,, + Z,,+1 on the complement of the set I,,.
We will show the validity of (3.2) and (3.3) with o =1 for the sequence

n
D,, := Do + Z Z.
k=1

(3.3) follows easily since Z,+1 = 0 on I, and on the complement of I,, we have
=28+ N1+ Na+ N3+ Ny < Zpq <208+ Ni+ No+ N3+ Ny,

where the NV; are standard normal variables. Once we have also proved (3 2) it
follows from (3.4) and the fact that D,, > D, for all n on the set {inf; Dy > 1}
that lim D,, = oo with positive probability provided that A > 1.

Now we verify (3.2) for o := 1 provided ( is sufficiently small. Clearly, (3.2)
is satisfied on the set I;,, so we can assume that w ¢ I, (and hence D,, > 1).

For any p > 0,
E(AV B|F,) = E(A|F,)+E(B-A)"|F,)
T 3L B(B - AY|E,
> o ) O BB - A1)
r—F
> <$7m>—5+PP{B—AZP|fn}-

We will estimate the last probability from below using the following support lemma
which is proved in [20], p. 2053 (using Lemma 1.8.3 of [3]). Observe that in order for
P{B—A > p|F,} to be strictly positive we need the dimension d of the underlying
space to be at least 2.

Lemma 3.6. Fiz a positive integer m. There exists a continuous function g :
(0,00)°> — (0,00) which is decreasing in the second, third, and fifth variable and
increasing in the first and fourth variable with the following property: let (St),~ be
any R™-valued continuous semimartingale, with Doob decomposition Sy = N+ V;,
N; being the local martingale part and Vi having locally bounded variation, and
No=Vy =0. Let € > 0 be given, and define T = inf{t : ||S|| > €}. Let a1, a2, 1
be positive, such that V' has Lipschitz constant no more than v1 on [0,7] and such
that the quadratic variation a; = d({N)/dt satisfies

asllzl? > 2T a;z > a2l (3.6)
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for0 <t <7 and z € R™. Then P {1 > to} > g(an, aa,v1,¢,t0) for every positive
to.

To apply the lemma, we pick a function ¢ : {(z,#,y,t) € R3? x [0,1] : 2 #
7, |ly — z|| = 1} — R< with the following properties (in the domain of definition):
’(/)(33‘, z,y, O) =Y
||¢(5Ua jvyat) - w(% ivya 8)” < 3|1‘L - S|
¢ (x, %,y,t) — 2| >1/2
<1/)(33‘, i‘,y, 1) -, ﬁ) > 1

For fixed n, we apply the lemma with m = 2d to the process

P M{de:gninra()
+f0 d83¢n,n+s(y)) —¢($a55,y7t/\1) ’

S¢, t > 0 is a continuous (Fj,4¢) —semimartingale with Sy = 0. Fix ¢ = 1/4 and
define 7 as in the lemma. By definition of 1, the bounded variation part of S has
Lipschitz constant no more than v; = 3. It remains to check condition (3.6). The
matrix a; in the lemma is given by

4 = ( Eq b (Gnnit(2) = bnmie(y)) )

t>0.

b (bnntt(x) = Pnntt(y)) FEa

for 0 < ¢ < 1. By definition of 7, the set {||@nntt(x) — Gt 1t < T A
1} is bounded above by a deterministic constant and is bounded from below by
[z, Z,y,t A7) — x| — 28 — V2[|Siasll = 2 — 28 — v/2/4 > .04 provided that
06 < .05.

Using the statement about the eigenvalues of a just before Proposition 3.4,
we see that (3.6) is satisfied for some ag > a4 > 0 which do not depend on the
function f as long as § < .05.

Therefore, we obtain

1
P{ sup ||S¢| > —} >P{r>1} > g(ag,a2,3,1/4,1).
0<t<1 4

Denoting the first d components of S by S* and the last d components by S? we
see that on the set {supg<,<; [|S¢]| > 7}, we have

B-A = <¢n,n+1(y) - d)n,nJrl(fE); ”‘T _§H>
= <S1+¢$l‘y7 /f¢nn+9
r—2x
—sl—m—/ ) s, )
1 1
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provided 8 < .05. Hence, defining p := .4, we get
pP{B — A > p|Fn} > pg(on, az,3,1/4,1).

An analogous estimate holds for (A, B) in place of (A4, B). Therefore, we get
on the complement of I,, (and hence in particular on the set{D,, > 1})

E(f)n+1—f)n|fn> = E(Zyu|Fn)

E(AV B|F,) — E ([1 A B|]-'n) ~ D,
_26 + 2pg(0[17 Q2, 37 1/47 1)

Therefore (3.2) is satisfied as long as 8 < (pg(a1, @2,3,1/4,1)) A.05 and hence the
proof of the proposition is complete. O

v

Observe that we did not use (3.5) in the proof of the proposition, but that it
provides additional information on the (linear) growth of the image of a connected
set under the rds. Note further that we did not make any assumptions about the
sign of the largest element of the Lyapunov spectrum of the underlying isotropic
flow or the Lyapunov spectrum associated to an invariant measure of the rds (¢, )
(which can be positive or negative).

Corollary 3.7. For each d > 2 and each isotropic Brownian field M on R?, there
exists a bounded Lipschitz continuous function f such that the rds generated by
equation (3.1) is ergodic and does not have a weak attractor.

Proof. By Proposition 3.4, the rds generated by (3.1) has no weak attractor if
B = sup,cpa || f(2)]] is sufficiently small. On the other hand, it is well known that
the rds is ergodic in case (f(z), ﬁ) < 0 (see [5]) (to apply Bhattacharya’s result,
observe that the one-point motion of the rds is the same as that of the equation
dX(t) = f(X(t))dt + dW(t), where W is a d—dimensional Brownian motion).
Obviously, there exist functions f satisfying both properties, so the corollary is
proved. O

4. Ergodicity and point attractors

Apart from weak (set) attractors introduced in Definition 1.1, (weak) point attrac-
tors have been introduced by H. Crauel in [9].

Definition 4.1. Let A(w) be an invariant compact set of an rds (¢, ¢). A is called
a (minimal weak) point attractor, if

(i) for each z € S,
lim d(p(t,9(—t)w)z, A(w)) =0 in probability and

t—o0

(i) for each compact invariant set A(w) which satisfies (i), we have

A(w) C A(w)  almost surely.
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Clearly, a point attractor is unique (if it exists). It is easy to see that any weak
(set) attractor contains a point attractor (which may or may not coincide with the
set attractor). Kuksin and Shirikyan ([13]) provide sufficient conditions for the
existence of a point attractor for an rds with independent increments (a so-called
white noise rds). These conditions are stronger than ergodicity. They also show
that under rather weak conditions, the support of the (unique) invariant measure
(i-e., a probability measure on  x S which is invariant under the skew-product
flow associated to the rds (¢, ¢)) coincides with the point attractor almost surely.

In general, neither ergodicity implies the existence of a point attractor nor
vice versa. Clearly, the identity ¢ = id on a compact space S which has more
than one element, has a point attractor (namely S) without being ergodic. Below,
we sketch an example of a discrete-time rds which is ergodic without having a
point attractor. The question whether an ergodic rds consisting of random home-
omorphism rather that just continuous maps always has a point attractor seems
to be open. We do not know if an ergodic rds which is generated by equation (3.1)
always has a point attractor.

Ezample. Take S = (0,1), T =Z, U, X and Y independent random variables such
that U is uniformly distributed on (0,1/2) and X and Y are uniformly distributed
on (0,1). Denote V := X AY and W := X VY. Define the random map g : 2x S —
S by

z fe<Uorxz>1-U
THUQ- ) ifU<z<U+V(l-2U)
g(w,z) = z vhZvowysw .
“wv T g fU+V(I-20)<z<U+W(1-20)
e+ (U — 1) 2 fU+WA-20)<2z<1-U.

Clearly, the map ¢ is continuous and preserves Lebesgue measure on (0,1) for
every w. Denote the law of g on C(0,1) by Q. The iteration of independent copies
of g defines an rds (9, ) as follows: Q = (C(0,1))%, (Yw); = wit1, P = Q%,
p(n,w) =wp_1 00wy owp. It is easy to check that the rds is ergodic: since the
corresponding one-point motion is a Markov chain with Lebesgue measure on (0,1)
as invariant measure, all one needs to check is that the chain is irreducible (which
is obvious). Assume that (¥, ¢) has a point attractor A(w). Then for each £ > 0
there exists some ¢ > 0 such that A(w) is contained in [§,1 — §] with probability
at least 1 —¢.

For any finite subset B C (0, 1), there exists ng > 0 such that P{p(n)(B) C
[0/2,1—=46/2]} > 1—¢ for all n > ng. Now we choose a particular finite (random)
subset: on a probability space (€, F,P) let X}, Xo,... be independent and uni-
formly distributed on (0,1). Let N be so large that P({X1,..., Xy} & [6/2,1 —
6/2]) > 1 — . On the product space (2 x Q, F @ F,P @ P) define A,, := {(w,®) :
o(n,w)B(@) ¢ [6/2,1 —6/2]}, where B(®) := {X1,...,Xn}. Since ¢ preserves
Lebesgue measure, we obtain P ® f’(An) > 1 — ¢ for each n € N. On the other
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hand, we know that limsup,,_, . P(A,(.,&)) < e for almost every w. Using Fu-
bini’s theorem, we get a contradiction in case € < 1/2, so we found an rds (¢, )
which is ergodic without having a point attractor.

5. Attractors and coupling from the past

Starting with the seminal paper of Propp and Wilson [18], the method of cou-
pling from the past became popular to perfectly simulate the invariant probability
measure of an ergodic discrete time Markov chain with a large but finite state
space. There is nothing new we can add to this topic but we believe that it
is worthwhile to highlight the relationship between coupling from the past and
the existence of weak random attractors consisting of a single point (we learnt
about this relationship from Franco Flandoli, Pisa). Let us consider an ergodic rds
(9, ¢) with compact metric state space (5,d) and let m be the probability mea-
sure on S in the definition of an ergodic rds. If (¢, ¢) admits a weak attractor
which consists of a singleton A(w) = {v(w)}, then the Hausdorff distance between
p(t, 9(—t)w)(S) and A(w) converges to zero in probability (in fact even almost
surely, since the concepts of a weak and a pullback attractor coincide when the
state space is compact). If, moreover, S is finite, then there exists some to(w) such
that @(t,3(—t)w)(S) = A(w) for all t > to(w) almost surely. So, if 0 < ¢; <tg---
is any sequence (possibly random) such that lim; . t; = co almost surely, then
T :=inf{i > 0: ¢(t;, 9(—t;)w)(S) consists of a single point} is finite almost surely
and the single point coincides with v(w). This means that the output of the Propp—
Wilson algorithm is the point v(w), which has law 7. Theorem 2.1 implies that
the Propp—Wilson algorithm terminates in particular for any monotone and er-
godic rds with a finite state space, no matter whether the single-point motion is
Markovian or not.

Observe that for a discrete-time ergodic Markov chain with finite state space
S and transition probabilities p;;, 7,7 € S, it is always possible to find a random
map g : Q2 x § — S such that P{g(w,i) = j} = p;; for all 4, j € S and such that
if g1, go, ... are i.i.d. copies of g, then P{g,, 0 gn—1 00 g1(S) consists of a single
point} — 1 as n — oo. In this case one can define the associated canonical rds as
follows: Q = (S92, (Yw); = wir1, Q = L(g), P = Q%, p(n,w) = w,_10- - -0w; owp.
(9, ) is an rds whose one-point motion is the original Markov chain. Due to our
construction of g, the rds has a (weak and pullback) attractor which is a singleton
and therefore the Propp—Wilson algorithm terminates.

The well-known warning, that coupling from the past does not work if it is
replaced by coupling in the future (see e.g. [11]) can be formulated in the language
of rds and attractors as well: if 0 < t; < t3 < --- is any sequence of stopping
times and T := inf{i > 0 : p(¢;,w)(S) consists of a single point}, then this single
point coincides with ¢(T', w)(v(w)) = v(I(T)w) which does not always have law 7
(it does in case T is deterministic).
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Abstract. The stability of a non-homogeneous measure-valued evolution equa-
tion is studied using a variational approach. We apply our results in particular
to stochastic optimization algorithms and to the pathwise filter equation. In
the latter example the variational approach leads to a new interpretation of
the rate of stability.
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1. Introduction

This paper is a study of stability properties of measure-valued evolution equations
of Feynman-Kac type using a variational approach. In the context of genetic algo-
rithms these equations can be interpreted as equations describing approximately
the empirical distribution of types within a population of individuals undergoing
time-dependent mutation and selection. This way, the paper is a continuation of
the variational approach introduced in [13] to study the long-time behaviour of
genetic algorithms. Let us first introduce the algorithm we are interested in. Let
(S,8) be an arbitrary measurable space (called the type space) and a measur-
able time-dependent fitness function oy : S — R specifying the fitness o¢(z) at
time ¢ of an individual of type x. Furthermore, let M = ((Xy), (P;,+)) be a time-
inhomogeneous Markov process on S modelling random mutation of the type of
an individual. Let A; be the generator of M at time ¢ and denote by A, its dual
operator acting on the space of probability measures M (S) over the type space
S. We are interested in the long-time behaviour of the (nonlinear) flow (¢;) of
distribution of types determined by

Ui (i) = Agdy (1) + otpe (i) — (o0, Ve ())he (1) , o () = po. (1.1)

Here we use the notation (f,n) := [ fdn for any bounded measurable f and
n € M1(S). Equation (1.1) governs the empirical distribution of types in a given
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population with time-dependent mutation A; and time-dependent selection o; in
the limit of a large number of individuals (see [4] and [1] for the time-discrete case).
In the context of stochastic filtering theory, an equation of type (1.1) describes
the conditional distribution of a signal that is modelled as a Markov process in
continuous time (see [3]). Using the Feynman-Kac propagator

Vit @) = BualfX) ep( [ o(X)dn)], 0<s<t,

associated with M and o., it is easy to see that a solution to (1.1) can be written

- o)
(fse(p)) = m

To introduce our variational approach, assume that there exists a “reference”
measure v € M(S), that is, a probability measure on the type space S, such
that the propagator (ps.)o<s<¢ associated with the time-inhomogeneous Markov
process respects v-classes, that is, f = 0 v-a.e. implies psf = 0 v-a.e. for all
0 < s <t. Then, starting with an absolutely continuous measure p, it follows that
the solution 1 (p) of (1.1) will be again absolutely continuous w.r.t. v. Its density
h; satisfies in a weak sense the equation

iLt = (At + Jt)iLt — /O’tiLt dv - iLt . (12)

In the next step let us introduce a “time-dependent” or parabolic ground state
transform to equation (1.2): let 7i; be a nonnegative v-integrable solution to the
equation

Emt = (At + O't)mt + S\tmt, t 2 07 (13)

for some suitable function A. : [0,7] — R. It then follows that the density hy of
¥ (p) w.r.t. the new reference measure i, dv satisfies the equation

i?,t = A:ht - (;\f + /O’tht 'fht dl/)ht ; (14)

where now )
Arfi= —(A(frie) — Aeing f)

my
We are interested in the stability of the solution h; in suitable L2-spaces. To this
end let my, t € [0,T], be a nonnegative solution of the backward equation

d

Emt (At + O't)mt - )\tmt 5 te [O,T] s (15)
for some suitable function A. : [0,7] — R. Define the measures dv; := %.
It follows that v}, ¢t € [0, T, satisfies the Fokker-Planck equation

G [favi == [Aira
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for suitable test-functions f (see Lemma 2.4). To study stability of equation (1.4)
in L?(v}) (instead of L'(1,v)), we first consider the linear equation

hi = Ahy . (1.6)
It is easy to see that if h. is a nonnegative solution of (1.6), then
hering dv
= T hori dv

is a solution of (1.1) up to time T (see Proposition 2.2).

We emphasize that equation (1.6) is much easier to study than the original
problem. In particular, without further complications, it allows one to consider
unbounded selection in contrast to the original approach presented in [5] and [3]
which is based on the Feynman-Kac propagator. As the main abstract result of
the paper we will show in Theorem 2.3 below that if 3 [ D(AF)(f, f) dv; satisfies
a Poincaré inequality in L?(v;) with constant less than x;*(¢), it follows that

1h1e = haillFasy < € 20 "% hy g —ho ol T2y, € [0,T],

for two solutions h;., i = 1,2, of (1.6) with [ hyodvi = [ hoodvg (see Theo-
rem 2.3). Here, T'(A#) denotes the carrée du champ operator associated with A?.
As a Corollary, this result implies stability of the solution (¢;) to (1.1) for suit-
able initial conditions in the total variation norm with the same rate (see Corol-
lary 2.5). Consequently, the understanding of the long-time behaviour of (1.1) is
reduced with the help of a parabolic ground state transformation to the study of
the Poincaré inequality of the quadratic form § [ (AN (f, f) dv; (or equivalently
to the study of the mass gap of the associated generator).

The real use of Theorem 2.3 and Corollary 2.5 however can only be seen
in concrete applications. To this end we will consider in Section 3 two particular
examples: The simulated annealing algorithm and the pathwise filter equation in
the linear filtering problem. The main feature of the last example will be that the
rate of the exponential convergence of ¥} will be independent of the observation
Y (see Theorem 3.7). This result complements and partly strengthens Theorem
2.6 in [12] (see Remark 3.8 for a precise comparison). But what is more important
is that, due to our approach, the rate of convergence can now be interpreted as the
mass gap of the ground state transform associated with the generator of the signal
process and the square of the observation function (see Remark 3.4). The analysis
relies on the fact that for suitable initial (resp. terminal) conditions, the solution
mye of (1.3) and my of (1.5) can be calculated explicitely. This is, of course, not
possible in the general nonlinear case. Nevertheless, the method can be generalized
to the nonlinear case by using the concept of log-concavity to find estimates on
K«(t) (see [14]).

Finally, we would like to mention that the book [3] by P. Del Moral contains
many results on stability of Feynman-Kac propagators. In contrast to the present
approach, the contraction properties in the book by P. Del Moral are based on
the Dobrushin contraction coefficient. It follows that the corresponding stability

un
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results cannot be applied in general to random mutation on noncompact type
spaces. Typically, a lower bound on the contraction coefficient that is strictly less
than 1 can be obtained only locally but not globally.

2. Stability via the variational approach

Let (S,S) be an arbitrary measurable space, v € M;7(S) a probability measure
and A, t > 0, a family of linear operators with dense domain D(A;) C L?(v) and
let A; with domain D(A;) be the adjoint operator of A in L2(v). We assume that
there exists an algebra D of test functions, containing the constant functions, such
that D C D(A;) N D(A;) for all t. We also assume that 4,1 = 0 for all t. We
emphasize that D C LP(v) for all finite p since D is an algebra. Denote by

L(A)(f,9) == Alfg) — Afg— [ A, f.g€D,
the carré du champ operator associated with A; and write I'(A:) (f) := T'(A:)(f, f).
Let 0. : [0,00[— L*(v) be measurable and locally bounded in L*(v).
Given h € D, h > 0, we define the linear operator A;‘ by

Aifi= 3 (Asm) ~ A f), feD.

Note that if & is a ground state of A + oy, that is, & is an eigenvector of —(At )
corresponding to the eigenvalue —\, given by the infimum of the spectrum of
—(A¢ + 1), it follows that

Arf = %(Atm — A (),

so that in this case 121* coincides with the ground state transform associated with
At and o;. We will use the same terminology in the general case too and say that
A* is the ground state transform associated with A, and h.

For fixed T > 0 let 7i. : [0,7] — D4 be a strictly positive solution of the
forward equation

d . R
Emt (At + Ut)mt + )\tmt (21)
and m. : [0,T] — D be a strictly positive solution of the backward equation
d
Emt (At + Ut)mt — )\tmt (22)

for locally bounded A., A. : [0,7] — R. Here we assume that the derivatives exist

in L4(v). Define the measures
duF = mtmt dv
¢ fmtfnt dv ’

In the following let
Al f =

—(Aulef) — Avi f), fE D,
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be the ground state transform associated with /Alt and My, t € [0,T]. We are then
interested in nonnegative solutions of the linear equation

he = Afhy, t€)0,T]. (2.3)
Definition 2.1. (i) A function h. € C([0,T7]; L*(v)+) with hy € D for all t €]0, T
is called an admissible solution (up to time T ) of (2.3)), if hy exists in L4(v)
and satisfies (2.3) for all ¢ €]0,T].
(i) A function h € L*(v); is called an admissible initial condition of (2.3), if
there exists an admissible solution hy, ¢t € [0,T7], of (2.3) with hg = h.

Proposition 2.2. Let h. be an admissible solution of (2.3) with hy # 0 for all
t €[0,T]. Then

htmt dv
L T (AP
T T hating dv 0,71

is a solution of equation (1.1) up to time T in the sense that

%/fd’“:/Atf+‘7tfd’7t—/Utdm-/fdnu feD, t€o,T].

Proof. Note that for f € D,

%/fhtmth:/fhtmtdl/-ﬁ-/fhﬂ;ntdy

= /f(A:ht)mt dV —+ /fhf(Atmf —+ O't’ﬁ’lt + j\tmt) dl/
= /fAt(hfmf) + Utfhtmt dV =+ ;\t / fht’ﬁ’lt dl/

= /(Atf+0tf)htmt dV"’;\t/fhtmth.

In particular,

%/htmtdl/:/Uthtmth—FXt/ht’fAntdl/

%/fdﬁt:/Atf—Fatfdnt—/O'tdﬁt'/fdntvte]ovT]’

which implies the assertion. O

so that

Theorem 2.3. Let T > 0 and my, my, t € [0,T], be as in (2.2) and (2.1). Let h; .,
i =1,2, be admissible solutions to (2.3) with [ hyodvg = [ hoodvs. If
* 1 A% *
A5 =5 [, feD,

satisfies a Poincaré inequality with constant less than #(t) in L*(v}), then

Ve = hoall3agey < €728 @9 hy o hagll3ag,y . € [0,T].

For the proof of Theorem 2.3 we need the following
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Lemma 2.4. Let f € D and t € [0,T]. Then

ﬁ/jd*——/ﬁym¢

Proof. Using (2.1) and (2.2) we obtain that

%/fmtmt dV = —/fAtmt 'fht dl/ —+ /fmf,fltmt dV

In particular,

so that

Proof of Theorem 2.3. First note that

+ (;\f — )\t) / fmtmt dv
== / Aifit(fmt) mythy dv + / Mfmtmt dv
my my
+ (S\t —At) / fmgmy dv
_/Affmtmth-F (e — At)/fmtmtdy.

%/mtmt dv = (;\f — )\t)/mtrht dv

d * 1% *
E/fdl’t :—/Atfdyt.

O

4 [hiydvf = 0 by Lemma 2.4, hence

t — [ hitdyf is constant, and thus [ hy,dy; = [heydyf for all t € [0,T].

Consequently, Var ,«(his—hay) = |1, —

that

d
E”hl’t -

h27t||2L2(u;) = _/A: ((hl,t - h2,t)2) dvf
+ Z/A:(hl,t - hQ,t)(th, — h27t) dV:

_/m@xmrmmmﬁ

S —Qﬁ*(t) Var v} (hl,t — h27t) = —QK*(t)Hth - h27t||%2(u;) .

Integrating the last inequality we obtain the assertion.

hg’t”%z(yz) for all ¢t € [0,T]. It follows

O

Theorem 2.3 now implies the following abstract result on the stability of the

genetic algorithm (1.1).

Corollary 2.5. Let du; = izi,o modv € M1(S), i = 1,2, be such that iLi’o are admis-

sible initial conditions of (2.3). Let ¥y(u;), t €

of (1.1). Then

94 (pe1)

— P (p2)loar < ca5(t)eJo () || hy o — haollL2(e)

[0,T], be the associated solution
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for allt € [0,T]. Here

\/f m; g dv [ myiny dv
62.5(t) = = .
[ g dv
In particular, if my =1, then
e (11) = Y(p2)lloar < €5 5Oy g — Byl g2 -

Proof. If f,g € L*(v), f,g >0, and py := j'f”l:iw Pg o= fZVdV

, it follows that

1
It — pgllvar < an —dllzrw)
since

dv

1 f g
H:uf _:ugHvar = 5/‘% — W
1
< 17w | [ @) - sl i)

1
< — .
< fngHf g||L1(u)

Let h; + be the admissible solution of the linear equation (2.3) with initial condition
hio and let v := iV Then Theorem 2.3 implies that

Trivedv”
1 R .
e (1) = Ve (p2)Jvar < thl,tmt — haume 1)
\/f my g dv [ myrin dv (2.4)
< [ g dv 1 = hollzzey)

_ [t
<e Jo w=(5) dSHhLO _ hQ,OHLZ(Vg) ] O
Remark 2.6. The last corollary reduces the problem of (exponential) stability of
the genetic algorithm for suitable initial conditions to the problem of estimating
the constant k.(t). One way to obtain estimates on k. (¢) is to find upper and
lower bounds on the solutions m; and m;. Indeed, suppose that the quadratic
form § [T(A})(f)dv satisfies a Poincaré inequality in L?(v) with constant less
than x~!, then it is easy to see that
K

Ky (t) > - g g -
: [mering || ool m; 1mt 1”00

We will obtain such upper and lower bounds in the particular example of the
simulated annealing algorithm in Subsection 3.1 below.

Let us discuss the particular stationary case in more detail: Suppose that
A; = A and oy = o do not depend on t. Let m € D(A) be a strictly positive

solution of (A + o)m = —Am and 7 € D(A) be a strictly positive solution of
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(A + o) = —\in. Assume that m,m € D and that [m?dv = [m?dv = 1.
Theorem 2.3 and Corollary 2.5 then imply the following

Corollary 2.7. Let T > 0 and dv* := 0492 Assume that

[ mmdv
* 1 A %
A(f) =5 [ T dv
satisfies a Poincaré inequality in L*(v*) with constant —. If h. is an admissible

solution of (2.3) up to time T with [ hodv* =1, it follows that
lhe — ].||2L2 o <e

()
for allt € [0,T). Let dipos := j";ndgy If ¢.(u) is the associated solution of (1.1), it
follows that

lVe (1) — Yoollvar < 02-5675*t||h0 - 1||L2(u*) .
Proof. Clearly, my = m and m; = m are nonnegativeAsolutAions of the backward
and forward equations (2.2) and (2.1) with Ay = X and A\; = A. Hence Theorem 2.3

gives the first inequality. Note that the measure ¥, is a stationary point of ),
that is ¥ (o0 ) = ¥eo. Consequently, inequality (2.4) implies that

||’(/)t(/l) - wooHUar < CZ.se_H*tHho — 1||L2(u*) ,

hence the assertion. O

3. Applications

3.1. Stability of the simulated annealing algorithm

We apply the abstract results of Section 2 to the simulated annealing algorithm
(cf. [7]). To this end let .S be a countable set. Fix a bounded potential U : S — Ry,
a sub-probability kernel g on S (the “proposal matrix”) with symmetrizing mea-
sure v having full support and a monotone increasing continuously differentiable
function 8 : Ry — R4 with 8(0) = 0 and lim;— B(t) = oo (the “cooling sched-
ule”). Without loss of generality we may define ¢(x, {x}) = 1 for all z € S. The
simulated annealing algorithm with Metropolis sampler associated with U, ¢ and
[ is then given as the solution of the linear equation

Pi(p) = Agye (1)  volp) = 1, (3.1)
where
Asf(a) = [ 1) = F(@) e v) alandy)  f € P0).
and
e~ BUW)-U@)* ity
Tel%) = {1 — e 0@ (e {€}) iy =z

In other words, #:(u) is the distribution at time ¢ of the time-inhomogeneous
Markov process with generator Ag(), t > 0, and initial distribution .



On the Stability of Feynman-Kac Propagators 353

The adjoint operator Ag of Ag in L*(v) is given by
Apf@) = [ 1)~ F@Fip(oplate.dy) + Vsla) (o).

where 45(z,y) = v3(y, ) and Vz(x) := [As(z,y) — vs(x,y) ¢(z, dy). Note that
D := L*(v) is an algebra contalned in D(Ag) N D(Ag) for all 3. Moreover, since
flg : L*°(v) — L*(v) is bounded and the cooling schedule § locally Lipschitz, it
follows that for all bounded initial conditions ng there exists a unique solution n;,
t > 0, of the equation

(see [2], Section III.1). Moreover, ng > 0 implies n; > 0 for all ¢ > 0. Given
a solution n. of (3.2), bounded from above and from below uniformly in = and
locally in ¢, we obtain similarly that every h € L°(v) is an admissible initial
condition of equation (2.3). Here, the ground state transform A;‘ associated with
Aﬁ(t) and n; is given by

Aff(a) = ] (Ap( (fne)(x) — Apyne(2) f ()

- / () — F@)ne)is(@.y) aa.dy) . f e L),

In particular,
A 1

(AL (f)(z) = (@) /(f(y) — F(@)*ne ()0 (2, y)a(a, dy) . (3.3)
Proposition 3.1. Let ny, t > 0, be a nonnegative solution of the equation (3.2).
Then

inf no(z)e "0 <y < sup o) ()
xT z€

Proof. To simplify notations in the following let
f7 = inf f(x) and = sup f(z)

z€S zes
for any f:S — R. Note that (3.2) is equivalent to
() = (e (), a(x, ) — (). (34)
Define g;(x) := PV @) +tn,(2), then equation (3.4) implies that
(@) = BOU @)ge(x) + "7 g0 (@,), gl ). (3.5)
The detailed balance equation
efﬁ(t)U(y)%(t)(x’y) = e’ﬁ(t)U(y)'y@(t)(y,x) — e BMU( )’Yg(t)(l“,y)

implies that

eﬁ(t)U(z)+t<nt’A}/ﬁ(t) ($, ')7 q($, )> = <gt’y,6’(t) ($, ')7 Q(xv )> .
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Hence (3.5) is equivalent to

gu(x) = BO)U (2)ge () + (90750 (x, ), alx, ) - (3.6
For the proof of the lower bound now obberve that (3.6) implies that g:(z)
(BOU~ + 1)g;, hence g; > gy + fo s)U~ 4 1) g5 ds. Consequently, g;
go exp(B(t)U~ +1t), and thus

ni(x) = ng exp(B(E)(U = U())) = ng exp(=B(t)osc (U)) -
Similarly7 (3.6) implies that g;(z) < (B(t)UT + 1)g;", hence g7 < g +

fo s)U* + 1) gtds. Consequently, g;” < g exp(B(t)U™T +t), and thus
ni(x) < ng exp(B()(UY —U(x))) < ng exp(B(t)osc (U)). O

From Theorem 2.3 and Corollary 2.5 we now obtain the following.

~

vV IV

Corollary 3.2. Assume that the quadratic form

5 [ [ (@ = 1) o,y vido)

satisfies a Poincaré inequality in L?(v) with constant less than k~

(i) Let h;., i =1,2, be admissible solutions of (2.3) with [hiodv = [ hagdv.
Then

1

-~ t _—38(s)osc (U)
<e 2k g e dS”hl,O_

||h1,t - h2¢||%2(nty) = hQ’O”%z(u) .

Here ny is a solution of (3.2) (with initial condition ng = 1).
(ii) Let p; < v with bounded density hi o, i = 1,2. Let 1.(u;) be the corresponding
solution of the simulated annealing algorithm (3.1). Then
o—3B(s)osc (U) ds(

b (11) — e (p2) |oar < e fo ¢ 1R1,0llo0 + l1h2,0]l00) -

Proof. Note that m; =1, t > 0, is a solution of the backward equation (2.2) with
At = 0 and My = n; a solution to the forward equation (2.1) with A\ = 0, since
o¢ = 0 in this particular case. Note that % Jnedv = fflg(t)nt dv = 0, hence
dv{ = ny dv, and Theorem 2.3 now implies that

s = hot32ny < €720 O 01y g — ho g3, (3.7)

where %(t) is the constant for the Poincaré inequality of the quadratic form
* 1 *
A0 =5 [ TN v
—5 | [0 = £@Puis e vae. ) vido)

=5 | [ 0@ = 10 @ v)ate, dyys @) i)
in L?(nv) (see (3.3)). Since
Vg (@,y) > e Pl gty
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the upper and lower bound on n;, obtained in the last Proposition, now imply that
Fou(t) > e~ 38Bosc () (3.8)

Inserting inequality (3.8) into (3.7), we obtain the first assertion. The second asser-
tion now is an immediate consequence of the last inequality and Corollary 2.5. [

Remark 3.3. The last corollary shows that polynomial stability holds for the sim-

ulated annealing algorithm if 5(t) < log(1+1)

Fosc (0) since in this case

[9¢(p1) = Pe(p2) lvar < ﬁ (I71,0llo0 + [1P2,0ll00) -

3.2. Stability of the pathwise filter equation

Consider a time-homogeneous Markov process M = ((X%), (P;)) on S (the “signal
process”) with generator A and associated carré du champ operator I'. Suppose
that M is seen through the observation process

dY; = g(Xy)dt +dW;, Yy=0,

where g = (g1,...,9p)7 : S — RP and (Wt) is a p-dimensional Brownian motion
independent of M. Given the observation y = (y1,...,y,)7 € C(Ry;RP), the
pathwise filter equation is given by

90 = A0 ) + ot ot ) — [ of a0 vt ) =, (39)
where
Alf=Af - zp:yi(t)r(gu f)
and -

o¥(x) = —(u(), Ag(a)) + 5 (1), (g.0) (2y(1)) — 3 o)
Here I'(g,9)(z) = (I'(gi,95)(x))1<i,j<p (cf. [5], p. 19, and [6], p. 75). Up to the

density e®):9(#)) the solution of equation (3.9) gives a regular conditional distri-
bution of the signal X; given the observation Y. up to time t (see also Chapter 11
in [8]).

The linear case

Consider S = R? and suppose that the signal process M is given by the solution
of the linear stochastic differential equation

dXt = —BXt dt + O'de, (310)

for some d-dimensional Brownian motion and d x d-matrices B and o, so that the
generator of the signal process is given by

Af(z) = 3tr(QF" () ~ (Br. (&)
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where Q = (¢ij)1<ij<a and g;; = (0oT);;. We suppose that the signal process is
seen through the linear observation

dY; = GXydt +dW;, Yy =0,
for some p X d-matrix G. From now on we assume that @ is positive definite.

Remark 3.4. Before we state our main result on the exponential stability of (3.9)
let us consider the following heuristic in the particular case where B is symmetric
and positive definite, and B, @ and GT'G are simultaneously diagonizable: If y = 0

then AY = A and oy = —%HGJ’JHQ The ground state m associated with A and
—2||Gz||? is given by m(z) = exp(3(Q*z,z)), where
Q" =Q " (B- B>+ QGTG) (3.11)

is a symmetric solution of the matrix Riccati equation
0=0Q*QQR* —2Q*B - GTaG.
In fact, it is easy to check that (3.11) implies that
1 1
Am — §||G~T||2m = 5tr (QQ7)m

The ground state transform A* associated with A and m is given by
AV——WQW — (VB2 +QGTGu, f'(x
The symmetrizing measure for A* is given by
B 1 QTG ),
and A* has a mass gap of size x, (in L?(vy)), where

K« = min{\ : X is an eigenvalue of \/B? + QGTG} . (3.12)
The case y = 0 is somehow the limiting behaviour for a typical observation.
Indeed, note that positive definiteness of ) and B implies that

1 t
lim — GX,ds =0 P,-a.s.

t—oo 0

where v = N(0, 3QB~"). Since in addition lim;_. %VNVIL = 0 a.s. by the strong law
of large numbers for Brownian motion, we have that lim;_, %Yg = 0 for a typical
observation.

In fact, Theorem 3.7 and Remark 3.8 below imply in this particular case
that for any (continuous) observation Y the solution v} (1) to the pathwise filter
equation

9 () = AV 0¥ () + 0 0l ()~ [ o v ) 0 () () =
is exponentially stable in the total variation norm with rate &..

We will need the following result several times:
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Lemma 3.5. Let T > 0, B,G : [0,T] — R4 C D :[0,T] — R¢ be continuous.
Fort € [0,T] define
Lif(x) = 5tr(@QF"(2)) — (Bt + O(1), /' (2)
and
oi(z) = (D(t),z) — %(GT(t)G(t)%@.
Let E : [0,T] — R4 be a symmetric solution of the matriz Riccati equation
E(t) = E()QE(t) — E()B(t) — BT () E(t) - G()TG(1)

and F : [0,T] — R? be a solution of the linear equation

F(t) = (E(t)Q — BT (t))F(t) — (B(1)C(t) — D(t)) .
Then

ni(x) = exp(%@(t)%@ +(F@),2), te[0,T],
s a solution to the forward equation

Ny = Ling + ogng + Aeng

with
— SQF(), () + (C(0), F(1).
The proof of the lemma is an immediate calculation, so that we omit it.
From now on we make the following two assumptions:

L L0),

Assumption 1. There exists a symmetric positive definite solution EX of the alge-
braic matrix Riccati equation

0=FE-QFE~ — E~xxB—BTE,, — GTG. (3.13)

Assumption 2. The symmetric negative semidefinite solution E(t), ¢ > 0, of the
matrix Riccati equation

E(t) = Et)QE(t) — E(t)B— BTE(t) - GTG,E(0) =0 (3.14)
converges to some matrix K as t — oo.

For existence and sufficient conditions on the convergence of the negative
semidefinite solution E(-) of (3.14) see Chapter 10 in [9].

It follows from the two assumptions that the matrix £\/Q(EL — E5)V/Q is
positive definite. Let

1
K« :=min{\ : A is an eigenvalue of 5\/6(E;'0 —E)VQ}.
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Remark 3.6. In the particular case, where B is symmetric, @, B and GG are
simultaneously diagonizable and B? + QGT G is positive definite, it is easy to see

that
BL = QB+ VB 1+ QGTG)

is a positive definite symmetric solution of (3.13) and
EL=Q (B~ VB2 +QGTG)
is the limit for ¢ — oo of the negative semidefinite symmetric solution
E(t) := —Q 'GTG(EL — B exp(—2t\/B2 + QGTG))™*
- (I — exp(—2tv/B? + QGTQ))

of (3.14). It follows that 3vQ(EL — E)v/Q = /B? + QGTG, so that in this

case the lowest eigenvalue k. coincides with s, in (3.12).

To apply the abstract results of Section 2, let v := N(0,(EL)™!) be the
reference measure and

D :={f € C*(R?%) : 3M, ¢ such that |§%f|(z) < M exp(c|z|)
for all a € (N3)? | |a| < 2}
be the test function space.

Theorem 3.7. Lety. € C([0,00);R?), yo = 0, and assume that Assumptions 1 and
2 hold. Let

K«(s) := min{\ : X is an eigenvalue of %\/@(E:o — E(5))VQ}, (3.15)

and ki be the lowest eigenvalue of +QE\/Q. Then the solution ¥ (p) to
the pathwise filter equation (3.9) is (exponentially) stable with (exponential) rate
% fg k«(8)ds > & in the following sense: for initial condition p; < v with density
bounded from below and from above, it follows that
i sup el )9 1) = 5 (12) s < .
L — OO

Remark 3.8. (i) The main feature of the above theorem is the fact that the (ex-
ponential) rate is independent of the observation y. Theorem 3.7 complements
Theorem 2.6 of [12] under our Assumptions 1 and 2. Note that in the particular
case where B is symmetric, @, B and GG are simultaneously diagonizable and
B? + QGTG is positive definite, the quantity A defined in [12], p. 230, in fact
coincides with k.. Indeed, in this case, P, := (EL)™! is a positive definite solu-
tion of the algebraic matrix Riccati equation (9) on p. 229 (note that B in [12]
has to be replaced by —B), so that B + P,.GTG = /B2 + QGTG coincides with
$VQ(EL — Ex)y/@Q. We emphasize, that our approach is entirely different from
the approach in [12] and that it provides an alternative interpretation of the rate
K.
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(ii) In the situation of (i) it follows that lim; ., E(t) = E_ with exponen-
tial rate (see the explicit representation for E(t) in Remark 3.6). It follows that
lim;_, o k4«(t) = K+« with an exponential rate too. Consequently,

t
M :=sup| [ k«(s) — ksds| < o0
>0 Jo

which implies for p;, ¢ = 1,2, as in the theorem that

1/)?(/1'1) - 7%!(/1'2)”@(17" < 00,

lim sup e”**
t—oo

so that in this case (1Y) is in fact exponentially stable with an exponential rate
K.

(iii) Note that the theorem also gives exponential stability of the pathwise
filter equation (3.9) in cases where the signal process is not ergodic. Stability
of the Kalman-Bucy filter for possibly nonergodic signals was, of course, known.
Extensions to the case of Benes filters have been obtained in [11] and for gradient-
type signal processes in [14]. Note that the assumptions on the initial distribution
of the signal process made in [14] are rather restrictive. On the other hand, the real
advantage is the new and explicit variational interpretation of the rate of stability.

Proof of Theorem 3.7. Fix t > 0 and an observation y. € C([0,t];R?), yo = 0.
Let AY and oY, s € [0,t], be as above. Note that the adjoint operator A of the
generator A of the signal process (3.10) in L?(v) is given by

Af() = 50(Q" (@) ~ (@EL - B)r, £'(2)

+ S (BLQEL ~ BLB ~ BTEL)e,2)f(x)  3tr(B ~ B)f(x)
_ %tr(Q (@) — (Bz, f'(2))
+5(6T G2 (o) — 5B~ B)f (o).

with B := QEL — B.
It follows that the adjoint operator AY of AY in L2(v) is given by

AYf(r) = 5(QF" (@) ~ (Br — QGTy(s). £'(2)
~ (QGTy(s), BLa) — (G G, a)) f(x) — (B — B)f(a),
so that
A () + ¥ () f (@) = 50x(QF" (@) ~ (Br — QGTy(s), ()

(BTG y(5), ) + 5 (y(s), GRG"y(s) — 5 x(B ~ B))f ().
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Lemma 3.5 applied to B(s) = B, C(s) = —QGTy(s), D(s) = —BTGTy(s) and
G(s) = 0 implies that

i (z) = exp((F(s),z)), s€0,4, (3.16)
where

F(s) = _esBT / eTBTBTGTy(r) dr
0

is a solution of the forward equation (2.1) with
Ao = =3(QF(s), F(s)) - (QG"y(s), F(5)
~ 5 (), GRGTy(s)) + (B ~ B)

and initial condition mg = 1.
Similarly, Lemma 3.5 applied to B(s) = B, C(s) = QGTy(s), D(s) =
BTGTy(s) and G(s) = G and the time-reversal s — t — s, implies that

ma(z) = expl(g (E(t — s)a,a) + (F(s),2)) s € 0.1],
with F(s), s > 0, as in (3.14), and
P(s) = ~(B(t — $)Q ~ BT)F(s) + (E(t ~ )QGTy(s) ~ BTG y(s))

with terminal condition F'(t) = 0 is a solution of the backward equation (2.2) with

s = —%MQE(t —s)) - %@F(s» F(s)) + (QGTy(s), F(s))

1
+5{y(s), GRG y(s))
and terminal condition m; = 1.
Consequently,
mems dv
* d _ slits
vy (dz) [ mgs dv

=2z eXP(-%((EoZ — B(t - 8))z,2) + (F(s) + F(s), z)) da

for some normalizing constant Z,. In particular, the quadratic form generated by
the ground state transform A* associated with AY and s,

* 1 *
A= [@r . fep.
satisfies a Poincaré inequality with constant less than . (t —s)™1, where k. (t — s)
is as in (3.15).
We will show in Lemma 3.9 below that for h; o € By(R%), with [ hipdvi =1,

there exist admissible solutions h; s, s € [0,¢], of (2.3) with initial condition h; .
Theorem 2.3 now implies that

"t
1h1e = haillFary < € 20 %0709 hy g — Ry 72,
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Finally, let p; € M;(S) be absolutely continuous w.r.t. v with density h;

bounded from below and from above and let h; ¢ := %7 i1 =1,2. Let ¢.(;)
Li,0,aVq

be the solutions of the pathwise filter equation (3.9) with initial condition p;. Then

Corollary 2.5 implies that
10 (1) = ¢ (1) lvar < a5 (e o %9 hy g — By ]| 2o -

Note that m; = 1, so that ca5(t) = 1. Since iLi’o is bounded from below and
from above it follows that =1 > hio > 6 > 0 for some constant §. Consequently,

% < 62 (independent of t). This proves the theorem. O
K3} 0

It remains to show the following:

Lemma 3.9. Let the notation be as in the proof of the theorem. Let ho € By(R?),,
with [ hodvi = 1. Then there exists an admissible solution hs, s € [0,t], of (2.3)
with initial condition hg.

Proof. Using (3.16), the ground state transform A* associated with AY and 7,
can be written explicitely as

A2f() = Str(Qr" (@) — {Br — QGTy(s) ~ QF(s), I'(x)

For any s € [0,#] and # € R? let &,.(s,x), s < r < t, be the solution of the linear
stochastic differential equation

dée(s, ) = —(B&(s,2) = Q(GTy(t —r) + F(t — 1)) dr + odW,., &(s,2) =x.
It follows from Theorem V.7.4 in [10] and the time reversal s — t — s that for

any initial condition hg that is twice continuously differentiable with polynomially
bounded partial derivatives, the function

he(x) := E[ho(&(t — s,2))], s€[0,t], = €R?,

is a solution of the equation h; = flfht. It is easy to extend the last result to
obtain for any nonnegative bounded measurable initial condition hg an admissible
solution hs of (2.3). Indeed, the distribution of &, (s, z) is a Gaussian distribution
with mean

me(s,z) = e~ T9F (x4 /T e(“*S)BQ(GTy(t —u) + F(t — u)) du)

S

and covariance Q , = Qr—s, where

u
» RT
Qu=[ P i,
0

which implies that

hs(x) = Z;l / ho(z) exp(—%(Q;l(z —my(t — s,x), (z — my(t — s,2)))) dz .

Here Z, is a normalizing constant. If hy is bounded, the time-derivative hs exists
in L4(v) for all s €]0,¢] which implies the assertion. O
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Some Applications of the Malliavin Calculus to
Sub-Gaussian and Non-Sub-Gaussian Random

Fields
Andrew B. Vizcarra and Frederi G. Viens

Abstract. We introduce a boundedness condition on the Malliavin derivative
of a random variable to study sub-Gaussian and other non-Gaussian proper-
ties of functionals of random fields, with particular attention to the estima-
tion of suprema. We relate the boundedness of the nth Malliavin derivative to
a new class of “sub-nth-Gaussian chaos” processes. An expected supremum
estimation, extending the Dudley theorem, is proved for such processes. Sub-
nth-Gaussian chaos concentration inequalities for the supremum are obtained,
using Malliavin derivative conditions; for n = 1, this generalizes the Borell-
Sudakov inequality to a class of sub-Gaussian processes, with a particularly
simple and efficient proof; for n = 2 a natural extension to sub-2nd-Gaussian
chaos processes is established; for n > 3 a slightly less efficient Malliavin
derivative condition is needed.

Mathematics Subject Classification (2000). Primary 60H07; Secondary 60G15,
60G17.

Keywords. Stochastic analysis, Malliavin derivative, Wiener chaos, concentra-
tion, sub-Gaussian process, suprema of processes, Dudley-Fernique theorem,
Borell-Sudakov inequality.

1. Introduction

Gaussian analysis, and in particular the Malliavin calculus, are powerful and ver-
satile tools in contemporary probability theory and stochastic analysis. The latter
has applications ranging from other areas of probability theory to physics, to fi-
nance, to name a few; a very short selection of references might include [2, 5, 6, 7,
13, 14, 15, 16, 17, 18, 23]. We will not attempt to give an overview of such a wide
array of areas. Instead, this article presents a new way of using Malliavin deriva-
tives to uncover sub-Gaussian and other non-Gaussian properties of functionals of
random fields, with particular attention to the estimation of suprema.
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After introducing some standard material on Wiener chaoses and the Malli-
avin derivative in what we hope is a streamlined and didactic way (Section 2),
we introduce the fundamental lemma that serves as a basis and a springboard
for non-Gaussian results: it is the observation that if a random variable X has
a Malliavin derivative whose norm in L?[0,1] is almost surely bounded, then X
is sub-Gaussian (Lemma 3.3). In Section 3, this lemma is exploited to analyze
sub-Gaussian processes. Even though the proofs of the results therein are quite
elementary, we believe they may have far-reaching consequences in probability and
its applications. For example, even though it is not stated so explicitly, Lemma 3.3
is the key ingredient in the new proofs of existence of Lyapunov exponents for the
continuous space stochastic Anderson model and the Brownian directed polymer
in a Gaussian environment, obtained, respectively, in [8] and [19]; these existence
results had been open problems for many years (see, e.g., [4]). Lemma 3.3, and its
application to sub-Gaussian deviations of the supremum of a sub-Gaussian random
field (Theorem 3.6, which is a generalization of the so-called Borell-Sudakov in-
equality, see [1]), are techniques applied in [22] for statistical estimation problems
for non-linear fractional Brownian functionals.

Inspired by the power of such applications, we postulate that in order to
generalize the concept of sub-Gaussian random variables, one would be well advised
to investigate the properties of random fields whose nth Malliavin derivative is
bounded. Our study chooses to define the concept of sub-nth-Gaussian chaos (or
sub-nth chaos, for short) random fields slightly differently, in order to facilitate the
study of such processes’ concentration properties as well as those of their suprema.
This is done in Section 4, which also includes an analysis of the relation between
the sub-nth chaos property and boundedness of the nth Malliavin derivative. Our
proofs in Section 4 are inspired by some of the techniques that worked well in the
sub-Gaussian case of Section 3; yet when n > 3, many technical difficulties arise,
and our work opens up as many new problems as it solves in that case.

While we prefer to provide full statements of our results in the main body
of this paper, we include here some typical consequences of our work under a
simplifying assumption which is nonetheless relevant for some applications, leaving
it to the reader to check that the results now given do follow from our theorems.

Assumption. Let n be a positive integer. Let X be a centered separable random
field on an index set I. Assume that there exists a non-random metric § on
I x I such that almost surely, for all x,y € I, for all 0 < 5, < --- < 59 <
S1 S ]-7

|Ds,, -+ Ds, Ds, (X () = X (y))] <6 (,y) - (1.1)

Conclusions. Let N () be the smallest number of balls of radius € in the metric
0 needed to cover I. There is a constant C;, depending only on n such that,
if the assumption above holds, the following conclusions hold:
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Sub-nth Gaussian chaos property: (see Theorem 4.7)

1 2/n
Xp | & <2

Sub-nth Gaussian chaos extension of the Dudley upper bound: (see Theo-
rem 4.5)

X (z) =X ()

E 5 @)

yi=E {i‘é&’X <x>} <G, [ o o) e

Sub-nth Gaussian chaos extension of the Borell-Sudakov concentration in-
equality: (see Corollary 4.14) With

o =esssup{sup D, ---D,,Ds, X (x)|: 2 € I;
weN

0< s, <--<sy<s <1},

for all € > 0, for u large enough,

P[ >u} <2(1+¢)exp (_(11Te) (g)g/n>

It should be noted that in the sub-2nd-Gaussian chaos case (n = 2), we prove
(Theorem 4.5, Theorem 4.7 case n = 2, Corollary 4.11) the three “Conclusions”
above hold under the considerably weaker condition: almost surely,

sup X (a) — p
xzel

/ |Ds, -+ Ds,Dg, (X () — X (y))\2 dsidss -+ - ds, < §2 (z,9). (1.2)
[O’l]n

When n > 3, the conditions we need to draw the above conclusions are interme-
diate between (1.1) and (1.2). However, we conjecture that the conclusions should
hold under conditions much closer to (1.2). When n = 1, the Dudley-Fernique
theorem has been known for many years (see [11]) if one assumes the conclusion
of Lemma 3.3; our interpretation of this Lemma appears to be new, although
its proof below clearly shows it is a translation of Ustunel’s [23, Theorem 9.1.1];
however, our proof of the Borell-Sudakov inequality (Theorem 3.6) under the hy-
potheses of Lemma 3.3 is new, and the inequality itself might be new for any class
of non-Gaussian processes insofar as it does not seem to appear in the literature.
In addition to the obvious practical significance of results such as the “Con-
clusions” above, we think the reader familiar with classical proofs of such results as
the Borell-Sudakov inequality and the Dudley-Fernique theorem, will appreciate
the power of Malliavin derivatives: they provide, in Section 3 (n = 1), stronger re-
sults with elegant, simpler proofs. We hope that beyond the issue of sharpening the
results in Section 4 (n > 3) to come closer to Condition (1.2), this paper will en-
courage the reader to use our Malliavin-derivative based concentration inequalities
in sub-Gaussian and non-sub-Gaussian settings, such as to study the almost-sure
moduli of continuity of random fields to extend classical results (see [1] or [21]).
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We wish to thank the three organizers of the Fifth Seminar on Stochastic
Analysis, Random Fields and Applications (Ascona, Switzerland, 2005) for pro-
viding the impetus for the research which led to this paper.

2. Preliminairies

In this didactic section, we present some basic facts about Wiener chaoses and
the Malliavin calculus, largely with only sketches of proofs, to be used in the
remainder of the article, and as a general quick reference guide. Excellent and
complete treatment of these results and many more can be found for instance in
the monographs [17] and [23]; both have been a constant source of inspiration for
us.

We begin with a Brownian motion W = {W (t) : ¢t € [0, 1} defined on a com-
plete probability space (2, F,P) and adapted to a filtration (Ft)te[o,l] satisfying
the usual conditions (see [9]). With dr representing the Lebesgue measure, the
Wiener integral W (f) = fol f (r)dW (r) of a non-random f € H := L? ([0, 1],dr)
is a centered Gaussian random variable with variance || f]| |3{ = fol f? () dr; the set
H; of all Wiener integrals W (f) when f ranges over all of H is a set of jointly
Gaussian random variables called the first Wiener chaos of W, or Gaussian space
of W, whose entire ﬁmte—dlmensmnal distributions are thus defined via the formula
EW (/)W (g9) = (fi9)n = fo r) dr. The Wiener integral coincides with the
Ito integral on H;, which can be seen via several different procedures, including
the fact that both can be approximated in L? (Q2) by the same Riemann sums. To
construct chaoses of higher order, one may for example use iterated It6 integration.
Denote Iy (f) = f for any non-random constant f. Assume by induction that for
any g € H®", for almost every (¢,w) € L?([0,1] x Q, drdP),

1 S1 Sp—1
In(g):n!/o/o /0 (51,8900 50) AW (0) - dW (59) dW (51) (2.1)

has been defined. Given a symmetric function f € H®" 1, let

gt (81,82,...,8n) = f (¢, 51,82, ..,5n) L, <t
We thus see that the function ¢ — I, (g¢) is a square-integrable (), [0 jj-martin-

gale. We may then define I,,11 (f) to be the It6 integral (n + 1 fo (ge) dW ().
The set H,, ;1 spanned by I, (f) for all symmetric f in H®"*! is the (n 4+ 1)-th
Wiener chaos of W.

Remark 2.1. Tt holds that L?(Q) is the direct sum — with respect to the inner
product defined by expectations of products of r.v.’s — of all the Wiener chaoses.
Specifically for any X € L2 (), there exists a sequence of non-random sym-
metric functions f, € H®" = L?([0,1]") with > >7 |fn|3{®n < oo such that

X = > oI, (fn); moreover E I, (fn) Im (fm)] = mnn! |fn|$_(®n where 8y, 1,
equals 0 if m # n and 1 if m = n.
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Remark 2.2 (see [17]). The n-th Wiener chaos H,, = I, (H®™) coincides with the
closed linear subspace of L? () generated by all the random variables of the form
H, (W (h)) where h € H, |h|,, = 1, and H,, is the n-th Hermite polynomial,
defined by Hy = 1, Hy (z) = 2, and Hyyq (z) = (n+ 1) (xH, (z) — Hp_y (z)).
Moreover, H), = H,_1.

We believe the easiest way to understand the Malliavin derivative operator
is using the following three-step “constructive” presentation; in fact, the essence
of the construction of this operator only requires steps 1 and 2(a), as one can
arguably see from step 3.

1. We define an operator D from H; into H by the formula
DWW (f)=f(r).

Thus the Malliavin derivative finds the integrand which a centered Gaussian
r.v. in H; is formed from as a Wiener integral. If X = W (f) 4+ p where pu is
non-random, D.X = f, consistent with the fact that the derivative is linear
and kills constants.
2. We extend D by a consistency with the chain rule.
(a) For any m-dimensional Gaussian vector G = (G;);~, € (H1)"™, for any
® € C' (R™) such that X = ®(G) € L% (), in order to be consistent
with the appellation “derivative”, one must set

UL
DX =) 3 (G) D,G; = Vo (G) - D,G, (2.2)
=1

that is to say, the chain rule must hold. It is a simple matter to check
that the above requirement (2.2) can be satisfied for all X of this form,
defining D uniquely on them.

(b) Equivalently, by the chain rule in C' (R™), one can state that for-
mula (2.2) holds for all Y of the form YV = ¥ (X4,...,X,) with ¥ €
C! (R™) and all X;’s as in part 2.a, if we replace D,.G by D, X: D,Y =
VU (X)- D, X holds for any X,Y and ¥ such that the right-hand side
is in L2 ().

3. The following argument can now be used to define D on a much larger set of
random variables. For a fixed random variable Z € L? (), we consider the
orthogonal chaos decomposition Z =Y >° ' I,, (f,,) of Remark 2.1. From Re-
mark 2.2, I, (f,) can be further approximated in L? (Q): I, (f,) = Z;‘;l X;
where X; = H, (W (h;)) where H,, is the nth Hermite polynomial and
h; € H. By step 2.a, D, X; is defined for almost all r, as it is trivial to
see that D, X; € L? (Q) for any r such that h; (r) is finite. More to the point,
since h; € H, we can say that D.X; € L?(Q2) x H. We now need to have
a criterion that allows us to justify that D.I, (f,) exists in the same space
L? () x H as a limit in that space of the sums of all the Malliavin deriva-
tives D.X;. It turns out that no additional criterion is needed beyond the fact
that the symmetric f,, is in H®". Indeed, using the relation H| = H,_1, one
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proves that the series ), D, X; converges to nl,—1 (fy (,7)) in L?(Q) x H.
To complete the program of defining D.Z on as wide a space of Z’s as possi-
ble, since from Remark 2.1 we have fol E |nly_1 (fn (-,7))]> dr = nn! |fn|ﬁ2h(®m
we immediately get that D.Z exists in L? (Q) x H and has orthogonal de-
composition in that space given by

D, 7 = Z nlp_1 (fn (-,7))

n=1
as soon as

oo
Z nn! |fn|3{®n < 0. (2.3)
n=1

Remark 2.3. The set of all Z € L? () such that (2.3) holds is called the (Gross-)

Sobolev space D12 with respect to W and its Malliavin derivative. It is a Hilbert
space with respect to the inner product (Z,Z2') = E[ZZ'] + fol E[D.ZD.Z'|dr.

Remark 2.4 (General Chain Rule for Malliavin derivatives). Combining relation
(2.2) from Step 2a and Step 3 above, for any Z € (D1’2)m, for any ® € C' (R™)
such that V® (Z) € L? (), we get ® (Z) € D12 and the general chain rule formula

D,.(®(2)) = V® (Z) - D, Z. (2.4)

3. Sub-Gaussian theory

In this section we develop the concept of sub-Gaussian random variables and pro-
cesses/fields (a stochastic process defined on an index set that is not a subset
of Ry is normally called a random field). We define sufficient Malliavin deriv-
ative conditions implying these concepts, and we investigate extensions of the
familiar concentration inequalities known as the Dudley-Fernique theorems (on
the expected supremum of a process) and the Borell-Sudakov inequalities (on the
deviation from this expectation).

Definition 3.1. A centered random variable X is said to be sub-Gaussian relative
to the scale o if for all A > 0,

E [exp AX] < exp \?0?/2. (3.1)

Remark 3.2. The interpretation of 02 above is that of an upper bound on X’s vari-
ance. More specifically, the following two statements imply (3.1) and are implied
by it, with different universal constants ¢ in each implication:

E [exp (X?/ (c0?))] < 2, (3.2)
and for all u > 0,
2
P X]|>u] <2exp <—2:7> .

For instance, (3.1) implies (3.2) with ¢ = 5. Consult Lemma 4.6 for more general
results than these implications, and their proofs.
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We will use the following fundamental lemma, whose consequences are far-
reaching.

Lemma 3.3. Let X be a centered random variable in D2 defined on the probability
space (2, F,P) of the previous section. Assume there exists a non-random constant
M such that, P-almost surely,

1
/ D, X|* dr < M?. (3.3)
0

Then X is sub-Gaussian relative to o = M.

Proof. The following result is due to Ustiinel [23, Theorem 9.1.1]: if (3.3) holds,
then P [|X| > u] < 2exp (—u?/(2M?)). The lemma is thus just a translation of
this theorem using the definition of sub-Gaussian random variables. O

In the previous section, we saw that in (Q, F, P) a Gaussian random variable
is one such that its Malliavin derivative is non-random. The above lemma states
that a class of sub-Gaussian centered random variables is obtained by requiring
only that their Malliavin derivatives have an almost-surely bounded norm in H =
L?[0,1]. The reader will check that, equivalently, condition (3.3) says that D.X €
L (Q,H), and ess sup|D.X|$_¢ is the smallest M > 0 satisfying (3.3) almost surely.

Definition 3.4. A pseudo-metric is a symmetric function § on I x I such that
0(s,u) <0 (s,t)+ 0 (t,u).

The axiom § (s,t) = 0 = s = t need not hold for pseudo-metrics. Examples
of pseudo-metrics are the canonical metrics §z of all centered Gaussian fields Z

on I: 85 (s, 1) == \/E [(z t)— 2 (s))ﬂ.

Definition 3.5. A centered process (random field) X on an arbitrary index set [ is
said to be sub-Gaussian relative to the pseudo-metric § on I if for any s,t € I, the
random variable X (¢) — X (s) is sub-Gaussian relative to the scale o = J (s, ).

Our first theorem is the extension to the class of sub-Gaussian processes
defined via condition (3.3) of the so-called Borell-Sudakov inequality. The classical
version of this inequality states that for a centered separable Gaussian field on an
index set 1, if p := Esup; X < oo, then P [[sup; X — p| > u] < 2exp (—u?/ (20?))
where 02 = sup,¢; Var [X ()]

Theorem 3.6. Let X be a separable random field on I such that all finite-dimen-
stonal vectors of X are formed of almost-surely distinct components. Assume p :=
E [sup; X] < co. Assume for each t € I, X (t) € DY2, and there exist a constant
o2 (t) such that almost surely

/1 1D, X (t)]*dr < o2 (t).
0
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Then the random variable sup; X —pu is sub-Gaussian relative to 0® = sup,c; o2 (t).

In other words
2
P |lsupX — | >u| <2exp ~2 ).
I 20’2

Proof. Step 1: Setup. Separability of X means that its distribution only requires
knowledge of X on a countable subset of I, i.e., we can assume [ is countable in
the expression sup; X . Hence, by the dominated convergence theorem, the problem
reduces to the case of finite I. Thus we assume I = {1,2,..., N} where N is a
positive integer and X = {X1, Xs,..., Xy }. Now let

sp=max{o(1),0(2),...,0(n)},

and
Sp = max{Xiy, Xa,...,Xn}.

Since @ (z,y) = max (z,y) = xly>y + ylocy, thus we have Sp,11 = © (Xp41, Sn)
where 0®/0x (z,y) = 1y>y and 09 /0y (z,y) = la<y.

Step 2: Explicit extension of the chain rule. Unfortunately ® is not of class C*,
s0 to keep our proof rigorous, since we will need to use the chain rule formula (2.4)
with ®, we indicate how to extend it for our purposes. We claim the following.

Lemma 3.7. The chain rule (2.4) holds with Z any vector of random variables in
D2, for any ® that is of class C' off of a finite union T of hyperplanes, with V®
bounded, with ® (Z) € DY2, and with Z ¢ T almost surely.

See the appendix for a proof of this result which is spelled out for the situation
we need.

Step 3: Induction. We prove the theorem by induction on n. Our induction
hypothesis need only be that S,, € D"? and almost surely,

1
/ |D,-Sp|? dr < s2. (3.4)
0

Indeed, this inequality is satisfied with n = 1 by hypothesis since S; = X1; when
n = N, Lemma 3.3 applied to Sy = sup; X proves that this induction hypothesis
implies the statement of the theorem. Therefore, we only need to prove that if
S, € D2 and (3.4) holds for some n € {1,..., N—1}, then S, ;1 € D2 and (3.4)
holds for n + 1. Since Sp+1 = @ (X41, Sn), and by hypothesis X,, 11 # S, almost
surely, we can apply the above lemma: for almost every r € [0, 1],

0P 0P
-DTSnJrl = % (Xn+17 Sn) Dan+1 + 6_y (Xn+1; Sn) DrSn
=1x,,,>8,Dr Xnt1 +1x,,,<5, DS
= 1Xn+1>SnDTXﬂ+1 + 1Xn+1<SnDTSﬂ‘
The last equality holds a.s. again because the X;’s are distinct almost surely.
Therefore, since the product of the two terms in the last line above is zero, using
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the induction hypothesis (3.4) and the assumption ||D,Xn+1||2Lz[0’1] <o%(n+1),
we obtain

1 1 1
/ 1D, Sy P dr = 1x,.,55, / D, X2 dr +1x, <5, / 1D, 8,2 dr
0 0 0

<o?(n+1)1x,,,>s, +551x,.,<s,

2 2
< Sppilx,i>s, tSha1lx,a<s,
_ .2
- sn+1'

By induction, the proof of the theorem is complete. O

Remark 3.8. The assumption in the previous theorem that any vector of X’s have
almost surely distinct components can be easily satisfied using a now classical
result on the existence of densities of random vectors. From [17, Theorem 2.1.2]
we learn that we only need to check that the matrix of Malliavin derivatives’ inner
products ({D.X; D.an>)ﬁn,:1 is almost surely invertible, since this implies that
the law of X has a density. Thus the theorem’s two assumptions can be phrased
in terms of Malliavin derivatives, one as a boundedness condition, the other as a
non-degeneracy condition. The latter is of course much weaker than the former.

The only assumption on the non-diagonal correlations of X in the above
theorem is the finiteness of u, which has evidently little or nothing to do with
the sub-Gaussian property at the process level. The main Malliavin derivative
boundedness hypothesis is only a set of one-dimensional distributional hypotheses,
which represents a significant improvement over assuming that the entire vector
X is jointly Gaussian.

When comparing Lemma 3.3 and Theorem 3.6, one may wonder whether the
Borell-Sudakov inequality holds under the weaker hypothesis that each X (¢) is
sub-Gaussian. This represents a gap which we are not able to fill at this time. It
is instructive to note that the main issue here is that the converse of Lemma 3.3
is false: if the r.v. X is sub-Gaussian relative to the scale o, it does not imply
that (3.3) holds for the scale o, or even for any other scale. To see this, consider a

random variable X = fol u (s) dW (s) where u is adapted to (Fs) e[ 1) and is such
that fol u? (s) ds is almost surely bounded by o2. For any \, using the exponential

martingale £ (AM), based on the martingale M; = fot u (8) dW (s), we immediately
get

Ejexp AX] = E [5 (AM), exp %2 /0 2 (s) ds}

< oxp (AZ"Q) E[€ (AM),] = exp (AZ"Q) ,

which means X is sub-Gaussian relative to the scale o. But for the specific case
of u(s) = f (W) where f is bounded and in C? (R), we can easily find examples
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of f where (3.3) does not hold for any scale. Using the formula D, X = wu(r) +

le u(s)dW (s) (see [17]), which in our example yields D, X = f(W,) +
f D, W, f" (Ws)dWs, and then using Itd’s formula, we get

/01|DTX|2dr: / f1(W,) dW (s)

:/0 f<wl>——/ Frwyds|

=2 (W) — f (W )/ sf’ (Wy)ds + ~ //f" " (W) min (s, ") dsds’.
(3.6)

2
dr

(3.5)

Even if f is bounded, it is simple to construct examples where f” is not bounded:
e.g., f(w) = sin (w?), with f” (w) = 2cos (w?) — 4w?sin (w?). Whether in line
(3.5) or line (3.6), we see that the expression above can take arbitrarily large values
with positive probability.

In order to use the Borell-Sudakov inequality efficiently, it is necessary to
be able to estimate the expected supremum effectively. We recall here the clas-
sical results of Dudley (upper bound) and Fernique (lower bound) for Gaussian
processes.

Theorem 3.9. Let X be a separable Gaussian field on an index set I. Let §x (s,t) =
1/2
(E {(X (s)— X (t))QD be its canonical metric. Let the metric entropy N (¢) be

the smallest number of balls of radius € in the pseudo-metric §x needed to cover
I. There exist two positive universal constants K and K’ such that

E [St}pX} < K/OOO V1og N (£)de, (3.7)

and, if I is a subset of a group G and the law of X, defined on G, is translation
invariant (e.g., I C R% and & (s,t) depends only on |s — t|, i.e., X is homogeneous
or stationary ),

E [supX] > K’/ V1og N (€)de.
1 0

For what classes of processes does a result of the same type as the lower
bound above hold? This is an open problem which we will not tackle in this paper.
Yet the Dudley upper bound (3.7) of this theorem is true, with the same N (¢),
for all processes which are sub-Gaussian relative to the same pseudo-metric dz.
This result even extends beyond the sub-Gaussian case, as we are about to see
in the next section, which is why we omit the proof that Theorem 3.9 holds for
sub-Gaussian processes. Another reason for omiting the proof is that the result is
now classical (see [11]). For the sake of completeness, we still record the statement
here.
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Remark 3.10. If X is sub-Gaussian on I, as in Definition 3.5, relative to the
pseudo-metric §, then with the notation of Theorem 3.9, (3.7) holds.

4. Sub-nth chaos processes

One of the difficulties with Wiener chaos expansions such as X = Y07 I, (fn)
(defined in Remark 2.1) is that they often mask fundamental properties of pro-
cesses. In particular, a typical sub-Gaussian random variable has components of
all orders in its chaos expansion, so that any estimation done term by term using
this expansion will miss the sub-Gaussian property, while the entire sum of the
expansion, being sub-Gaussian, is thus more akin to its term of order n = 1. In
this section we introduce a concept which generalizes this idea to higher values of
n. We use it to derive a Dudley-type theorem (Subsection 4.1). Then we attempt
to relate the concept to iterated Malliavin derivative calculations (Subsection 4.2),
and derive an extension of the Borell-Sudakov concentration inequality as a con-
sequence (Subsection 4.3).

Definition 4.1. Let n be a positive integer. A centered random variable X is said
to have the sub-nth-Gaussian chaos property (or is a sub-nth chaos r.v., or is a
sub-Gaussian chaos r.v. of order n, etc.) relative to the scale M if

w((2)")] 2

Obviously, when n = 1, such an X is sub-Gaussian relative to the scale v/5M.
Our definition is similar to the definition of an Orlicz norm of X, although the
only intersection between the concepts appears to occur for n = 1 or 2, since Orlicz
norms have a requirement of convexity of their Young function, which is not the
case here for n > 2 (see [11], or [20]).

E

Remark 4.2. From Definition 3.1 and Remark 3.2, we get the following equivalent
definitions of the sub-nth-Gaussian chaos property, up to universal multiplicative
scale constants c: for all A\,u > 0,

E [exp)\ (|X\1/” _E |X|1/”)] < exp eA2M2/2
and
1/n u2
Definition 4.3. Let § be a pseudo-metric on a set I. A centered random field X on I
is said to be a sub-nth-Gaussian chaos field with respect to ¢ if for any s,t € I, the

random variable X () — X (s) has the sub-nth-Gaussian chaos property relative
to the scale ¢ (s, ).

Definition 4.4. Let 6 and X be as in the previous definition. We use the notation
Ns, and we say that Ns is a metric entropy for X, if Ny is the smallest number of
balls of radius € in the pseudo-metric § needed to cover I.
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4.1. Expected suprema

As announced in the previous section, we now prove a Dudley upper bound for
sub-nth chaos processes.

Theorem 4.5. For each fized positive integer n, there exists a universal constant C,
depending only on n such that if X defined on I is a separable sub-nth-Gaussian
chaos field with respect to the pseudo-metric §, then with N5 a metric entropy for
X

’

Esup X (1) < C, / (log N ()™ 2de.
tel 0

This theorem is a new result for n > 2; it has been established in [24] for
n < 2 using convexity of the Orlicz space’s Young function. Our proof of this
theorem, which works for any integer n > 1, requires the first two inequalities of
the following lemma, which is established in the appendix.

Lemma 4.6. For every integer n, there exists a universal constant v, such that,
for any sub-nth chaos r.v. X relative to the scale 6, the following inequalities hold:

for every u > 0,
u\ 2/n
< _(Z
P[|X|>u]2exp< (6) ),

E [X?] < (v,6)%,

X 1/n
exp (/\ 3 >] SvneAz/z.

n
The converse also holds. Namely, with possibly some other universal constant v), >
1, each of the three inequalities above implies that X is a sub-nth chaos r.v. relative
to the scale M = v),4.

and for every A > 0,

E

Proof of Theorem 4.5. Our proof is patterned from Michel Ledoux’s notes [10] on
“Isoperimetry and Gaussian Analysis”, although here no Young function convexity
is used, and indeed we do not have the restriction n < 2. We may and do assume
that I is finite (see Step 1 of proof of Theorem 3.6). If the right-hand side of the
conclusion of the theorem is infinite, there is nothing to prove. Therefore we may
assume that sup; X is integrable.

Step 1: Chaining argument. Let ¢ > 1 be fixed and let £y be the largest integer
¢ in 7 such that Ns(g~*) = 1. For every £ > {,, we consider a family of cardinality
N(¢) := Ns(g~*%) of balls of radius ¢~* covering I. One may therefore construct
a partition Ay of I of cardinality N(¢) on the basis of this covering with sets of
diameter less than 2¢—¢. In each A of Ay, fix a point of I and denote by I, the
collection of these points. For each t in I, denote by Ay (t) the element of A, that
contains t. For every ¢ and every ¢, let then sy(t) be the element of I, such that
t € Ag(se(t)). Note that §(t,s.(t)) < 2¢~¢ for every t and £ > £y. Also note that

8(se(t),se—1(t)) <207 +2¢7 " =2(g+ 1)g "
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Hence, by the second inequality in the previous lemma, the series

D esto ( se(t) — Xs£_1(t)) converges in L' (), and also sy (t) converges to t in
L' (Q) as ¢ — co. By the telescoping property of the the above sum, we thus get
that almost surely for every t,

XSO + Z S’[(f - 9[ 1(t)) (4']‘)
£>Ly
where sy, (t) := s may be chosen independent of ¢ € I.

Step 2: Applying the lemma. Let ¢y be a constant that will be chosen in
the next step. It follows from the decomposition (4.1) above, and the identity
EX,, =0, that

E (sup Xt>
tel

=E qu + sup Z s/(t st—l(t))
tel >0
< Z ce+E <Sup Z ‘XGZ(t) 92 1(t) ’1{|X‘51{(t)_X51{_1(t)|>cf}>
£>Ly {>Ly
< Z c+E Z Z ’Xu - Xv‘]-{|X“,—X1,|>cz}
£>Ly £>Lo (u,v)EH,
< Z ce + Z Z |Xu X1)|1{|X Xq,\>c1/})
£>00 £>Lo (u,v)EH,

where Hy = {(u,v) € Iy x Iy_1;8(u,v) < 2(q+ 1)g~*}. Using Holder’s inequality,
we get

1/2
B (px) S+ S (BIX, - X )Y (P(X, - X, > ).
tel £>L0 £>Lo (u,v)EH,

Using Lemma 4.6 now, and applying a uniform upper bound for all (u,v) € Hy,
we get

E (sup Xt>
tel

a/m\ \ 1/2
Cy
< I
> ZCE“FZ Z Un(s(uav) <2exp< (6(,“’1})) ))
£>4g £>Lo (u,v)EH,

. a/m\ \ 1/2
< " H)2(g+1)g " [ 2 —(—=— .
< 3 w2 (- () )

0 0

Step 3: Choosing c;. Since Card(H,) < N({)?, it is now apparent that a
convenient choice for ¢, in order to exploit the summability of ¢~* without having
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to worry about the size of Card(Hy), is ¢, = 2(q + 1)g~(4log N(£))*/?. We thus
obtain

(sup Xt> Z ce + Z N (0)*2%/%(q + 1)q ‘v, exp(—2log N (¢))
tel >ty >ty

<Y 2(g+ 1)g (Alog N(O)™2 + Y 2% (q+ 1)g "o,
>4 >0

Step 4: Conclusion. Now, since for £ > (g, log N(¢) > log 2, then
(log N(£))™? > (log 2)"/? for n > 1. It follows that

E (supXt> <kn(g+1) Z q- logN(f))”/2
tel >4y

where k,, = 2-4"/2423/2y,, log_"/2 2. By comparing our series to an integral, since
N; is decreasing, we get

+1 K
E(supXt)Skn<1q_q ) Zq (log N (¢) /2

tel €>€0
< Q+1
1—qt

Z/ (log Ns(e))"/?de
<c, / (log Ns(e))"/2de
0

>0

1
where C,, = k,, (q(qi—’_l)) The theorem is proved with C,, = (2\/5 + 3) k,. O

4.2. Malliavin derivative conditions
A connection between the above definition of sub-nth chaos r.v.’s and Malliavin
derivatives is provided by the following.

Theorem 4.7. Let X be a random variable in D™2. That is to say, X has n iterated
Malliavin derivatives, and the nth derivative

D(n) X:DSn (Dsn_1 ("'D82 (D91X)))

Snyeee382,81

is a member of L? (Q x H®™). With the notation X = 3"\ Ly (fm) + Xn where
each fm is a non-random symmetric function in H®™, X,, is a sub-nth-Gaussian
chaos random variable in the following two cases.

Case n = 2. Assume

) 1/2
My := ess sup (/ / ‘D92 le‘ dszdsl) < 0.
weN

Then Xo = X —EX — I (f1) is a sub-2nd-Gaussian chaos random variable
relative to the scale mv/10Ms.
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Case n > 3. Let

Assume that almost surely,

1 S1 Sn—1
M :=ess sup (/ / /
weN o Jo 0

and assume there exists Mg non random such that almost surely

1 ps1 Sn—1 s 2/n
[ Gn(|MG| B[D0) W XIF]| )dsn---dszds1s1/2-
0 0 0

(4.4)

Then X, is a sub-nth-Gaussian chaos random variable relative to any scale
M > max (log_"/2 (3/2) Mo; Mg),

In particular, with K, a universal constant, the following choice of M
is satisfactory if it is finite:

) 1/2
E {D(n) X|-7:sn,:| ’ dsn te d82d81> <0

Sny.-y82,81
(4.3)

6

(1 Lopsi | opSn=1 ) E[D{ o, o X|Fs,
M = ess sup el ity e 10[ /5(1+2"—1) =
weN ® o

G/n) dsn---dszdsl) "/

Note that f may be taken to be symmetric in the above theorem. Also note
that this theorem is presumably inefficient for n > 3, since the case n = 2 has a
much more natural conclusion. In fact one may conjecture that up to a universal
constant, Condition (4.3) by itself is sufficient to ensure that X,, is a sub-nth-
Gaussian chaos random variable relative to Ms; yet we have not found a proof of
this fact in general. Our result in the above theorem in the case n = 2 matches
this conjecture in that case, up to the multiplicative universal constant mv/10
which is presumably not sharp; the proof is self-contained, and of independent
interest, but does not seem to allow passage to n > 3; the proof is also intriguing
in that it seems to make rather wasteful use of the hypothesis of boundedness of
‘D@)X ‘H‘X’?’ and one may wonder whether examples can be found where X is a
sub-2nd chaos r.v. without ‘D(Q)X‘H®2 being bounded. The conjecture does holds
for the special case of nth Wiener chaos random variables, i.e., X = I, (f,) for
some non-random f € H®"; we have not found an elementary proof of this fact;
nevertheless it is a consequence of the proof of a result by C. Borell in [3], where
the isoperimetric inequality is used (see Lemma 4.15 below). Lastly, note that the
proof of Theorem 4.7 for n = 2 does not seem to extend to n > 3, while it is not
possible to adapt the proof for n > 3 to the case n = 2 because, in the latter case,
the function Gy would not have an infinite radius of convergence.

The classical Clark-Ocone representation will be needed to prove Theorem
4.7.
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Remark 4.8 (Clark-Ocone Representation). Any random variable X in D2 can
be written as X = EX + [, E[D,X|F,] dWi.

By iterating this proposition, we obtain the following, whose proof is in the
appendix.

Lemma 4.9. Let X € D™? C L?(Q) with the Wiener chaos decomposition X =
>or o In (frn) where f, € H®™ and f, is symmetric. Then

X = ZI (fm) / / / (D)o X|Fu )W, - AWy d W,

Proof of Theorem 4.7, “Case n > 3”. From Lemma 4.9, where the functions
( fm):ﬁ;lo are identified, we have that

n—1 1 rs1 Sn—1
X, =X - Zlm(fm): u (81,82, .,8n) AWy - dWs,dW,
o o Jo 0

where the stochastic process u(si,sa,..., ) is adapted to (ft)tzm and u €
L (L (H®™)), that is to say, with the non-random number ||ul| ,
(1/nd) lull o (2, 12(3¢@n ), almost surely,

1 S1 Sn—1
/0/0 /0 [ (51,8, -, 80) dsn -~ dsadsy < Jul% . (45)

1/n
u (81,82, ...,8,) dWs, - dWs,dWs, . (4.6)

Let now

Sn—1

Intuitively, since one way to construct an nth Wiener chaos r.v. is to take a poly-
nomial of degree n and apply it to a Gaussian r.v., the definition of U should
presumably give us a sub-Gaussian r.v. In any event, to prove the theorem, we

only need to show that
U2
Eexp (ﬁ) <2,
where L = M*/™.

Step 1: Taylor expansion. For simplicity we use the notation V = U/L. We
simply evaluate the Taylor expansion of the exponential above in the following
way, where for the terms with k = 1,...,n, we used Jensen’s inequality:

EexpV? = ZV%—E 1+ZV% ivk_ik
k=n+1 .

[VQn]k/” 00 E V2k:]
+ >

k=n-+1

<1+Z
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Step 2: Moments evaluations. We have that V2 = (V”)%/n

(‘Y(”) (1)| /L”)Qk/n where (Y™ (2)) is the (Ft);e[or-martingale defined by

t€(0,1]

y (™) ( / / / w (81,89, 80) AW, - AW, dW, .

The bracket of Y™ thus satisfies

(r™) /dsl/ / W (1,820 80) AW, - W,

We begin by evaluating the moments in the tail of the series (4.7). By the
Burkholder-Davis-Gundy inequality, for any & > n + 1, since then we have p :=
2k/n > 2,

2

E V2] < c(2k/n)E {<Y(”)>k/ . (1)} /L2,

where ¢ (2k/n) is the efficient constant defined in Proposition 5.1 in the appendix.
Let us evaluate the moments of this bracket by induction. We begin by defining a
sequence of martingales: for ¢ < sq,

t Sn—1
Ys(ln_l) (t) = / . / u (81,82, ..,8n) AWy -+ dWs,;
0 0
for t < s9 < 357,
5(173522 / / 51a527'~'75n) dWsn "’dW53;
more generally for t <s; <s;_; <--- <59,
}/;(IT,LL:Z{.)..,SJ / / u(s1,82,...,80) AW, -+ dWs, 3
the last iteration is for ¢t < sp,-1 < 8552 < -+ < 57,
t
Ys(ll’)sz’ P (t) = / u (81,82, -,8n) dWs, .
0

We now have, iterating the use of the Burkholder-Davis-Gundy inequality,
and using Jensen’s inequality for the measures ds;y1/s; on [0, s;] for each j =
0,...,n—1,
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() p/2
cE (V™))

(bl
<c(p) /01 ds1E HYs(ln_l) (s1) p}
<c(p)’ /01 ds1 E (/0 dsy [V (82)‘ )P/Q]
<c(p)? /01 dslsjf/z_lE [/0 dsa

1 S1
§c(p)”71/0 dsy sp/2 1/0 d52$§/2_1~-~

Sn—3 /2 1 n—2
/ ds,,— 25P / dsp—1E [ Y. . (Sn—1)
0

81,82,.
zc(p)nfl/ dsy sp/2 / dsa sp/Qfl---

Sn—1 p/2
(/ u? (81,52,...,8n_1,8n)dsn> )
0

(48)

=c(p)E

1/;(171522) (82)‘ :|

]

Now for the first terms in the series (4.7), note that an immediate calculation
from (4.6) (as in Step 2, with p = 2, so that ¢ (2) = 1) yields

E [U?"] <ess bup/ / lu(5)]> dsy - - - dsy,
weN 0<s, <+ <81<1

= JJull% 2
E U]\ "
L2n

k/n
1 (Nl
k-( FD . (4.9)

Step 3. General conclusion. We first deal with the terms in (4.9). Let us
show that we can find a constant ¢ (n) depending only on n such that if L?" >
c(n) ||u||Oo 5, then the term in (4.9) is bounded by 1/2. Indeed, since

Thus we have
zn: V2n} k/n

k=1

\ /\

==

IN

WM: ™-
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ol
00,2 —k/n

k=1 k=1
k=1 """
<ecm T

it is sufficient to have e ™"/" = 3/2, 1.e., c(n) =log™ " (3/2), or, in other words,
L2 > log ™" (3/2) [|ul%, - (4.10)

Under this constraint, with inequality (4.7), we thus get
ElexpV?] <141/24T (4.11)

where the tail term T of the Taylor expansion, is dealt with as follows. We apply
line (4.8) above with p = 2k/n and then sum over all & > n + 1. Thus one last
use of Jensen’s inequality, and the upper bound (4.5) on |u|, with the shorthand

notation u (8) := u (s1, 2, .- ., Sn—1, Sn), yield
> E[VZ#] = ¢(2k/n) k/n
— (n)
Ti= Z k = Z kVI,2k E RY > (1)}
k=n+1 k=n+1
. c(2k/n)"t ! o1 [ e
n 3 L e [
k=n+1 ’ 0 0
Sn—3 n—2 Sn—1 k/n
/ dsp— gs:/nz 1/ dsp—1 (/ u? () dsn)
0 0
(oo}
2k/n / / 2k/n
<E c-dsy |u
k::zn;rl k'sz 0<s, <-- <81<1 | ( )l
< ess sup - dsy, |u . (4.12
we k;d k'LQk 0<s, < <51<1 [ (5) (4.12)

Below for any m > 2, || f||,, denotes the L™ norm of any function f on the
simplex 0 < s, < -+ < 57 < 1 with respect to Lebesgue measure. Hence we can
write from (4.11) and from (4.12):

oo

EexpV? < 3/2+ ess sup,,cq Z
k=n-+1

2k/n) 2k/n
el L

= 3/2+

k

00 c(@k/n)™ [ u(s1,52,s8n—1,50)]>/"

’35565;211) I f0<9n< <s:1<1 dsy---dsp Zk::nJrl 2 L2 :
w
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Now the estimate in Proposition 5.1 in the appendix tells us that

c(2k/n)”< 2k [e Qk/ni
k! “\n V2 k!

so that, with G,, (z) as in the statement of the theorem,

2 Ju (5)*"
EexpV* <3/2+ess sup/~~-/ dsy - dspGn | —%— | -
wen 0<s, < o<1 <1 L

Choosing L? such that the last term above is less than 1/2, and with the con-
straint (4.10), the statement following line (4.4) in the theorem now follows im-
mediately.

Step 4. Analytic conclusion. To finish the proof of the theorem in the case
n > 3, we only need to study the function G,, more specifically. Using the Stirling-
type formula which is valid for all & > 1, k! > k*¥37%, and using the fact that
n > 3, we get easily

G () < i (%)k/g o+

k=n+1

For any integer m > 2, consider the three values k = 3m, 3m + 1, or 3m + 2. We
then obtain k*/3 > (3m)™. On the other hand, for these same values of k, with
x> 1, we get k< (x3)ma:2. Thus

G (z) < 42342 Z (g) m- " (ms)m.
m=1

Using again the Stirling-type formula, valid for all m > 1, 2mm™™ < 1/m!, we get
G, (x) < 4%/322 i 1 ng m
" - = m! \ 3

2
= 4%/342 (exp <§x3> — 1) .

G (z) <9-42/3 (exp (2°) — 1),

Thus for x > 1,

even though the universal constant 9-42/3 may not be optimal. When 0 < z < 1, on
the other hand, a similar inequality is found, with a different universal constant; we
use the notation K, for the maximum of the two constants. We may now rewrite
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the left-hand side of (4.4), which we call T'; using the last inequality above:

nll = / Gn ( “2u(s )|2/") dsp - - dsadsy
[0,1]™

< -K,+ K, exp ( O (5 )|6/n) dsy, - - dsadsy
[0,1]"

=-K,+ K, o [exp (|u (s )|6/n):| 1/LS dsy, - - - dsodsy.

We now make a temporary assumption that L > 1. This allows us to use
Jensen’s inequality in the above time integral over the simplex:

1/LS
nl < —-K, + K, / exp (|u( )\6/n> dsy, - - - dsedsy )
[071]n

Hence, since we only need to satisfy the condition (4.4), i.e., I < 1/2 almost surely,
we only need to have

10g ( fig.1y0 exp (|u (5)[°/") dsp - dsadsy )

|
log (1 + QTLTJ

L% >

(4.13)

almost surely. Jensen’s inequality can then be used to check that this last ex-
pression is always larger than the right-hand side of (4.3). The last statement of
the theorem is thus proved if the essential supremum (L*)6 of the right-hand side
of (4.13) happens to be greater than 1. If it is not, we leave it to the reader to
check that the same conclusion holds by repeating the above calculation (Steps
3 and 4) for the random variable U = U/L*, thereby allowing us not to require
L>1. O

Proof of Theorem 4.7, “Case n = 2”. The proof is based on Lemma 3.3, applied
to the random variable

1 1/2
:(/0 |DTX2|2dr> = |D.Xal,, -

The first step is to prove the following: almost surely,

/
ID.Y[;, < M2 = ess sup (/ / ‘Dg)leg d52d51> .

weN
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Indeed, noting that X and X, have the same second malliavin derivative, we have
2

2
1 1 1 D 1 DTX 2d
|D.Y|31:/ D, /|DTX2|sz dt:/ Jy 1D XoPdr |
’ ' 0|2 fol|DrX2|2dr
2
JRELEICEES
0 fol |Dv~X2|2 dr

2
L DX P dr - ) ‘DE?,?XQ‘ dr
- ’
0

I 1D X dr

1,1 9 1,1 9
:/ / ‘Dg?,?XQ‘ drdt:/ / ‘D,E?T)X‘ drdt < M3,
0 0 0 0

Thus we can consider that Z =Y — EY is a random variable satisfying the
hypotheses of Lemma 3.3. We can thus conclude that Z is sub-Gaussian relative
to the scale Ms. In particular we get, from Remark 3.2,

Z2
2

Because we will need to find a smaller constant than 2 above, we restate this as

E [exp (%;gﬂ <V2. (4.14)

We now invoke an exponential Poincaré inequality of Ustiinel [23, Theorem
9.2.3(i)]: for any centered random variable V in D2,

ElexpV] < E {exp (%2 |D.V|§{>} :

Applying this to V = Xo/c for some constant ¢ > 0, we get

r 2
E {exp <&>:| < E |exp (% |DX2|3_(>:|
c c

- 2 ;

=E _exp (@ (Z+EY) >}

<E -exp (W—QZ2>} exp (W—2 EY)2> . (4.15)
| 4¢? 4c?

Now if we choose 72/ (4¢?) < 1/ (10M3), from (4.14), the first term in the

last line above is bounded above by v/2. In order to control the second term, we
use the chaos decomposition Xo = Y>°_, I (fm). We have

—~~

Dp Xy =Y mlp 1 (fm(-7))
m=2
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and so
o0
(BY)” < E(ID.Xaf3,) = Z m(m!)| fm|3em-
m=2

We also have that

E (1D Xsf3s:) = Z m — 1)) fnl3gem < M-

Since the second series above is clearly less than the third series, we get that
(EY)? < M?2. Certainly, the above choice for ¢ implies 72/(4¢?) < (logv/2)/M3.
From (4.15) we now get

E

exp _ X2 <2 (4.16)
m/5/2My )| T '

The last step in the proof is to allow the use of |X2| instead of Xa above.
Since we have no information about the symmetry of Xs, we proceed as follows.
Since X5 and — X3 satisfy the same hypotheses, we have that (4.16) holds for Xo
replaced by —X5. Now we can write, with X’ = X5/ (7r\/ 1OM2), and using the
notation p = P [ X' > 0],

E [exp (|X'])] = E [exp (X') 1x/>0] + E [exp (= X') 1x/<o]
< vPVE[exp (2X")] + /1~ p/E [exp (—2X)]
<V2 (\/]3 +4/1-— p)

<2.

This finishes the proof of Case n = 2 of the theorem. d

4.3. Concentration: the sub-nth chaos property for suprema

We now prove the core of a Borell-Sudakov-type inequality for sub-nth chaos
random fields.

Proposition 4.10. Let X be a separable random field on an index set I such that all
finite-dimensional vectors of X are formed of almost-surely distinct components.
Assume p = E[sup; X] < co. Assume X (t) € D™? for each t € I. Assume there
exist non-random constants o (t) for each t € I such that almost surely

(n) n 2 2
HD. X (t // / gn?m,sz’le(t) sy -~ dsadsy < o2 (t).

Then sup,c; X (t) € D2 and

2

<supo?(t).

HD.(H) sup X (t)
2 tel

tel




386 A B. Vizcarra and F.G. Viens

Proof. As in the proof of Theorem 3.6, we can assume without loss of generality
that I = {1,2,..., N}. Here we have n > 2. Using the same strategy as in the proof
of Theorem 3.6, we denote X,,, = X (m) and define S,,, = max {X1, Xa,..., X},
so that Sy, 11 = max {X,,, S, }. In order to prove that max; X € D™?2, the approx-
imation technique used in the proof of Theorem 3.6 can again be used. We omit
the details, only to say that 1x,,,~sm can be approximated in D2 by a smooth
function of X,,,+1 — S whose Malliavin derivative tends to 0 for almost every (w, s)
in L? (Q) x ‘H because Xn41 — Sm # 0 a.s. In particular, D.1x, . ,>sm = 0 in
L?(Q) x 'H, and for any k < n, the kth-order Malliavin derivative of 1x,,,,>gm is
0in L2 () x H®* as well.

This justifies the following computation, where equalities hold in L? (Q) x

HEO™:

Dsn,m’sz,tﬁ (n)sm+1 = Dgnil)% (Dlem+11XnL+1 >Sm + Ds1 Slem+1 <Sm)

Spyyeeeyd

= D(n—?) ([DSQDlem+1] 1Xm+1>Sm + [D82D$1 Sm] 1Xm+1<Sm)

Snyeeey83

- {D(ﬂ) .,SQ,Sle+1:| 1Xm+1>Sm + D‘g:),...,sz,m Sm:| 1Xm+1<sm'

Spye

(4.17)

Now, still following the strategy of the proof of Theorem 3.6, we let 02 =
2

max {c?(1),...,0%(m)}, and we assume by induction that HD.(n)Sm‘ < o2
2

almost surely. Our hypothesis and equality (4.17) implies that almost surely

2 1 S1 Sp—1 2
HD(H)Sm+1H :/ / / ‘Dgn)sz Slsm+1‘ dsn"’dSQdS]
2 Jo Jo 0 e

1 rs1 Sn—1
:1Xm+1>5m/ / /
0 0 0
1 S1 Sn—1 2
+ 1Xm+1<5m/ / / ‘DgZ?m,sz,mSm‘ dsy, - - - dsads:
0 0 0

2 2
= 1Xm+1>Sm HD-(”)AXWL+1H2 + 1Xm+1<Sm HD-(”)SWLH2

Sny--+,82,51

2
D(n) Xm+1‘ dSn e d82d$1

2 2
S g (m + 1) 1Xm+1>sm + U:n 1X”L+1<Sm

*2
S Um+1'

2

Since HD'(H)XIH < 072 = 02 (1) by hypothesis, induction implies the conclusion
2

of the proposition when m = N. O

Combining the results of Theorem 4.7 and Proposition 4.10, we state the

extension of the Borell-Sudakov inequality in two separate results, depending on
whether n = 2 or n > 3.
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Corollary 4.11. Let X and p be as in Proposition 4.10 withn = 2. Then sup; X —p
s a sub-2nd chaos random wvariable. It can be decomposed as

1
supX—,u:/ f(s)dWs+ Xo
I 0

where f € H and X5 is a sub-2nd chaos random wvariable relative to the scale
M = 7v/10sup;c; a2 (t). In particular we get the following extension of the Borell-
Sudakov inequality: for any u > 0,

P{|stlle—/01f(S)dWs—/L|>u} :P[|X2|>u]§2exp(—%>. (4.18)

Proof. The first statement follows immediately from the conclusion of Proposi-
tion 4.10 as applied to “Case n = 2” in Theorem 4.7. The second statement is an
immediate consequence of the tail estimate in Lemma 4.6. O

The presence of the function G,, in Theorem 4.7 case n > 3 makes it impos-
sible to apply Proposition 4.10 directly. Moreover, the conditional expectation in
that same portion of the theorem causes further difficulties, making it necessary
to impose slightly stronger conditions on D™ X than in that theorem, in order to
derive a Borell-Sudakov extension.

Proposition 4.12. Let X and p be as in Proposition 4.10 with n > 3. Recall the
function G, defined in “Case n = 3”7 of Theorem 4.7. Assume moreover that for
any t € I and for any s, € [0,1], there exists a non-random value M (t) not
dependent on sy, such that, almost surely

1 S1 Sn—2 2/n
/ / / G (M(t)_g’Déﬁ?m,sz’le(t)’ )dsn_l..-dsgdsl <1/2
Sn Sn Sn
and

M (1) > \/Z_eHD.(”)X(t)HH

Then the random variable sup; X — p is a sub-nth chaos r.v. It can be decomposed
assup; X —p = an;ll I, (fm) + X where each fr, is a non-random symmetric
function in H®™, and X,, is a sub-nth-Gaussian chaos random variable relative
to the scale
M =sup M (t).
terl

In particular, the extension (4.18) of the Borell-Sudakov inequality holds for X,
with this M, namely,

u

n—1 2/n
P |Sl}pX—ZIm(fm)—u|>u :P[|Xn|>u]<2exp(—<M) )

m=1

(4.19)
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Remark 4.13. The hypothesis of this proposition is clearly satisfied if there exist
constants o (t) such that almost surely, for all s1, s2,. .., $n, D‘g:?___vsle )| <
o (t). Then there is a constant k, depending only on n such that we may take
M =k, sup,e; o ().

Proof of Proposition 4.12. Here, we may not apply Proposition 4.10 directly. In-
stead, we return to its proof, and use the notation therein. Let T, _1 (s,) =

{(si);;l 151> 8y > > 8,1 > sn}7 a simplex for any fixed s, € [0,1]. Let
M,, = M (m). Also use the shorthand notation 5 = (si)?;ll. By hypothesis we

have
/ /G ( ’DW (m)r/”) dgg%. (4.20)

Ty — l(sn)
We also define
MY = max{My, Mz, ..., Mp,}.

Then, since G, is an increasing function, we have, from line (4.17),

/ /c:(z\4:;L+1 \anqmﬂ‘ )ds

Thn-1 Sn
" —2| 1~ (n) 2/n\
=1x(m+1)>5m [ Gn (Mm+1) ’Dsn,gX (m + 1)‘ ds
Ty 1(5n)
N 2/n
+ 1X(m+1)<5'm/ /G ( Mm+1 ‘Dsn 3 ‘ )dS
Tn 1
2/n
< 1X(m+1)>5m/ /G ( m+1 ’Dsn 5 (m+ 1)‘ ) ds
Tn-1 Sn
*\— (n) 2/n _
+ 1x(mt1)<Sm Gn | (M) ’Dsmgsm‘ ds
Tn 1

Thus, if we assume that

2/
/ /G (M* - ’ngfs m’ n>d§<%7 (4.21)

Tn— 1(9n)

using (4.20), we obtain that (4.21) holds at rank m + 1, and thus, by induction,
for all m < N.
The definition (4.2) of G, shows that the function z — G, (|m|2/n) is convex

for all z. Let M = M} = max{My, Ms,...,My}. We may now write, using
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Jensen, and (4.21) for m = N,

/ dsn/ /G ( [DSZQSNV@}

2/n
ds
Thn-1 Sn

<f ds"/ [ |6 (372 P ) 17 | as

Th— l(sn)

1 2/n
_ / dsn B / / dsG, ( (S| >|.7-'Sn
0

Th— l(sn)

IN
| =

This establishes Condition (4.4) of Theorem 4.7. We omit the details needed to
check the other conditions of this Theorem. Inequality (4.19) is again only a con-
sequence of Lemma 4.6. O

The presence of the Wiener chaos correction terms an;lo I, (fm) in the
statement of the generalizations (4.18) and (4.19) of Borell-Sudakov are somewhat
of an annoyance, because these inequalities’ proofs present no way of calculating
the magnitude of the non-random functions {f,, : m =1,...,n — 1}. We propose
an additional result which shows that asymptotically, these functions are irrelevant.

Corollary 4.14. With the hypotheses and notation as in Corollary 4.11 or Propo-
sition 4.12, we have for any € > 0, for u large enough,

1 u \2/n
P|lsupX -l >u| <2(1+ ~—— (7))
1= 20500 (- ()"
More concisely, we can write
li log P X — < L
1L1—>H;O'U/2/ og |bup pl > u <~

Proof. First note that, for any r € (0,1)

P{|supX—u|>u} =P
I

n—1
Xt S I (fn) | > u]

m=1

<P

n—1
Xl > u— 3 [T <fm>|]

m=1
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<P || Xp] >u— i [ Lm (fm)]; i | L (fm)| < TU]
+P i [ L (fim)| > ru]
n—1
<PIGI> 0=+ PG> ] )

The following lemma is a trivial consequence of the results in [10].

Lemma 4.15. Let f,, € H®™. Then there exists a constant My, (fm) such that

u 2/m
P [| LI (fm)| > u] < exp <—% (m) > :

Armed with this Lemma, and with the inequalities (4.18) or (4.19), and
choosing r so that (1 —r) > (1+ 5)7”/2, we may write from (4.22),

n—1

P [|Sgpx_u| > u:| <P [|Xn| > u(1+€)_"/2} +Y P {Ilm (fm)l > nTLJ

m=1

<200 (-5 (7)) + i o <_% <m)m>

< 2exp (—ﬁ (%)m) +(n— 1) exp (—% (%)Mn_l)) (4.23)

<2(1+¢e)exp <—ﬁ (%)2m> , (4.24)

where in line (4.23), the constant K is (n — 1) max,cq1,....n—1} Mm (fm) and in
line (4.24), u is chosen so large that the second term in (4.23) is less than e times
the first. The first statement of the corollary is proved, and the second follows
trivially due to the fact that € > 0 is arbitrary. g

5. Appendix
5.1. Efficient constant in the Burkholder-Davis-Gundy inequality

Proposition 5.1. For any square integrable martingale Y, and any p > 2, we have

E | sup |[Y (s)|”

s€[0,t]

<cO)E[I(Y) (0)F"]

where the constant c (p) satisfies ¢ (2) =1 and, for any p > 2,

1 p+1 p/2 P
c(p) = (5(1)??) < ( e/2> PP
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Proof. One only needs to keep track of the constants in the classical proof of this
inequality: starting with It6’s formula (where the function f (z) = |x|” is of class

c?),
E[Y (1)

5| [y @ s @)y o)+ 5 [ -0y @ @

2V [ [y (= ) 09

<=l <sup |Y<s>|> v) )
s€[0,t]

r p7 (p—2)/p 2/p
<2 -Vp ( sup |Y<s>|> ] B[P

s€0,t]

The proposition’s constant ¢ (p) follows from some elementary calculations and
Doob’s inequality

E

P
( sup [V (S)I> ] < (p/(p—1))" sup E[]Y (s)["].

s€[0,t] s€[0,t]
The second statement in the proposition is equally elementary. O

5.2. Proof of Lemma 3.7

Such a @ as in the statement of the lemma can be replaced by an approximation
®,,, such that ®,, is of class C!, such that ® = ®,,, for all points distant by more
than 1/m of all hyperplanes, and such that ® — ®,, and V®,,, are both bounded
uniformly in m by multiples of [V®|_: this can be achieved by interpolating &
and V& from the boundary of the 1/m-neighborhood T}, of the union T of the
hyperplanes using scaled polynomials. For example, in the case we are interested
in, let P be a polynomial of degree 4 on [—1,1], which is increasing and convex,
such that P(—1) = P'(-=1) = 0 and P (1) = P’ (1) = 1. Define the function
®,, = @ off the set T),, = {|x —y| <1/m}, and on that set define @, (z,y) =
m~1P (m (x —y)) + y. This sequence ®,, has the required property, and in fact
IV®,,|, <1and |®—®,| < 1. Now since ®,, converges to ® pointwise, the
dominated convergence theorem implies that ®,, (Z) converges to ® (Z) in L? (Q2).
Moreover, we can write using the chain rule (2.4) for C! functions: ®,, (Z) € D2
and

D@, (2)=(1—11, (2))V® (Z) D, Z + 11, (Z)V®,, (Z) D, Z.

Since 17, (Z) converges to 0 almost surely, and D.Z € L?(Q x [0,1]), by the
dominated convergence theorem in L2 (Q x [0,1]), we have D.®,, (Z) converging
to V® (Z) D.Z in that space. Now we invoke the fact (see [17]) that the Malliavin
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derivative operator D is a closed operator from its domain D2 into L? (Q x [0, 1]),
to conclude that ® (Z) € D2 and D.® (Z) = V® (Z) D.Z, as was to be proved.

5.3. Proof of Lemma 4.6

The proofs of this lemma’s statements are elementary; we detail some of them.
First, we have using Chebyshev’s inequality:

P(|X| > u] = P [exp(X/6)*/" > exp(u/6)/"]
< exp (—(u/8)/") B [exp(X/0)/"]

< 2exp (—(u/0)/"),

which is the first statement of the lemma. This then implies that
E [X?] :/ P [|X| > Vu] du
0
< 2/ exp (—(\/6/5)2/“) du = 252/ e dv = v, 62
0 0

=v"" gu, hence the second statement. The proof of the estimate

where v,, = 2 fooo e
for E [exp ()\ |X|1/”)] is left to the reader.
For the first converse, let ¢ > 1 be fixed. Using the estimate P [|X| > u] <

2 exp (—(u/é)z/”), we get

E <exp [<%>2/”]> = /ODOP [|X| > cé(logr)”/z} dr

<1 —|—/ 2 exp (—02/” logr) dr
1

o 2/n
=1+ 2/ r= ¢ dr
1

2

=1+ 5

Thus we only need to choose v}, = ¢ = 3"/2. The proofs of the other converses are
left to the reader.

5.4. Proof of Lemma 4.9

The proof uses three simple facts from the theory of Wiener chaoses. For any
symmetric function g in H®™, the first fact is simply the definition of I,,, (g) as
an iterated It6 integral in (2.1). The second, from Step 2 in Section 2, is the
calculation D, I, (9) = mIy,—1 (g (-,7)). The last, from Lemma 1.2.4 in [17], says
that

E [Im (gm) |~7:t] =1In (gml[%?]) .
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For X € D™?, we may now calculate, for s, < s,_1 < ... < sy <51 <1,

DL(?Z), ’52,S1X = DL(?Z?--.,Sz <Z mlym—1 (fm (sla )))

=" m(m—1)DW . (Ln—a (fn (51.52,7)))

m=2

I
NE
s

1) -m=—n+1)In_n(fm (51,52, -, 8n,")) -

3
I
3

Thus we obtain

E [Ln—n (fm (51,82, 8n,)) |Fs, ]: m— n(hm731,82’--.,sn)

where the function h above is defined by

m
Pin,s1,52,005m (Snt1s-++58m) = fm (51, 5n,°) H 1, <)

Jj=n+1
which proves that hm, s, s,,....s, 1S symmetric in the variables s,41,...,5m,, and
thus we can write
E[Im n(fm 51,82, Sna Ifs
Sn4+1 Sm—1
— (m—n) / / / (510 ey 8m) AW, AW,

The following calculation now finishes the proof of the lemma:

_/ / / Dgz’ 52, S1X|f8n} dWSn T dW31
= m:
-z (m—n)!/o /

m

/ N E[Im n(fm (Slsta” 8n7’))|~7:sn]dWsn"'dW31

e L

m=n

- /0 Jm (81,00, 8m) AW, - dWs, | AW, ---dW,

oo

= Z I (fm)
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Nonlinear Markovian Problems in Large
Dimensions

Bogustaw Zegarlinski

Abstract. We present nonlinear (hypercontractive) Markov semigroups, which
are constructed as solutions of infinite-dimensional (semilinear) Cauchy prob-
lems, and provide smoothness and ergodicity results. We also discuss a nonlin-
ear path space functional as well as certain nonlinear transition phenomena.

Mathematics Subject Classification (2000). 39B62, 34A34, 37L05.

Keywords. Semilinear Cauchy problems, infinite dimensions, coercive inequal-
ities, nonlinear path space functionals, entropic switching phenomenon.

1. Introduction

In this paper we give a brief account on recent development in the area of nonlinear
problems in large-dimensional systems. It is an interesting and rather unexplored
domain of analysis which will likely attract considerable attention in the future.

We begin with describing recent results on semilinear Markovian Cauchy
problems of [5] and [6]. In particular building up on the considerable achievements
in the area of coercive inequalities for a variety of classes of Gibbs measures with
nonequivalent tails, we expanded the classical PDE techniques to show existence of
nonlinear semigroups on infinite-dimensional spaces which possess strong smooth-
ing (hypercontractivity) and ergodicity properties.

Motivated by this development, we introduce a class of natural nonlinear
jump-type semigroups for which a preliminary study suggest certain qualitatively
new interesting behaviour.

Finally we discuss a possible nonlinear extension of the path-space functionals
which is sensitive to the entropic switching for a family of random variables (while
including the classical probability with respect to Wiener measure).

Supported in part by EPSRC GR/R90994/01 & GR/S61690/01.
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2. Basic setup

We are interested in analysis on an infinite-dimensional measure space (€2, 3, u) =
(M, B)R, i), with R =N, Z%, ..., or G =some more complicated (infinite) graph.
It is assumed that in this space we are given a Markov generator associated to a
natural Dirichlet form u|Vg|3 = —u(gLg).

In this infinite-dimensional setup one considers the following families of co-
ercive inequalities characterising (natural) Lipschitz random variables on a given
measurable space.

e Coercive inequalities for Gibbs measures:

'U2
P () < culvi (FS,)

— Gaussian Tails [8], F(z) = log(z),
Log-Sobolev Inequality ([7])
<= Hypercontractivity in L, (),

e fllL e < 11,
— Sub-Gaussian Tails [12] ([10, 20]),

F(x) ~ (log(x))”, € (0,1),
F-Inequality [1] <

Hypercontractivity in Le, (1), Pp(z) = 95261)'1’(362)7
e flle,, < IIfllL

— Super-Gaussian Tails [3, 4, 20].
e Towers of nonequivalent inequalities:

[v]®

plole

v log ( ) < culVoll (LSy)

with ¢ € [qo,2], o > 1.

While for a long period of time much of the activity in the related area
was concentrated on a singular example of the logarithmic Sobolev inequality, the
development of recent years providing numerous families of coercive inequalities
for variety of qualitatively different Gibbs measures allows us to start thinking of
it more like of an extended theory.

3. Nonlinear Markovian Cauchy problems

Coercive inequalities provide a strong technical tool for the PDE theory in finite
dimensions. Thus, given coercive inequalities for Gibbs measures on an infinite-
dimensional space, it is natural to ask if it is possible to solve certain semilinear
Cauchy problems as well as to provide an interesting characterisation of their
solutions. In [5] and [6] we made an initial progress in understanding of a family
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of infinite-dimensional semilinear problems including in particular the following
ones:

%u)(t) = Lu(t)+ ju(t) F (uu;(fg» ©)
u(0 =

where L is a Markov generator satisfying ufLg = —uVf - Vg.

Firstly, we remark that the nonlinearity may be neither globally Lipschitz
nor monotone. Secondly, the equation is nonlocal in the sense that the nonlinear
term depends on expectation with a given measure. While we are able to treat
also some local nonlinearities, the interest of having a normalised quantity inside
the function F' is in the fact that, due to condition F(1) = 0, in this case the
nonlinearity vanishes on constants. Thus we have preserved one of the key features
of a Markov generator.

The essence of our method lies in the fact that, provided that the coupling
constant A is sufficiently small, because of the coercive inequality the linear Markov
generator L dominates the nonlinearity so that the total operator is monotone. The
corresponding works are as follows:

e In the first of the cited works we studied measures with Gaussian Tails, [5],
we take F'(x) = log(z); that is we work under the assumption that the loga-
rithmic Sobolev inequality holds, u € LSa(c).

e In the second work we considered the measures with sub-Gaussian tails, [6].
In this case, F'(x) ~ (log(z))?x(x > 1), B € (0,1) and u € FS,.

4. Examples 11

Problems with nonlocal nonlinearity have a long and interesting history. We men-
tion here two important examples:

e Nonlinear Schrodinger Equation [2, 9, 15]:

U
inlw = —iA\IJ + VU + - lelllog
t IR

0
The normalisation in quantum mechanics is required to provide an interpretation
of probability density to the modulus of the wave function. Moreover in case of
the logarithmic nonlinearity one preserves a natural notion of probabilistic inde-
pendence for noninteracting particles.

e Gelfand’s Problem:
0=Ap+M—

f a

This problem appears in many domains of mathematics and theoretical physics,
including for example problems of thermomechanics, thermodynamics of selfgrav-
itating gas of charged particles, self-dual gauge theory, and others.
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5. The product case

Before we get to the presentation of the general results, we would like to demon-
strate that even in the simple product situation when interaction is not present one
encounters interesting (and slightly unexpected) phenomena in large-dimensional
asymptotics. The configuration space is as before, @ = M"Y 3 w = (w,);en, where
M is a smooth connected Riemannian, dim M < oo, but we assume that the un-
derlying measure is of simple product type, po = ®;en Vi, where Vi € N v; = 1y €
LS3(co). In such a situation, if the nonlinear interaction involves F(z) = logz,
one has a natural factorisation property for initial data of product type. This ad-
mits a natural interpretation of probabilistic independence when no many-body
interaction between particles is present.
The key mathematical properties are as follows.

e Existence and uniqueness at weak coupling. If A\ < % and F(x) = logz,

then 31w solution of (C) for product type sufficiently smooth initial data
u(t =0) = lizy,. o fo(wiy)

e Particle structure for product initial data.
|v|?
ulvl?*

- Hy={v=1Tl;—;  , fe(wj)} is invariant for Lo = Lv + Jvlog
—Jde>0¥eN VOeH, (UL, <-n-ec.
e Ergodicity /\<%.
— 3 limy— 00 pous.
= po(ur — pour)® < Conste g (f — po f)*.
e Ergodicity breakdown )\:%.
3 oo stationary solutions if (LSs) holds with equality sign.
This can be explicitly demonstrated for product Gaussian’s (a more general
result follows from the works of Rothaus [13, 14]).

¢ Existence vs nonexistence for large A\. Let vy € LS, g € (1,2), i.e.,

) <vo Y |Viol?

q

v
7]
vo(v?log Vovd
(vp must have tails decaying faster than Gaussian’s [4]).
— VA € R Jlu(t) solution of the free problem (C) (i.e., with product mea-
sure ), for product type time zero data;
— not true if interaction is introduced !

6. Existence and properties of the solutions

The following result providing existence and basic properties of the solution justi-
fies also the name Markovian Cauchy problem.

Theorem 6.1. Suppose ji € FSy and X € (0,1). Then a (weak) solution of the
semilinear Cauchy problem (C) exists and has the following properties.
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(Constants preservation)
f=a-1 =Vt>0, ult)=a-1, p-ae.
(Positivity)
f>0 =Vt>0, u(t)>0, p-ae
(Boundedness)
1 flloe <00 = ¥Vt >0, [[u(t)lloc < [|f]loo

e (Ly - Contractivity)
Ifll2 <00 = VE =0, [[u(®)|l2 < |[f]]2

(Uniqueness) A weak solution of the semilinear Cauchy problem (C) is unique.

In the infinite-dimensional setting it is interesting that the nonlinear semi-
group provided by the solution of the Markovian Cauchy problem possesses the
following strong smoothing and ergodicity properties.

e (Hypercontractivity)
— If p € LSs(c), then 3C(t) € (0, 00)

@I, < C@OIf]l2
with ¢(t) = 1 + exp(at).
— If p € FSo, then Jc(t) € (0, 00)
[u@®)lls@) < c@Ilf]]2
with ®(t) — ®o as t — oo.

e (Long time behaviour)
Suppose m € (0,00) is the best constant s.t.

mp(v — p)® < p|Vol, (SG)
If p € FSy and A € (0, (c+1/m)™"), then M € (0,0), V¢ > 0,
plur — pug)® < e Mp(f — pf)?.

o (Gradient estimates: Gaussian tails case)
Suppose

T2(2) = 4| V| V2| + p| V2| (BE)
with some p,y € (0,00), where
Iy(z) = %L|Vz|2 ~Vz-VLz.
Then for any A € (0, (v A 1)p), the solution u; satisfies
V| < 72Vl 2
provided that u|Vf|? < oo.

Remark 6.2. Unlike as in the linear case, the proof of this result makes an essential
use of the first extra term on the r.h.s. of (BE).
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Uniform hypercontraction. Consider the following Cauchy problem with a time-
dependent normalisation:

D0ty = Lu(t) + Au(t)log (“—“))

ot 2 Mull2() (Cy)

uw©) = f
where ¢ = ¢(t) = 1 + e*" with some a € (0,00). Let u; and v; be a solution
of the Cauchy problem, with initial data f and g, respectively. In this setup,
for wy = uy — vy, one has the following formal computation (which can be made
rigorous by mollification, use of the notion of the weak solution and, after obtaining
an integral inequality, removal of the smoothing). We have

d
1o i,

= —q% log [[we|| + mp (|wt|q% log |we |9 + |wt|q—1sign(wt)%(wt)) .

Hence one gets

d 1 7 w 1.

9 yog lhurllq = u(|wt|qﬂlog 0l 4o 1s1gn<wt>L<wt>)
q ||wt||q

1 )\

. u? v2
<|wt|q Lsign(wy) (ut log —t2 — v log —tQ>> .
[lwellg 2 |t [3 [|ve[3

We note that with u;(a) = aus + (1 — @)vy, one has

q—1_: U’t2 _ U%
w| w9 sign(we) | uelog —|| IE vt log —|| IE
U Vg

- /old““('Wt'q1°g||w§a§|2|2) / dap el

' Wt (&) ||qg g5 11Ut D) ||q
—/ dau(|wt|qflsign(wt)ut(a)) . 2| |)||u| (d;)||||2 (a)]|
0 . 2
|we|?

)+ au .

||wt||q

< (1o
Combining this with the previous computation we arrive at the differential in-
equality

9 1og flwnll, < —u((z\+—)|wt|qlog
it "= Trl0 p o

+ 2.

|| +|wt|q—1sign<wt>L<wt>)
tilgq

Assuming that the logarithmic Sobolev inequality is satisfied with a coefficient
€ (0,00) and that

At g
q

| =

A+ ! <
= ai
1+exp{—at} ~ ¢
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we conclude that
llue = villy < eMIf = gllo-

From this inequality one sees that the corresponding semigroup is uniformly
hypercontracting (in the sense of the corresponding metric). While in the linear
case this comes from the hypercontractivity in the sense of the norm, in nonlinear
it may be possible to have different behaviour in different directions. Besides other
things the uniform contraction property implies continuity with respect to the
initial data as well as the uniqueness of the solution.

7. Nonlinear exponential semigroups

From the point of view of studying Harnack type properties it seems to be natural
to consider an associated problem formally obtained by the substitution v(t) =
log u(t)? which transforms the problem (C) to the following one.

120(1) = Lo(t)+ 1|Vo@)> — 3{logue*® —v(t)}
v(0) = log f%
It is interesting to observe that the operator in the curly bracket satisfies a maxi-

mum principle and can be interpreted as a nonlinear jump operator. This naturally
leads us to study the following nonlinear Markov semigroups (work in progress

by [11]).
7.1. Exponentially twisted jump process
Define, with ¢ = exp,

(log C)

LW)=y tovoy(v) —v.
Theorem 7.1. The Cauchy problem
Fut) = L)
v(it=0) = f
has a unique solution P¢f such that
f>0=Pu(f) >0,
VaeR Pu(f +a) =Pe(f) +a,

v(Pe(f) = vPe(f))? < e *w(f —vf).

Existence of a solution is here a simple matter. The first two properties
imply that the semigroup is Markov. The second one seems to be rather a striking
property as for a nonlinear semigroup, saying that on a level of linear combinations
with constants we have strict linearity.

Remark 7.2. Tt is interesting to note that in fact P, f has an explicit representation
similar to the linear Poisson semigroup Pif = e tf + (1 — e t)vf with generator
Lf=vf— f, from which one can see that

Ptf 7é ¢710Pt0¢f7
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that is, our semigroup is not given by conjugation of the linear Poisson semigroup.
7.2. Nonlinear jump process in dimension co
Consider a product measure y = ®;cz4v;, product probability measure on Q =
M2, with v; ~ v on (M, B;) ~ (M, B). With this notation we introduce the fol-
lowing nonlinear operator whose domain includes all bounded measurable cylinder
functions.
Nonlinear generator. £(v) =, 5. £i(v) =3, .50 ov0Y(v) —v.
Theorem 7.3. The Cauchy problem

o) = L)

v(t=0) = f
has a unique solution given by a nonlinear Markov semigroup (Bt),cp+ satisfying

x (Locality) For A C 7%
fw) = flwr) = PBef(w) =Pef(wa)
** (Super-invariance property)

wf < pPef.

8. Nonlinear path space functionals (NPSF)

In this section we propose a path space description of a process via a family of
nonlinear functionals — associated to some Orlicz function — which generalise a
notion of the expectation of random variables. While restricted to a characteristic
function, they coincide with the probabilities given by the Wiener measure. If
the Orlicz function is simply a monomial, the functionals can be understood as
the joint (higher) moment of random variables. An interesting phenomenon shows
up in case of Orlicz functions with doubling property. In this case the short time
correlations may differ dramatically from the long time correlations. Old news have
a different effect as the very recent ones.

For ® an Orlicz function, s.t. ®(2-z) < C®(x), with C € (0, 00), define
B (F(0) = [ @ (f@0 (ol y)oly) dod

E;D (fo(Xt,), f1( X)) = /dxgdxldy

@(fz(m)@-l(pm—tl(a:z, 21)(D(f1(21) @ (pr, (21, 9)p(y))) - - - )>’

and for any n € N,
EY (FulXe,)oo oo £i(Xe) = [ doy oo dmrdy

@ (£ul@n )0 (ot 1,y @ 20 )® (- (@ @) (s (21.9)00) ) ).
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where within the dots in the integrand we apply consecutively the functions
‘I’(fj+1(xj+1)¢_1(Ptj+1—tj (@j41,25) © ).
Properties of NPSF's’.
(1) EY (xa,(X1,), .- x4, (Xy,)) = ]P’p(th €Aji=1,... ,n)mvhere P, stands
for the Wiener measure with initial distribution p.

(ii) If ®(x) = z" is a monomial of degree x > 0, then

By (fa(Xe)s o X)) =By | T 17X

(ili) V ® € Ay (i.e., satisfying ®(2z) < C®(x) with some C € (0,00) for all z),
J9:R—R

Ep (fa(Xe,)s- - ilXe)) <Ep | [T 905X

J=1,..,n
(iv) Different Karamata-Matuszewska indices k4 # r_.
{ O(x) ~ xf~ for x ~ 0 and ®(z) ~ 2"+ for z = o }

Entropic switch = variable long and short time behaviour.

E:)I)(fn(th)V"'vfl(th))%]Ep H f th

with Nj ~ r_ if t; —t;_1 large and N; =~ k4 if t; —t;_1 small.

(v) Mean value inequality. For 2 € R? and ¢ > 0, let Ot( ) be a heat ball. There
exists a (nonlinear) function 6 : R — R such that

IOtl( ) Ef (f(X0) d= < BF (6(f)(X2))

where

E2(f(X0) = [ @ (f)e (p(w,2)) d

9. On entropic switching

In this section we discuss briefly an interplay of entropy and nonlinearity. We begin
from recalling the following problem in the theory of functional equations.

Multiplicative translation equation (Aczél, Kuczma).
G(z,rs) = G[G(z,71),s].
It has the general solution

G(z,8) = Go(z,5) = @ (D '(2)s) .
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Given such a solution we introduce the following object.

Index ¢ : For a probability density p on R™ and an Orlicz function satisfying the
doubling property ® € Ay define

L,(P) = /000 - Ga(p(z),s) e dpx ds.

One can quickly see that in case of monomials, the index does not depend
on the density p and is equal to Fuler Gamma functions I'gyle; of the degree of
the monomial. If a reader is keen on nonstandard analysis, we mention that, by
the Karamata representation theorem, any element ® of A, can be described by a
monomial times a slowly varying function and thus it can be regarded as a repre-
sentation of a nonstandard number differing from its real (standard) part — equal
to the power of the corresponding monomial — by an infinitesimal number (repre-
sented by a slowly varying function); there are of course plenty of slowly varying
functions, that is, there is a large set of infinitesimal numbers (of cardinality larger
than ¢). In this way one could think of the index ¢ as an extension of the Gamma
function.

Properties of the index .
po(@) = 0" pl(2/0), (0./ 0 /o0 ),
S(pa) — oo = L(ﬂm q)) — I‘Euler(/‘f:t)a

where S(p,) denotes the Shannon entropy of the signal p, and k+ are Kara-
mata-Matuszewska indices of .

Particularly interesting is the situation where the asymptotic indices are dif-
ferent. We remark also that the index is well defined for all probability densities
even when Shannon’s entropy is not finite. (In fact, it is also more sensitive than
the entropy with respect to mixtures.)

Two further properties concern the collective behaviour of systems of varying
dimension subjected to a common nonlinear action-amplified-reaction mechanism.

Collective switching pn(x) =[],y (@),

.1
:Flgf NS(pN) >0 —= Loy ((I)) — FEuler(ﬁﬂ:)
where kKt are Karamata-Matuszewska indices of ®.

Many systems originate from a single activated cell (e.g. a biological cell or
perhaps a small business). In the process of expansion a number of cells may be
growing (whether by multiplication, setting up subsidiaries or buying up others).
If the cells participate in a nonlinear collective mechanism, with the growth the
system may be subjected to switching away to a qualitatively different region of
existence. To avoid being driven to undesired state, a possible survival strategy
involves loosing excessive number of cells. Somehow a system does know what is
its right size.

The next property is as follows.
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Ideal balance principle,
1
NS (hv) =0 =

min {Tryler(k+)} < tpn () < max{Tguter(k+)} -

A growing system may perform in a stable way only if positive and negative
influences are in a delicate balance. Frequently there is a robust domain of such
states allowing for large amplitudes of opposite elements. In some way these seem
to be the principle features of stability of large systems (eco-, social, political
systems or alive multicell organisms).

Remark 9.1. As one of the consequences, a careful reader may notice that a de-
scription of nonlinear electric circuits suggested by N. Wiener (cf. mid of p. 96
in [16]) cannot be adequate in general.
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Abstract. Dynamic guaranteed pricing and management of a portfolio under
transaction constraints is actually a problem straightforwardly set in terms
of guaranteed capture basin of a time-dependent target that is viable in a
time-dependent environment under (stochastic or tychastic) uncertain sys-
tems. The knowledge of the properties of “capture basin” of targets viable in
evolving environments under an uncertain evolutionary system can be used
for obtaining the corresponding properties for portfolios. They yield at each
time both the evaluation of the capital and the transaction rule. They can be
computed by viability algorithms and software providing the valuation of op-
timal portfolio and the management of their evolution. The capital function,
which is actually the value function of a differential game, is the solution
to a free boundary problem for nonlinear partial differential equations with
discontinuous coefficients. This survey provides several examples.
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1. Introduction

Dynamic guaranteed pricing and management of a portfolio under transaction
constraints is actually a problem straightforwardly set in terms of guaranteed
capture basin of a time-dependent target viable in a time-dependent environment
under (stochastic or tychastic) uncertain systems.

The authors thank Giuseppe Da Prato, Halim Doss, Georges Haddad, Héléne Frankowska, Do-
minique Pujal and Jerzy Zabczyk for their hidden contribution, as well as the anonymous reviewer
and the editors for their careful reviews and suggestions.
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The time-dependent environment can take into account

1. constraints on holding the number of available shares, the cumulated number
of shares, bounds on the transactions (up to the interdiction of transactions
during certain periods), transaction costs, liquidity constraints, and so on

2. dividend payment for equity, coupon schedules and values, cliquet option
(settling periodically and resetting the strike at the spot levels), at-the-money
options, etc.

3. bounds on asset prices and their returns

. redemption for debts, refinancing when the capital reaches threshold values

5. value creation or return on capital.

S

Therefore, the knowledge of the properties of “capture basin” of targets viable
in evolving environments under an uncertain evolutionary system can be used for
obtaining the corresponding properties for portfolios. They yield at each time
both the evaluation of the capital and the transaction rule. The capital function,
which is actually the value function of a differential game, is the solution to a free
boundary problem for nonlinear partial differential equations with discontinuous
coefficients.

However, we are interested in algorithms and softwares providing the valua-
tion of optimal portfolio and the management of their evolution for all these ex-
amples. Analytical closed form formulas are no longer available, as in the standard
and familiar Black and Scholes formula. Once discretized in this natural formula-
tion, the Viability Kernel Algorithms designed by [32, P. Saint-Pierre] computes
both the guaranteed capture basin of a time-dependent target under (stochastic
or tychastic) uncertain systems and the transaction rule. Hence they can be ap-
plied and adapted to these problems directly without solving the free boundary
problems for nonlinear partial differential equations with discontinuous coefficients
and differentiate the valuation function for finding the portfolios. Whenever the
number of state and auxiliary variables is small enough (up to 4) to avoid the di-
mensionality curse, software has been developed for implementing this algorithm.

This paper surveys some results obtained in this direction. Viability issues
have already been noticed in some settings by

1. [40, 42, J. Zabczyk], for discrete stochastic systems,

2. [5, 6, 7, J.-P. Aubin & G. Da Prato], [21, 22, 23, G. Da Prato & H. Fran-
kowskal, [8, J.-P. Aubin, G. Da Prato & H. Frankowska], [25, H. Doss] and [9,
J.-P. Aubin & H. Doss| for stochastic viability,

3. [34, 35, 36, M. Soner & N. Touzi], for capturability under stochastic control
systems,

4. [29, D. Pujal & P. Saint-Pierre| and [14, J.-P. Aubin, D. Pujal & P. Saint-
Pierre], for tychastic control systems,

5. [11, Aubin & Haddad], for path-dependent evolution of prices,

to quote a few early papers on this topic.
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We describe in the first section the additional constraints on the shares and
their transactions, beyond a manifold of contracts. The dynamics are introduced
in the second section and the conclusions in the third section.

2. Description of the model

2.1. State, regulatory and tychastic variables
We denote by

1. i=0,1,...,n assets (¢ = 0 denoting the non-risky asset),
2. T the exercise time, and, at each running date t, 0 <t < T, T — t denoting
“time to maturity”.

The variables of the financial systems considered in this study are

1. the “state variables” of the system made of
e the prices of the assets S(t) := (So(t), S1(t),...,Sn(t)) (So(t) being the
price of the non-risky asset, and (S1(t), ..., S, (t)) the prices of the risky
assets),
e the number of shares of the assets making up the portfolio P(t) :=
(Po(t), Pl(t)? s 7P7L(t))7

e the value (capital) W (t) := Py(¢)So(t) + ZE(t)Si(t) of the portfolio,
i=1

where Py(t)So(t) is the liquid component of the portfolio,

2. the “controls”, which are the transactions of the risky assets P'(t) :=
(Pi(t), P{(t),..., P.(t)), described by the time derivatives or the number of
shares,

3. the “tyches” (one of the classical Greek words encapsulating the concept of
chance, used here in the sense of un-controlled disturbances, perturbations),
which are the returns R(t) := (Ro(t), R1(t), ..., Rn(t)), where

Si(t) _ dlog(Si(t)
S (t) dt

of the prices of the assets. Here, tyches play the role of random variables in
probability and stochastic theories. They provide an alternative mathematical
translation of evolution under uncertainty parallel to the usual mathematical
translation by a diffusion in the framework of stochastic differential equations.
Tyches range over a tychastic set (that could be itself a fuzzy set). The size
of the tychastic subsets captures mathematically the concept of “(tychastic)
versatility”, instead of “stochastic volatility”: The larger the tychastic set, the
more “versatile” the uncertainty.

Vit 2 07 Ri(t) =

if Sl‘(t) > 0,

2.2. The viability constraints

Viability theory deals with the problems of evolution under viability constraints
bearing on state, regulatory and tychastic variables:
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2.2.1. Financial constraints on state variables.

1. Constraints on prices,
Vit e [0,T], St) € S(t).
2. Constraints on the shares of the portfolio (liquidity constraints),
Vit e [0,T], P(t) € P(t,S(t), W(t)).

3. Constraints on the value of the portfolio describing guarantees by a threshold
function b(t, S),

Vit e [0,T], W(t) > b(t,S(t)).

4. Cash-flows are described by dates Tj payment functions (S, W) — (T},
S, W) subtracting to the capital, at dates T, amounts 7(Tk, S(T%), W(T%))
associated with functions ¢ — S(¢) and ¢t — W (¢).

w

Figure 2.1. Ezamples of threshold functions.

From left to right, threshold functions for Furopean, American, Bermudan options
and cash flows. Financial Rules involve constraints requiring that at each instant,
the value of the portfolio must be larger than or equal to a threshold function de-
pending on the time at maturity, the price and the number of shares of the portfolio.

1. For portfolios replicating European options, the threshold is equal to zero be-
fore the exercise time and to the contingent function at exercise time,

2. For portfolios replicating a type of American options, the threshold is equal to
a given percentage of the price before the exercise time and to the supremum
of this function and the contingent function at exercise time,

3. For portfolios replicating Bermudan options, the threshold is equal to zero
except at a finite set of dates when it is a contingent function,

4. The threshold function can also describe a cash flow that has to be satisfied
at each instant.

No restriction is made in the choice of the threshold function which defines the
“financial Tules”.

2.2.2. Financial constraints on tychastic variables. The returns must obey “ty-
chastic constraints”

Vi [0,T], R() € R(ESE),PE), WD)
where the set-valued map R(¢, S(¢t), P(t), W(t)) is called the tychastic map.
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We provide below an example of a tychastic map in the case of one risky
asset (n = 1): The interest rates of the non risky asset Rg(t) are given and the
returns R(t) := Ry (t) of the risky asset satisfy

Vit e [0,T], R(t) € R(t,S(t),P(t),W(t)) := [R(t), R*(t)],
and in particular, when
Vit € [0,T], R(t) € R(t,S(),P(t),W(t)) := [R—v(t), R+ v(t)],
where the function v(-) is the tychastic versatility threshold.

00035 -
00030 |
00025
00020
00015 4
00010 |
10,0005

10,0000

0 30 1] Ell 120 150 180 2m 40 2 300 330 360

nen risky daily return floor return  —— ceiling return

Figure 2.2. Representation of tychastic uncertainty.

The picture displays the daily interest rate of the non-risky asset (light gray line), of
the daily floor (dark gray) and ceiling (black) returns of the risky asset describing the
tychastic scenario.

2.2.3. Financial constraints on regulatory variables. Constraints on transactions
are described by subsets F(t, S, P, W):
P'(t) € F(t,S(t), P(t), W(t)).
The two main examples of constraints on transactions are:
1. Trading Constraints, of the form |P/(¢)| < vi(t), i = 1,...,n, 0 < () <
+00, the case v;(t) = 0 translating an impossibility of trading at date ¢, the

case ;(t) = 400 expressing the absence of trading constraints at this date.
2. Transaction Costs,

D PB)Si(t) = —6(P'(1), P(t), (), W(t)).
=0

“Self-financed portfolios” are the special case when the transaction cost func-
tion does not involve transactions, such as

ZP{(t)Si(t) = 0 or, more generally ZP{(t)Si(t) = o(t,S(t))W ().
i=0 i=0
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This is an important case because the shares of the portfolio are no longer
state variables, but controls (see Section 3.5).

2.3. The dynamics

The state variables (S;, P;, W) must evolve in the time-dependent constrained set
K(t) defined by

K(t) = {(SSP,W)|S € St), P € P(t,S,W)&W > b(t,S)}. (2.1

In order to define option contracts where the option is exercised at an oppor-
tune or propitious time t*, we introduce a time-dependent target C(t) C K(t) and
require that at time t*,

(S(#), P(7), W(t")) € C(t7)

. An example of a target is associated with a “target function” c(¢,.5) > b(¢,5) in
the following way:

Ct) := {(S,P,W)]|S € S(t), P € P(t,S,W)&W > c(t,9)}. (2.2)
This means that the option is exercised at the first time t* when
W) > b, S(t")).

Other option contracts are obtained by taking b(¢,S) = 0 and c(¢,5) =
max(S — K, 0): the option is exercised as soon as there exists a time ¢* such that
W(t*) > max(S(t*) — K,0). Some contracts may involve as target functions the
valuation function of other contracts, as in “barrier options”.

The dynamical system governing the evolutions of the state variables: for
i=0,1,...,n

(i) Si(t) = Ri(t)Si(t), i=0,...,n, where R(t) € R(¢,S(t), P(t), W(t)),
(i) P/(t) = w(t),i=0,...,n, Where u(t) € F(t,S(t), P(t), W(t)),
n n
(i) W'(t) = Ro()W(t)+ > Pu()Si(t)(Ri(t) — Ro(t)) + > wi(t)Si(t),
i=1 i=0

(2.3)
parameterized by the controls u; := P/, which are the transactions, and the tyches
R;, which are the rates of the risky abbets This is a “tychastic control system” or
a differential game against nature.

2.4. Cash-flows

Impulse dynamics are hybrid dynamics introducing discontinuities in the evolu-

tions when the capital hits the threshold function. There is a general theory for

dealing with these questions with viability techniques which can be applied to

financial models (see [13, Aubin, Lygeros, Quincampoix, Sastry & Seube], [12
Aubin & Haddad], among many articles on this topic).

Cash-Flows are defined by finite sequences of dates 0 =: Ty < 11 < Ty <

. < Tn-1 < Tnx =: T at which payments 7(T;, S, W, P) must be made: We set
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W(T;) = limy<7,, +——7, W(t). At this date, the payment must be done in an
impulsive way: The new capital W (T;) at date T; becomes:

Vi=1,...,N, W(T}) = W(T,") — n(Ts, S(T}), W(T3)).

(2

A necessary condition is that at date T;, the capital W (~T;) satisfies
Vi=1,...,N, W(I]) > b(T;, S(T;)) + =(T;, S(T}), W(T})).

3. Guaranteed capture basins and viability kernels

3.1. Definition

Definition 3.1. (Guaranteed Viability Kernel) Given an exercise time T', a time-
dependent constrained set K(¢) defined by (2.1) and a time-dependent target
C(t) C K(t) defined by (2.2), its time-dependent guaranteed capture basin

V(t) = GuarCapt sy 3,(K,C)(t)

under the tychastic control system (2.3) is the tube 7 ~» V(7), 7 € [0,T], made of
elements (S, P,W) € V(r) for which there exists a feedback map G(t, S, P, W) €
F(t, S, P,W) such that, for any selection of returns R(t) € R(¢,S(t), P( ) W (t)),

there exists a time t* € [0, 7] such that the evolution of (S(t), P(t), W (t)) governed
by the system of differential equations

(i) Si(t) = Ri(t)Si(t), i=0,...,n,
(i) P'(t) = G(t,5¢), P(t), W(2),

(iif) W'(t) = Ro(t)W(t)+Zﬂ(t)5i(t)(R¢(t)—Ro(t))

+§n: G;(t, S(t), P(t), W(¢))S;(t),
i=0

and starting at time 7 from (S, P, W) reaches the target at time ¢* in the sense
that

(5(t7), P(t"), W(t")) € C(t")

and is meanwhile viable in K(t) in the sense that
Vitelrnt], (Sk),P@t),W(t) € K(¢).
Whenever the time-dependent target C(¢) is equal to
Ci(t) := 0if0<t<TandCx(T) := K(T),
then the guaranteed capture basin
GuarViab( 3)(K)(t) := GuarCapt, 4)(K,Cx)(?)

is called the time-dependent guaranteed viability kernel

V(t) := GuarViabs 3)(K)(t)
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of the time-dependent environment KC)(¢) under the tychastic control system (2.3).
In this case, the time t* =T is equal to the exercise time T .

The introduction of non-trivial targets allows us to cover many other option
contracts which are exercised as soon as the state (S(¢*), P(t*), W(t*)) = C(t*).

The concepts of guaranteed capture basin and viability kernel are among the
main topics studied in the viability approach of “robust control” in the theory of
differential games against nature (tychastic control problems). We refer to chapter
9 of [2, J-P. Aubin] and the literature on this topic ([1, J-P. Aubin], [10, J-P. Aubin
& Frankowska] and the forthcoming [4, J-P. Aubin, A. Bayen, N. Bonneuil & P.
Saint-Pierre]) and its bibliography, as well as the survey [19, P. Cardaliaguet, M.
Quincampoix & P.Saint-Pierre].

We restrict our attention to the links between the concepts of guaranteed
capture basin and viability kernel in the particular case of time-dependent con-
strained sets KC(t) defined by (2.1), time-dependent target C(t) C K(¢) defined
by (2.2) and tychastic control system (2.3).

3.2. Derivation of the valuation function and the transaction rule

Knowing the guaranteed viability kernel, we can deduce easily the answers to the
problem of the evaluation of the capital and the management of the shares making
up the portfolio in the following way:

Theorem 3.2 (Valuation and Management of the portfolio). Given an exercise
time T and the time-dependent constrained sets KC(t) defined by (2.1), the time-
dependent guaranteed viability kernel

V(t) := GuarViab, 3)(K)(t)
under the tychastic control system (2.3) provides
1. the initial capital

W(0,5,P) == inf
(S,P,W)ev(0)

2. the initial portfolio Q(0,.5), which minimizes the function P — W(0,S, P)
over the subset P(0,S,W(0, S, P)), i.e., a fixed point of the problem

Ww(0,5,Q(0,5)) = V(0,95) := Ww(0, S, P)

inf
PeP(0,5,W(0,5,Q(0,5)))

(whenever the constraints on the shares depend upon W ),
3. the transaction rule

P'(t) = G(t,S(t), P(t), W (1))

defined by the feedback involved in the definition of the time-dependent guar-
anteed viability kernel.
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Consequently, for any evolution of the prices S(t) € S(t), the shares P(t) and the
capital W (t) evolve according to the system of differential equations

i) P(t) = G(t, S(t)yP(t)ylV(t))
(i) W'(t) = Ro(t)W(t)+ZPi(t>Si(t)<Ri(t)—Ro(t)

+ Xni Gi(t, S(8), P(1), W (1) S:(t),
i=0

starting from the initial portfolio Q(0,.S) and the initial capital V(0,5) = W(0, S,
Q(0, 8)).

Viability theory studies in depth the properties of the time-dependent via-
bility kernels under tychastic control problems. The key point is that there is an
algorithm computing the time-dependent guaranteed viability kernel when time,
state, regulatory and tychastic variables are discretized. Difficult convergence the-
orems guarantee the convergence under adequate assumptions. We could stop our
study at this point since our objective is to obtain at each time the capital and
the shares. We just summarize few points.

1. The time-dependent guaranteed capture basin and viability kernel can be
characterized by tangential conditions, which can be translated by charac-
terizing the valuation function W as the solution to a free boundary-value
problem for a nonlinear first-order partial differential equation, playing the
role of a second-order linear partial differential equation of Black and Scholes
type. For the sake of simplicity and tractability, we restrict the derivation of
this partial differential equation (3.2) to an example presented below, still
quite general.

2. Viability and capturability issues for stochastic differential equations are par-
ticular cases of the same issues for tychastic systems, thanks to the Stroock
and Varadhan Support Theorem ([37, D.W. Stroock & S.R Varadhan]), where
the tyches range over the range of the Brownian measure and where the
tychastic system involves the Stratonovitch drift. To be more specific, let
X(z,w) denote the solution starting at x to the stochastic differential equa-
tion

dz = ~(z)dt + o(x)dW (t)
where W (t) ranges over R® and the drift v : RY — R? and the diffusion
o : R L(R®,R?) are smooth and bounded maps (it is usually denoted
by X(z,w) : t — XZ(t) in the stochastic literature). Let us associate with
them the Stratonovitch drift 5 defined by F(z) = y(z) — 30’(z)o(z). The
associated tychastic system is

2'(t) = A(z(t)) + o(x(t))v(t) wherev(t) € R® (3.1)
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where the tychastic map is constant and equal to R¢. Compare with general
tychastic systems

2'(t) = Ala(t) + o(x(t))v(t) whereo(t) € Q(z(t))

where Q : R? ~» R€ is the tychastic map associating with any state z the
state-dependent subset Q(x) of tyches.

We denote by H C C(0, 00; X)) any Borel subset of evolutions satisfying
given properties, such as, for instance, the subset

V(K) := {z() €C(0,00; X) |Vt >0, z(t) € K}

of evolutions viable in K.

The stochastic core of H under the stochastic system is the subset of
initial states  from which starts a stochastic process w +— X(z,w) such that
for almost all w € Q, X(z,w) € H:

Stocx(H) = {x € R?| for almost all w € Q, X(z,w) :=X%(-) € H}.
We denote by Px(,,.) the law of the random variable X(z, ) defined by
Px(e,)(H) = P{{w | X(z,w) € H}).

Therefore, we can reformulate the definition of the stochastic core of a set H
of evolutions in the form

Stocx(H) = {x € RY | Py, . (H) =1}.

In other words, the stochastic core of H is the set of initial states x such
that the subset H has probability 1 under the law of the stochastic process
w — X(z,w) € C(0,00;RY) (if H is closed, H is called the support of the
law Px(,.)). Let S : R ~ C(0, +o00; R?) denote the solution map associating
with any state x the subset S(z) of all x(-) of tychastic system (3.1). The
Stroock-Varadhan support theorem states that under adequate regularity
assumptions, this support is equal to the tychastic core

Tychg(H) = {x € X | S(z) C H}

of initial states © € X from which all evolutions z(-) € S(z) of the tychastic
system (3.1) satisfy the property H. By taking H := V(K), we infer that
the stochastic viability kernel coincides with the invariance kernel. For more
details on the links between stochasticity and tychasticity, see [9, J.-P. Aubin
& H. Doss| and [21, 22, 23, G. Da Prato & H. Frankowskal, [8, J.-P. Aubin,
G. Da Prato & H. Frankowska]. Many open problems remain to be solved in
these directions.

3.3. Options with trading constraints

Consider the case when there exists only one risky asset (n = 1). The constraints
bear on
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1. prices of the risky asset:
Vi€ [0,7], St) € [8°(1), S(t)]

where S°(t) > 0,
2. the shares of the risky asset (liquidity constraints)

vt e [0,T], Pt) € {Pb(t)’min (Pu(t)’%ﬂ

(which imply that Py(t) > 0 whenever P’(t) > 0),
3. the values of the portfolio, described by a threshold function b(t, .S)

Vi e [0,T), W(t) > b(t,S(t))

where b may be discontinuous (but at least lower semicontinuous),
4. trading constraints:

vtelo,T], [P'(t) < ()

where v may be discontinuous (but at least upper semicontinuous); this is the
case for treating “rebalancing” constraints, when «(t) = 0 except at discrete
times when transactions are allowed to be made,

5. a “tychastic” translation of uncertainty:

Vie[0,T], r(t) —v(t) < R(t) < r(t) +v(t)

(where the tychastic versatility threshold function v(+) is assumed to be Lip-

schitz).

We denote by K(W) the subset of triples (¢,.5,P) such that 0 < t < T,
S°(t) < 8 < SH(t), P'(t) < P < min(S*(t), %) and W > b(t,S), and by C(t) the
subset of elements of K such that W > c(t,S) where c(t,5) = +oc0 if t < T and
b(T,S) =c(T,5).

One can prove that the function (¢, S, P) — W(t, .S, P) is the unique solution
(in an adequate generalized sense) of a free boundary problem for the follow-
ing (nonlinear) partial differential equation with discontinuous coefficients: for all

(t,S, P) € ’C(W)v
oW oW oW oW
St 1S | == — P| —(t) |— —
at+as"<)s+”()5‘as ‘ 7()’613 S‘ (3.2)
= roW+ PS(r(t) — o)
satisfying the final condition W(T', S, P) = ¢(T,S) (see, for instance, [3, J.-P.
Aubin]). This is the tychastic version of the Black and Scholes equation adapted
to this problem.
Observe (informally) that if the versatility v(t) = +oo is infinite and if there

is no constraint on the number of shares, then P = , which is the famous

o
oP"

s

A-hedging rule. If there is no restriction on trading, then we have S =
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This is a highly nonlinear problem because not only it involves a first-order
nonlinear partial differential equation with discontinuous coeflicients (instead of
a second linear one as the Black and Scholes) but above all, because the subset
K(W) on which it is defined . ..depends upon the solution of this equation.

The transaction rule is given by

E)W S

3.4. Example: European options with transaction costs

Pl(t) =

The tychastic approach allows us to treat transaction costs, whereas the stochastic
one raises many difficulties (see [33, Soner H.M., Shreve S.E. & CvitanicJ]) entitled
There is no trivial hedging for option pricing with transaction costs.

We assume that S(t) > 0 and that P(t) € [0, P¥]. The threshold function for
the European option is defined by

0ift <T
b(t, 5) _{ max($ — K,0) if t =T

We consider two types of constraints on the transactions:
e Trading Constraints:
Vi 0, [P(O] < 0.
e Transaction costs:
P'(#)S(t) = =3P (t)|S(¢).
The viability kernel algorithm provides the valuation function W(0, .S, P):

Figure 3.3. Valuation function.

The figure displays the valuation function W(0, S, P)) for several values of § and
a fized exercise time (left) and the value functions for a fized cost § and several
exercise times.
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\

K=100 200

Figure 3.4. Valuation functions.

This figure displays the valuation function V(0,S) := infpecpy) W(0,S,P) for a
given exercise time T in the graph of W(0, S, P) (left), the graph of the function
S+ V(0,S) (right).

Figure 3.5. Transaction rules.

This figure displays the graph of the transaction rule (S, P) — G(t, S, P) for several
times to maturity. When the time to maturity is equal to 0, G(0, S, P) = 0, because
there is no transaction at exercise time. The transactions are negative far below
the exercise time and positive far above, a quite intuitive statement.
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3.5. Particular case of self-financing portfolios

In the case of self-financing portfolios where
d_P0)Si(t) = o(t, SO ()
i=0

the transactions disappear in the tychastic control system (2.3), which boils down
to the simplified tychastic control system

() SH(t) = Ri(0)Si(t) where R(t) € R(t, S(1), P(1), W (1),
(i) W'(t) = (Ro(t) +(t, S(t +ZP i(t) — Ro(t))

where P(t) € P(t,S(t), W(t)),
(3.3)
where the tyches are still the returns and the controls the numbers of shares instead
of their transactions.

The state variables (S, P, W) must evolve in the time dependent constrained
set IC(t) defined by

K(t) == {(SSW)|S € S{t)&W > b(t,S)}. (3.4)

Definition 3.6. (Guaranteed Viability Kernel) Given an exercise time 7' and the
time-dependent constrained set K(t) defined by (3.4), its time-dependent guaran-
teed viability kernel

V(t) := GuarViabs.3)(K)(t)

under the tychastic control system (3.3) is the tube 7 ~» V(7), 7 € [0,T], made
of elements (S,W) € V(1) for which there exists a feedback map G(t,S,W) €

P(¢, S, W) such that, for any selection of returns R(t) € R(¢, S(t), W(t)), the evo-
lution of (S(t), W(t)) governed by the system of differential equations

)
(i) Si(t) = Ri(t)Si(t), i=0,...,n,
() W) = (Ro(t) + ¢(t, 5(1))W (1)

+ Z Gi(t, S(t), W(1))Si(t)(Ri(t) — Ro(t)),
=1

and starting at time 7 from (S, W) is viable in K(¢) in the sense that
Vtelr,T], (S&),W(t) € K().
Knowing the guaranteed viability kernel, we derive:

Theorem 3.7 (Valuation and Management of the portfolio). Given an exercise
time T and the time-dependent constrained sets IC(t) defined by (3.4), the time-
dependent guaranteed viability kernel

V(t) := GuarViab(s s))(K)(t)

under the tychastic control system (3.3) provides at each instant t,
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1. the capital

Vtel0,T], W(t,S) := inf W,
(S,W)eV(t)

2. the management rule
P, 5) = G(t, S, W(t,59))

defined by the feedback involved in the definition of the time-dependent guar-
anteed viability kernel.

Consequently, for any evolution of the prices S(t) € S(t), the shares and the capital
are given by W (t) := W(t,S(t)) and P(t) = P(t,S(t)).

The very same viability techniques allow us to treat the “implied versatility”
issue. Usually, it is assumed that the portfolio is self-financed. Consider the case of
one risky asset. Given the classical contingent function max(0, S — K) where K is
the striking price, an exercise time T and a constant tychastic threshold v, one can
associate with any (T, S, K, v) the initial value W := ©(T, S, K, v) of the portfolio
such that there exists a feedback map Q(¢, S, W, K,v) € P(S,W) such that, for
any selection of returns v(t) € [—v, +v], the evolution of (S(t), W(¢)) governed by
the system of differential equations

(i) S(t) = r(®)S(t) +v(t)S(),
(i) W'(t) = roW(t)+ Pt)S(t)(r —ro +v(t))
where P(t) := Q(¢,S(¢), W(t), K,v),

starting from (S, W) satisfy W (¢) > 0 and
wW(T) = O(T,S,K,v) > max(0,5(T) — K).

The implied versatility function associates with any (T, S, K, W) the largest
versatility threshold v := A(T, S, K, W) under which

() YW >0, OT,S K AT,S,KW)<W,
(i) Vv>0, MT,S,K,0(T,S,K,v)) > v.

These two functions can be characterized in terms of guaranteed viability kernels
and computed by the Capture Basin Algorithm instead of inverting the function
vi— O(T, S, K,v) by standard inversion methods which do not take into account
its viability property.

3.6. Cash-flow (without transaction costs)

In this example, the constraints are S(t) > 0, 0 < P(t) < P!, W(t) > 0 and
the cash-flow is made of payments 7 (T}, S, W) := m;. The first figure displays the
graph of the function (¢, .5) — W(t, S) and G(t,.S).
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Figure 3.8. Ezample of cash flows with constraints on the shares but without
transaction constraints: capital and shares in terms of exercise time and prices.
Cash flow, capital and shares of the risky asset in terms of exercise time (ab-
scissa) and price of the risky asset (ordinate)

This portfolio is guaranteed in the sense that whatever the evolution of prices,
the capital is sufficient to cover the cash flow:

=== random scenario with a === Minimal guaranteed s number of liquidities
catastrophic event capital risky asset (x30)
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Figure 3.9. Guaranteed evolution of value and shares.

The evolution of the price of the risky asset is simulated (dark gray curve). Note the
drop of the prices. The picture displays the evolution of the associated value of the
portfolio (in black), the number of shares of the risky asset (in gray), the value of the
non-risky component of the portfolio in light gray.
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4. Options without transaction constraints

We require that at the exercise time T, the option is exercised. The threshold
function for classical European, American and Bermudan options are

(i) 0ift<T and max(S—K,0)ift=T
European Options,

(i) max(S—K,0)ift<T
American Options,

(i) aSift <T and max(S — K,aS)ift=T, 0<a<1
Quasi-American Options,

(iv) 0ift#T; and max(S — K;,0)if t=T;, i=1,...,n
Bermudan Options.

4.1. European options without transaction costs

Figure 4.1. European options without transaction costs.

This figure displays the valuation function and the price function.

Left and Right: abscissa: Time to Maturity, ordinate: Prices of the Risky Asset.
Left: Price of the European Option, Right: Number of Shares.

Middle: For a fized exercise time, abscissa: Prices of the Risky Asset, ordinate:
Price of the European Option.

The first question which arises is whether the viability kernel algorithm pro-
vides the same values as the Black and Scholes formula for the European option
(computed with the Cox, Ross and Rubinstein algorithm). The answer is positive
and given by Figure 4.2.

Actually, there are two questions: The first one deals with the approximation
of the Black and Scholes formula for continuous time by discrete time problems,
and the second deals with the computation of the solution to this approximate
discrete problem. It is for solving the discretized problem (both with respect to
time and space variables) that the Capture Basin Algorithm is used. The other
issue deals with the convergence of the solution to the discrete problems to the
solution of the continuous time problem. It happens that the discretization of the
stochastic problem and of the tychastic problems are quite the same, up to the
replacement of the step size At in the tychastic discrete system by /At in some
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terms of the discrete stochastic system, which provides the Cox, Ross and Rubin-
stein algorithm in the case of portfolios replicating European options. Hence, by
modifying the discretization of the tychastic system by an adequate discretization
of the stochastic system, the Viability Kernel Algorithm provides pricers, evalu-
ation of the value of the portfolio and the regulation rule for both mathematical
translations of uncertainty, the tychastic one allowing to take into account con-
straints on the versatility depending upon time, asset prices, and shares of the

J.-P. Aubin and P. Saint-Pierre

portfolios.
. s e Black & | Capture < - 10l x|
Maturity | Volatilty| gty | Basin | mpo ) ow | IO
1 0% | 6.72 | 6.82 |-64.06 | 0.7078 INITIALISATION I
0.5 10% | 4.15 | 4.21 |-60.95 | 0.6507 Nonisky fate [gannd g in (57 [
01 0% 152 153 55.47 | 0.5699 Rl:"k):rr:\-lelgammpin Frmin F’rrnax
aturity lm Uncertainty
1 20% | 10.45 | 10.46 | -53.23 | 0.6368 Exercice Price [FErr_ range (vol) Power
05 20% | 6.89 | 6.89 |-52.91 | 0.5079 e ot [
0.1 20% 2.77 2.79 |-51.68 | 0.5446 ‘ EVALUATE |
1 25% | 12.27 | 12.34 | -50.41 | 0.6274 i e
0.5 25% 8.22 | 8.26 |[-50.84 | 0.5910 © Cal Valuation Sl
0.1 25% 3.39 3.42 -50.72 | 0.5413 C gplimal Fortfofic ERASE
1 30% | 14.23 | 14.23 |-48.20 | 0.6242 Orntalion
0.5 30% | 9.65 | 9.64 |-40.21 | 05887 Al
0.1 30% | 4.08 | 4.04 |-49.97 | 0.5401 Numerical Values
1 50% | 21.73 | 21.76 | -41.69 | 0.6344 Maturty [O3E7  Share Price [Toar
0.5 50% 15.09 | 15.12 |-44.66 | 0.5977 CALL Optimal Partalio
0.1 50% | 6.53 | 6.54 |-47.87 | 0.5441 [TValOpiMinim [TPortOptim

Figure 4.2.

Comparison of algorithms.

4.2. Other options without transaction costs

Figure 4.3. “Capped” options.
Value and number of shares of risky assets.
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Figure 4.4. “Asset or nothing” options.
Value and number of shares of risky assets.
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Figure 4.5. “Non-standard” American options.
Value and number of shares of risky assets.
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Figure 4.6. “Non-standard” options.
Value and number of shares of risky assets under another tychastic dynamics with-

out transactions costs. We take r(t,S) = %, I(t) = OBW'



430 J.-P. Aubin and P. Saint-Pierre
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Figure 4.7. Furopean call with barrier “up in” and “up out”.
Value and number of shares of risky assets.

We observe a kind of stability of the shape of the valuation function in all
these examples, but the nature of the management rule is very sensitive to the
change of contracts.

Many other types of financial products can be characterized as guaranteed
viability kernels of suitable constrained environments under adequate more or less
“natural” tychastic dynamical systems. The following table mentions some of the
existing options or cash flows for which this characterization has been proved and
for which some softwares providing both the value of the option and its manage-
ment rule do exist?.

Products ‘Without With Liquidity reba- CPPI
Transaction Costs | Transaction Costs | Constraints | lancing | (cushion)
Europan XXX XXX XXX XXX X
Bermudian XXX XXX XXX X X
Digital XXX XX XXX XX X
Lookback XX XX X
Barrier XXX X XXX X X
Cash Flows XXX XXX XXX XXX X

Lines denote the nature of portfolios replicating options or cash flows, column options
indicate the availability of viability characterizations.

XXX: available executables XX: rapidly available executables on demand X: available
executables on demand.

IDistributed by the company VIMADES (Viability, Markets, Automatics, Decisions).
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Abstract. The current industry standard is to optimize loan portfolios with
respect to variance. In this paper we show that optimization with respect to
expected shortfall and expected regret is fairly easy to implement.
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1. Introduction

It is essential for credit portfolio managers to understand the sources of risk and
to have tools at hand to actively manage credit risk. As the CDS market soars,
the need for credit risk management tools is even increasing.

The formulation and solution of the portfolio optimization problem dates
back to Markovitz and Sharpe!. While the assumption of normally distributed
returns is a fairly good proxy for market risk, credit risk returns are heavy-tailed
and clearly not Gaussian. This is why the development of algorithms and tools for
managing portfolio credit risk has lagged behind. The current industry standard
is to optimize loan portfolios with respect to variance because this is easy to
implement and because it is a common belief that optimization with respect to
expected shortfall or expected regret is numerically not tractable. In this paper
we show that optimization with respect to expected shortfall and expected regret
is fairly easy to implement and that efficient frontiers can be easily computed.

Given n loss variables L; with returns r;, we optimize the portfolio loss L =
> w;L; subject to the constraints of a given return R = > w;r; and constant
portfolio volume > w; = 1. Unless otherwise stated, we regard L; as the loss
associated to obligor 7. On a more strategic level, the L;’s of obligors belonging to

IThe original formulation was in terms of variance optimization, though they certainly had in
mind more general settings.



436 C. Becker and V. Orlovius

the same industry sector can be aggregated, thus leading to optimization in terms
of industry sectors.

2. Risk measures

In this paper we focus on the optimization of three risk measures: variance, ex-
pected shortfall and expected regret.
The variance is given as

Var(L) = cov(L, L) = Z wiw;cov(L;, Lj)
(]
where cov(L;, L;) is the covariance matrix of default correlations.
Expected shortfall is defined? as
1

11—«
L>VaR,

L dP

ES, = E(L|L > VaR,(L)) =

where VaR,, denotes the value at risk w.r.t. the confidence level a,0 < o < 1.
We assume that the random variable L has a density with respect to Lebesgue
measure. In this case the lower quantile

go(L) = inf{x e R|P(L < z) > a}
and the upper quantile
go(L) = inf{x e R|P(L < z) > a}

coincide.
Expected regret is defined as

HW:/@—KVW

where K > 0 is some threshold.

Note that variance and expected regret are no coherent risk measures® while
expected shortfall is coherent.

One of the early papers on coherent risk measures is [2]. The paper [4] relates
coherent risk measures, utility maximization and portfolio optimization.

From a practical point of view, the choice of the confidence level o and of
the threshold K is crucial. Usually banks choose « in such a way that 1 — « is

2More precisely, expected shortfall is defined as ES,, = (l—a)_lE(LI{L>%(L)})+qa(L)~(P(L <
ga(L)) — ). The second term ensures the coherence if the distribution function has jumps and
vanishes if P is continuous w.r.t Lebesgue measure.
3A risk measure p : L1(Q, A, P) — R is coherent if the following properties hold:

o Subadditivity: p(X +7Y) < p(X) + p(Y)

e Monotonicity: p(X) < p(Y)if X <Y

e Positive homogeneity: p(AX) = Ap(X) VA > 0,VX € L1

e Translation invariance: p(X +a) = p(X) +a Va € R,VX € L.
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the default probability assigned to the bank’s rating (or the bank’s target rating).
However, even losses much smaller than VaR, may have a significant impact on
the bank. Thus, we suggest using a much smaller confidence level, e.g. VaR,, or K
equal to the bank’s yearly P&L.

3. Formulation of the optimization problem

In the context of portfolios of nontradable loans, the obligor weights w; will be
subject to additional restrictions

l'ISwZSul7 i:17"'7n

where [; denotes the lower bound and wu; denotes the upper bound. For bond
portfolios, we may choose [; = 0 or even allow short-selling.

Optimization of the portfolio variance leads to the quadratic optimization
problem

n

Inin. P w;w;cov(L;, Lj)
where w = (wy,...,wy) , subject to constraints
n
Zwi =1
i=1
li Swi Sui, 7;:17...,711

i:wir,; = R, R e RT.
=1

This means that for a given return R, we search for the solution with minimal
variance. We can thus compute points on the efficient frontier for various returns
R.

For expected shortfall and expected regret, we have to know the distribution
of L. This is done via a Monte Carlo simulation. Let y,, = (y1",...,y;") € R}
denote the losses of (L1,...,Ly) in scenario m, m = 1,..., M. If we want to
optimize with respect to a reasonably great confidence level «, we have to choose
M in the range of, e.g., 10,000 to 100,000.

Expected shortfall optimization leads to the minimization problem (cf. the
appendix)

1 M
. Mfl -
e (v o 2

subject to constraints
n
i=1

Zm >0, m=1,....M
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n
Zwizl
i=1
liSwl‘Sui, i=1,...,n
n
> wir; =R, ReRT.
i=1

This is an (M + n + 1)-dimensional linear programming problem that can be
solved using existing LP-solvers. Analogous to the formulation of the variance
optimization problem, we keep the return R fixed and search for the solution with
minimal expected shortfall.

Optimization of expected regret leads to

M
min M ! § Zm
wER™

m=1

subject to constraints
n
szZwi y"'—K, m=1,...,.M
i=1

Zm >0, m=1,....M

n
Zwizl
i=1
ligwigui, 7;:17...,711
n
Zwﬂ‘i =R, RcR".
i=1

As in the preceding two optimization problems, we fix the return R and
search for the solution with minimal expected regret.

Details on the derivation of the minimization problems for expected shortfall
and expected regret can be found in the appendix.

4. Case study

We used a sample portfolio of 10 obligors intended to represent a German SME
portfolio. Alternatively, this sample portfolio can be regarded as the aggregate ex-
posures of obligors belonging to 10 different industry sectors. Table 1 describes the
sample portfolio, Table 2 contains the correlation matrix. Based on this correlation
information, we generated 20,000 Monte Carlo simulations to obtain the empirical
loss distribution. The focus of this computational exercise was to compute efficient
frontiers for the three risk measures and to observe whether the optimization al-
gorithm effectively reshapes the loss distribution. It is important to note that the
optimization problems are numerically tractable for much bigger portfolios with,
e.g., 10,000 different obligors.
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Obligor # |Nominal Exposure  LGD Spread Initial Weight Lower Bound Upper Bound Annual PD
1 150000 0,26 0,55% 10,0% 5,0% 20,0% 0,30%
2 150000 0,49 0,40% 10,0% 5,0% 20,0% 0,10%
3 150000 0,30 0,80% 10,0% 5,0% 20,0% 0,40%
4 150000 0,19 2,80% 10,0% 5,0% 20,0% 1,00%
5 150000 0,51 0,55% 10,0% 5,0% 20,0% 0,30%
6 150000 0,56 2,00% 10,0% 5,0% 20,0% 0,80%
7 150000 0,42 1,10% 10,0% 5,0% 20,0% 0,50%
8 150000 0,68 2,80% 10,0% 5,0% 20,0% 1,00%
9 150000 0,89 1,40% 10,0% 5,0% 20,0% 0,60%
10 150000 0,37 0,55% 10,0% 5,0% 20,0% 0,30%

Table 1: The sample portfolio.

Obligor # 1 2 3 4 5 6 7 8 9 10|
1 1 0,210 0,229 0,216 0,222 0,231 0,188 0,210 0,223 0,136
2 0,210 1 0,215 0,205 0,207 0,214 0,175 0,202 0,215 0,170
3 0,229 0,215 1 0,222 0,227 0,237 0,199 0,212 0,228 0,147
4 0,216 0,205 0,222 1 0,212 0,221 0,182 0,200 0,216 0,143
5 0,222 0,207 0,227 0,212 1 0,230 0,191 0,210 0,219 0,136
6 0,231 0,214 0,237 0,221 0,230 1 0,193 0,214 0,228 0,141
7 0,188 0,175 0,199 0,182 0,191 0,193 1 0,185 0,187 0,098
8 0,210 0,202 0,212 0,200 0,210 0,214 0,185 1 0,208 0,135
9 0,223 0,215 0,228 0,216 0,219 0,228 0,187 0,208 1 0,152

10| 0,136 0,170 0,147 0,143 0,136 0,141 0,098 0,135 0,152 1

Table 2: Asset correlations in the sample portfolio.

While variance optimization is quite simple from the computational point
of view, expected shortfall and expected regret optimization require optimization
with respect to 20, 000+10-+1 variables. The computations were done in MATLAB
using the linopt function. It is important to note that the optimization problems
are still numerically tractable for much bigger portfolios. For example, optimizing
a portfolio of 10,000 obligors w.r.t. expected shortfall or expected regret would
require optimization w.r.t. 20,000 + 10,000 + 1 variables. A reduction of the size
of the optimization problem can be achieved by importance sampling, cf. the ap-
pendix.

Please note that it does not make any difference whether we optimize with
respect to the spreads r; or the total returns r; + 7, where r denotes the funding
rate. This is due to the fact that

n n
sz‘(h‘ +7r)= Zwin +r.
i=1 =1

Note that this argument is no longer true if there is a term structure, i.e., if
the funding rate is a function of time.

Figures 1 to 3 depict the efficient frontiers for optimization w.r.t variance,
expected shortfall, and expected regret. For these computations, we set the target
return R =1.5%.

We observed three effects:

1. Variance optimization does not effectively reshape the loss distribution in the
sense of shifting probability mass from very high loss scenarios to lower loss
scenarios. In contrast, expected shortfall and expected regret optimization
do.
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FIGURE 2. Expected shortfall efficient frontier for quantiles cor-
responding to various confidence levels.

The expected shortfall algorithm reacts more flexible to tighter restrictions
on the obligor weights than the expected regret algorithm does.

Comparing the simplex algorithm to the interior point method, the interior
point method, not surprisingly being faster than the simplex algorithm, does
not find every minimum. Both algorithms are provided by the linopt function
in MATLAB.
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Figures 4 to 6 compare the results of the optimization w.r.t. one risk measure
with the results w.r.t. the other two risk measures. Not surprisingly, variance-
optimal portfolios are not necessarily optimal with respect to expected shortfall
or expected regret.
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FIGURE 4. Variance efficient frontier vs. ES / ER optimized portfolios.
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5. Concluding remarks

Variance optimization is comparatively simple, but leads to portfolios that are
not necessarily optimal with respect to expected shortfall or expected regret. Nev-
ertheless, the variance efficient frontier is certainly a useful benchmark for bond
portfolio managers: In this case, a decrease in asset value due to a downgrading is
much more likely than an actual default. However, if the objective is to manage a
portfolio of rather illiquid bank loans, the time horizon is fairly long, correspond-
ing to a buy-and-hold strategy for bond portfolios. Thus, for bank loan portfolios,
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optimization with respect to expected shortfall or expected regret is certainly more
appropriate. Even though optimization with respect to expected shortfall or ex-
pected regret looks fairly complicated, it is actually numerically tractable even for
portfolios with many obligors and can be done on a PC using standard software.

6. Appendix: The minimization formula

We introduce the abbreviation f(w,y) = >, wiy; where y = (y1,...,Yn). As-
suming that f(w,(L1,...,Ly)) has a density g with respect to the n-dimensional
Lebesgue measure, we have

Bl f(w) > a,0) = g [ S P
T e w)

[ G - autwgt) dy
fw,y)>ga(w)
Regarding this expression as a function of g, (w), we arrive at
Theorem 6.1. Let F,(w,q) = g+ ﬁ | (flw,y)—q)g(y) dy . Fo(w, ) : Rt —

fw,y)>q
R is finite and convex. Its minimum is at ¢ = ¢o(w) = VaRy (L) :

:qa(w)+1—a

Fy(w,go(w)) = rrzin Fy(w,q).

The proof is done by setting the derivative w.r.t. ¢ to 0 and can be found
in [11].
Rewriting Fy, (w, q) as

Fa(w,q) =g + / (F(w,y) — @) *aly) dy

yeER"

l—«a

we approximate the integral by the empirical loss distribution
M

1 _
TFEM ! (f(w,ym) —a)*
m=1

where y,, = (y",...,¥;') € R} are the empirical losses generated in M Monte
Carlo simulations. This idea of replacing the integral expression by the empirical
loss distribution which can be quickly calculated is due to Rockafellar and Uryasev.
Please note that the existence of a density function g is not essential since, by the
Glivenko-Cantelli theorem, the sequence of empirical loss distributions converges
weakly to the loss distribution derived by the underlying model.

Replacing (f(w,ym) — q)T by dummy variables z,, and imposing additional
constraints

Zm > fw,ym) — ¢, 2m >0, m=1,....M
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we get rid of the nonlinearity and arrive at the optimization problem for expected
shortfall.

This optimization problem can easily be generalized to the case of importance
sampling: In this case the terms in M ! er\f:l(f(w, Ym) — q)T do not have the
same weight ﬁ but individual weights. Details on importance sampling can be
found in [5].

The formulation of the optimization problem for expected regret is derived
similarly.

The views in this paper express the authors’ opinions and do not necessarily
represent the views of Deutsche Bank AG or BaFin.
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An Orlicz Spaces Duality for Utility
Maximization in Incomplete Markets

Sara Biagini

Abstract. Biagini (2004) and Biagini-Frittelli (2005) faced the utility maxi-
mization problem in incomplete markets when the price process of financial
assets is described by general semimartingales that are not necessarily locally
bounded. They introduced a class of well-controlled admissible strategies in
this (very) risky context and then they solved the maximization problem with
an (L°°, ba)-duality technique.

In this note we almost stick to their setup and we show that their dual
result can be obtained via an Orlicz spaces duality, naturally associated with
the utility function considered. This new formulation gives additional insight
into the nature of the loss control in the good trading strategies.

Mathematics Subject Classification (2000). Primary 60G48, 60G44, 46E30,
49N15, 91B28; Secondary 46N10, 91B16.

Keywords. Utility maximization, unbounded semimartingale, Orlicz spaces,
duality methods, incomplete markets, o-martingale measure.

1. Introduction

As in Biagini [3] and Biagini-Frittelli [2], we are interested in the utility maximiza-
tion problem:
sup Flu(z + (H - X)7)] (1.1)
HeH
in which u : R — R is the utility function, x € R is the constant initial endowment,
T € (0,+00] is a fixed time horizon, X is an R%valued cad-lag semimartingale
defined on a filtered stochastic basis (Q, F, (F¢)¢ejo,7], P) that satisfies the usual
assumptions and H is an appropriate class of admissible integrands. The semi-
martingale X models the discounted evolution of the prices of d underlyings and
it is not assumed to be locally bounded.

The author is very grateful to M. Frittelli and W. Schachermayer.
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Assumption 1. The utility u : R — R is a strictly concave increasing differentiable
function satisfying the Inada conditions
lim u/(z) =+o00 and lim u'(z) =0,

T— —00 r——400
and having Reasonable Asymptotic Elasticity (RAE(u)), as defined by Schacher-
mayer [9, Definition 1.5]:
/
T C)
A )

>1, (1.2)

' (x)

lim

Jm e <t (1.3)

Since we exploit a duality technique in solving problem (1.1), we define as
usual the convex conjugate of the utility function u, ®:

®:Ry — R, ®(y) = sup {u(x) —ay}.
z€eR

From Assumption 1, ® is a strictly convex differentiable function satisfying
P(+00) = 400, ®(0F) = u(+00), ®'(07) = —oc0, &' (+0) = +oo and (v')"! =
—®'. Moreover, a well-known consequence of the Reasonable Asymptotic Elasticity
of u (see Corollary 4.2, Schachermayer [9]) is that ® satisfies a growth property
defined as follows.

Definition 1.1. Let ® be a convex function with R, as proper domain. Then ®
has the G-growth property (G(®) in short) if: for each compact interval [Ag, A1]
contained in (0, +00) there exist constants o > 0 and § > 0 such that:

D(A\y) <a®(y)+ B(y+1), for y >0 and X € [Ag, \1].

There are two (convex) sets of probabilities that naturally arise in this frame-

work. Firstly,
Py =¢Q<P|E|D aQ <+
v P >

is the set of P-a.c. probability measures with finite generalized relative entropy.
Since ® has G(®), Q € Pp iff Q € Pp, for all A > 0, where ®,(y) = ®(\y).
Secondly,
M, ={Q < P: X is a o-martingale w.r.t. Q}

consists of all the P—absolutely continuous o-martingale measures for X, i.e., of
those () < P such that there exists a process ng > 0 which is predictable, X-
integrable w.r.t. the probability P (in short, ng € L(X)(P)), and with the property
that the integral g - X is a @-martingale.

The relevance of the concept of o-martingale measure in financial mathemat-
ics was first shown by Delbaen and Schachermayer [4]. These authors proved that
a o-martingale measure for X is a good pricing instrument when the semimartin-
gale X is non necessarily locally bounded. The set M, is thus a generalization of
the set of P-absolutely continuous local martingale measures for X. In fact, when
X is locally bounded, M, boils down to the set of local martingale measures.
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Up to this point we haven’t said a word about the class H of integrands in
problem (1.1). This is a delicate point. In fact, when X is not locally bounded, the
classical set of integrands H that give rise to losses in the trading bounded from
below:

(H-X); > —cVtel0,T]

may be reduced to the zero integrand, so that the utility maximization problem
over this trivial class is meaningless (see the examples in [2, 3] or Remark 2.6
in [9]).

Therefore both in [3] and [2] a more general class of admissible integrands
was introduced. In the first reference, an adapted increasing positive process Y
is used to control the losses in the trading. But since we maximize utility from
terminal wealth (see [3, page 5]), it is harmless to substitute the adapted process
with its terminal value Y7 = W in the control.

Since we also work within the general setting of X possibly non locally
bounded, we will use the good strategies in the class H" as domain in prob-
lem (1.1), exactly as done in [2]:

HY &£ {H e L(X)(P) | 3¢>0s.t. (H-X); > —cW, tel0,T]}. (1.4)

Now the stochastic integrals are no more bounded from below by a constant, but
(modulo a scaling factor ¢) by a “sufficiently integrable” random variable W. We
assume here simply that W > 0 (and not W > 1).

The economic significance of this selection of strategies is that in a possibly
highly risky market, the agent has to face more risk to improve her maximum
expected utility.

Our result is a new proof of the fundamental duality relation proved in [2]*,
Theorem 2 and Corollary 1, i.e., (under some extra technical conditions)

sup k)]= sup E k)] = i Az + E[® )\dQ 1.5
e, [u(z + k)] = S, e+l = _ i Av+E[@A5)] (15)
where we rewrite problem (1.1) in terms of the terminal values from W-admissible
strategies K" £ {k | k = (H - X)7, H € H"} and where K"V = Upenw KW
stands for the union of all the well-controlled terminal values. The random control
W is in fact allowed to vary in a convex set W, to be defined precisely in Section 2.

The new proof we present here is based on an Orlicz spaces duality (M u L?),
in which the Young functions , ) defining the Orlicz spaces are naturally asso-
ciated to u,® (see Sections 3 and 4). This new description gives also an extra
insight into the nature of the class of controls W and henceforth it leads to a
better understanding of the W-admissible integrands.

But first we must recollect more of the setup in [3] and [2].

! The relation supy ¢ ow Elu(z + k)] = minxso,0e M, NPy A+ E[CD()\%)] was first proved in (3,
Theorem 11] with an (L°°, ba)-duality technique.
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2. More details on the Biagini and Frittelli setup

In order to build a reasonable utility maximization, in [3] as well as in [2] some
restrictions were put on the control W: it must satisfy two conditions that are
both mathematically useful and economically meaningful. Hereafter we refer to
the notation in [2]. The first condition on W guarantees that H" is rich enough
for trading purposes:

Definition 2.1 ([2]). A random variable W € L°(P) is X-suitable (or simply suit-
able) if W > 0 P-a.s., and for all 1 < i < d there exists a process H* € L(X*)(P)
such that P({w|3t > 0 H}(w) = 0}) = 0 and

~W < (H"- X%, <W, for all t € [0, 7). (2.1)

The second condition implies that the W-admissible trading strategies are
compatible with the preferences, i.e. it assures that the expected utility of terminal
wealths = + (H - X)p from all W-admissible trading strategies never equals —oo:

Definition 2.2 ([2]). A random variable W € L°(P) is u-compatible (or simply
compatible) if W > 0 P-a.s. and

Elu(—cW)] > —o0 ¥e > 0. (2.2)

W is then defined as the convex set of X-suitable and u-compatible random
variables, i.e., it is the set of good loss controls. We recall that when X is locally
bounded, W is always not empty, since W =1 € W ([3, Proposition 5], [2, Propo-
sition 4]). However, in the non-locally bounded case there is no natural selection
of the particular W € W, if there is any. This is the reason why we require:

Assumption 2. W # ().

As regards the additional results in [2], the authors showed that the left
hand side in the dual relation (1.5) is in general only a supremum, not neces-
sarily a maximum. However, they were able to find the optimal solution f, in a
domain larger than K" and they showed that f, can be represented as terminal
value of a more general stochastic integral, not necessarily well-controlled by any
W € W: this is the main novelty w.r.t. [3]. Finally, they proved that this optimal
stochastic integral is a supermartingale w.r.t. every Q € M, N Py, thus extending
to the general case the results that hold true in case X is locally bounded (see
Schachermayer [10]).

All this can be recovered also on the basis of our Assumptions 1, 2 and the
next Orlicz duality.

3. The Orlicz spaces associated to ¢ and to u
Consider the even function @ : R — [0,4+00) defined by:
O(y) £ d(|y| + ) — 0(B),
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where 8 > 0 is the unique solution of the equation ®'(y) = 0. It is very easy to see
that ® is a Young function (see, e.g., the standard reference on Orlicz spaces [8],
page 13). In addition, it is a Nice Young function because:

1. it is regular and on R it is strictly increasing;

2. d=0iffy =0;

3. 9/(0) = 0;

4. limy_, 4 o0 P (y) = +oc.
As a consequence, the Orlicz space L = {rv. f |30 > 0E[®(af)] < +oo} is well
defined. We recall that L?® is a Banach lattice with the pointwise operations and
the gauge (or <f>—) norm:

151 =int {e> 01 £[8 (£)] <1}.

L>*(P) C L? C LY(P)

hold since ® is finite, regular on R and convex.

The containments

Remark 3.1. Note that we never require ®(0) < +oo (which is equivalent to
requiring u(4o00) < +00).

Proposition 3.2. Since ® has G(®) (Definition 1.1), then ® also satisfies G(®) on
R,.

Proof. In fact, fix y > 0: ®(Ay) < D(Ay) = ®(\y + B) — ®(B) if A € [ho, M.
Consider first y > yo = max(ﬁl, (): then there exist positive constants K, h, ¢ such
that ®(\y + ) < ®(2\1y) < K®(y) + h(y + 1) < KB(y) + c¢(y + 1). Since @
is bounded, say less than C if y < max{yo, M1y}, then we immediately derive:

(\y) < Kd(y) + max(C,¢)(y + 1). O

Corollary 3.3. The space {f | E[®(f)] < +oc} is linear and coincides with L. As

~

a consequence, given f, there exists some o > 0 such that E[®(af)] < 400 iff for

~

all @ >0, E[®(af)] < +o0.

Proof. G(@) is analogous to the As-condition? in Orlicz Spaces theory, so the
result follows from [8, Corollaries 3.4.4 and 3.4.5]. a

Remark 3.4. E[®(|f])] < +oo= f € L®. The converse holds only in case ®(0) <
+00.

Consider now u, the convex conjugate of d. Simple calculations show that its
expression in terms of u is

() = —u(=|z[) = @' (0) x| +u(0)

2A Young function Y is said to satisfy the As-condition if there exists K > 0 such that T (2y) <
K7Y(y) for all y > 0.
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and that 7 is also a Nice Young function. So, we can associate to @ the Orlicz
space L" as well:

L% = {rv. f|3a > 0E[i(af)] < +oo}

with the gauge norm:

=t {e>01£[a(2)] <1},

The ratio behind this construction is the following: the concavity of w reflects
the risk aversion of the investor, who weights the losses more severely than she
considers the gains. Therefore, the Young function u has the same asymptotic
behavior of the negative part of u.

As regards growth conditions, being the convex conjugate of a function satis-
fying G(EI;)7 u in general does satisfy neither G(@) nor the analogous As-condition.
So L* doesn’t necessarily have the property stated in Corollary 3.3.

Hence, we introduce a subspace of L% that has exactly the ‘homogeneity
property’ of Corollary 3.3:

M" 2 {f € L | E[u(af)] < +00Va > 0}. (3.1)

M¥ is always a linear subspace of the Orlicz space L%, but in our context it is also
closed. The reason is that u(z) = 0 iff x = 0, as proved in [8, Proposition 3.4.3],
where it is also shown that M" coincides with the closure of L, which in general
is not dense in L": R

M =T="
Hence M¥ is also a Banach lattice with the inherited @-norm. In addition, Theorem
4.1.7 in [8] gives:

(M"Y = L2, (3.2)
Le., the topological dual of MY is ezactly L®. To be precise, the dual norm on
L® and the ®-norm are not equal, but equivalent. This subtlety however doesn’t
affect our application: the triple (M u L® FE [-,-]) is indeed the dual system we will
use.

Remark 3.5 (On Asymptotic Elasticity of @). In [8, Corollary 2.3.4] it is shown
that the As-growth condition on ® is equivalent to

~ !
lim 2o @) _ o 2@y
r——+00 u(x) Tr——0Q u(x)

This relation in turn is exactly the Reasonable Asymptotic Elasticity condition
on u at —oo, so that we recover part of Assumption 1 (relation (1.2)). However,
passing from @ to ® is not harmless: we lose information about the behavior of ®
around 0, which is equivalent to losing information on the behavior of u around
+00. That is one of reasons why it is not clear yet how to relate the As-condition
to condition (1.3) (though an attempt has already been made in [6, Section 6]).

Here is a concrete example of the spaces just introduced.
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Ezample. Let the utility be exponential: u(z) = —e~*. Then ®(y) = ylny —y
and:
U(z) = el —|z] — 1

while
(y) =2(ly|+1)—2(1) = (ly|+1)In(y| +1) — [yl.
Therefore:
L= {f | 3a > 0 s.t. E[eam} <+oo},
MY = {f|Va>OE[eam} <+oo}
and

L* = {g| E[(|g| + 1) In(|g| + 1)] < +o0}.

We could remove the linear terms of a,&) in the above characterizations
thanks to convexity. Note that M% consists of those random variables that have all
the (absolute) exponential moments finite (e.g., gaussian or bounded variables).
On the contrary, an exponentially distributed r.v. f is an example of variable
in L* — M™ and henceforth it cannot be approximated in Z-norm with bounded
random variables.

4. The Orlicz duality (M?, La’) in the utility maximization problem

The definition of M® should remind us of the compatibility condition (2.2) on the
loss bound W € W. In fact, W C MY, as shown below.

Proposition 4.1. The set of loss bounds W is contained in Mf_

Proof. Fix a generic W € W: W is positive, so that «(0) > Elu(—aW)] >
—oo for all @ > 0 by compatibility of W and monotonicity of w. This implies
E[—u(—aW)] < +o0. By convexity of E[—u(—-)], we derive: aW € L'(P) and
finally E[u(aW)] < 400 for all a > 0. O

Proposition 4.2. Ifk € K" and if n € N, then k An € M®.

Proof. First of all, kt An € L‘X’AC ME, Also, 0 < k~ < c¢W for some W € W and
some positive ¢. Since ¢ctW € M*" and u is monotone, £~ also belongs to M*“. The
thesis follows then from the identity k An =kt An — k™. d

The above proposition, together with an application of Fatou’s lemma, gives:
Corollary 4.3. Fiz W € W and let CV £ (KW — M¥) N M. Then

sup Elu(z+ k)] = sup Elu(z + f)]. (4.1)
keKW fecw

So, we can formulate the mazimization over a Banach lattice M* naturally induced
by the problem.
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Note that the identity in Corollary 4.3 and the duality result (1.5) from [2]
would immediately lead to the dual formula:

. dQ
s Blule+ = s Elu(e+ )= mip A+ B2()

P

but we will obtain the same result via an (MY, Li)—duality, which seems indeed
the most natural approach. In what follows, we always refer to this dual system

(M®, L® E[-,-]). We indicate with A} the normalized polar of a set 4, i.e., the set
of r.v. g € A with E[g] =

Lemma 4.4. Set C% = (K" — M%) N M™. Then:
(CY)) = (C™) = M, N LT,

that is, the above normalized polars coincide with My N L‘D, i.e., the o-martingale
measures for X that belong to L® (equivalently, that have ﬁmte d- entropy).

Proof. We only prove the identity (CV){ = M, N L‘b, the one with C® being
analogous.

a- M, N L% C (C")V. This containment follows from the following considera-
tions: if W € W, then exactly as in Proposition 6 ¢) in [2] Fenchel’s inequality
implies W € L(Q) for all Q € M, N L®. Henceforth, the bound in the defini-
tion (1.4) still permits to apply Ansel and Stricker’s result [1] and to deduce
that

H e H"Y = H- X is a supermartingale under all Q € M, N e

and this obviously implies:
Eolk] <0VQ € My NL*® Yk € CY and YW € W.

b- To prove the opposite inclusion, observe that (C"V)¢ is made of probability
measures Q € L®: therefore, these Qs integrate W € M®. By the suitability
assumption on W, the random variables: +(H'Ial}s4 - X)r are in CW for
all s < t, A € Fs, where the integrands H* are those in (2.1). Hence for all
i=1,...,d, H - X is a Q-martingale for all Q € (C")?, which amounts to
saying that X is a o-martingale under Q. O

Lemma 4.5. The concave functional I, : M* — R is norm-continuous.

Proof. First we show that I,, is proper and it is norm continuous on the interior
of its effective domain.

Thanks to [5, Proposition 1.2.5], this is equivalent to showing that there is
a non-empty open set O on which I, is not everywhere equal to +oco and it is
bounded below by a constant ¢ € R. What we show is that on the open unit ball
B of M* the functional I, is i) finite and ii) uniformly bounded below.

i) If b € B, then by Jensen’s inequality I,,(b) < u(E[b]) < +oo.
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s =int {a >0 £ [a (2)] <1} <1

and consequently E[a(b)] < 1, as well as E[a(b~)] < 1. By convexity of u, this
implies E[b~] < C for all b. Hence

—I,(=b") = E[-u(=b")] = E[u(d)]+u'(0)E[b"] —u(0) < 1+u/'(0)C —u(0) = K

and so I,,(b) > I,(-b") > —K.

Finally, with a similar technique it is not difficult to see that the effective
domain of I, is the entire M™. If f € M¥, from the very definition (3.1) we have
in particular

ii) If b € B:

Elu(f)] < 400
which implies E[u(f~)] < +oo (which is equivalent to E[u(—f7)] finite) and
fT € L. Hence, E[u(f)] € R. O

Finally, here is our duality Theorem.

Theorem 4.6. If there exist Wy € W such that supycgwo Elu(z + k)] < u(4+00),
then for all W € W we get

sup Flu(z + k)] = sup Flu(z+ k)] = sup FElu(xz + f)] (4.2)
EeEKW EEKW fecu

= min Az + E[@()\@)] (4.3)

A>0,QEM,NL® dP

dq
= i —)). 44
,\>0,Qnenz\l}aanI> A+ E[(b(/\dP)] (44)

Proof. We only prove the dual formula
: dQ

k:zgvoE[u(:c + k)] = f:g}v)voE[u(m + )= Ny . {)\m +FE {CI) (Ad—P>} } .
(4.5)

From this relation it is easy to derive the same result for any other W € W.
In fact, the rhs in formula (4.5) does not depend on the initial W

To start, the equality supye wo Elu(x + k)] = supseowo Elu(z + f)] holds
thanks to Corollary 4.3. We then want to show:

: dq
o Blute e pl= g el (V2 )]
and the proof will be split into three steps.
Step 1. Set I,(f) £ Elu(z + f)], f € M" and let (I,)* be the convex conjugate

functional of I, i.e.,

(Iu)"(g9) = sup L.(f) - Elfg], g€ L2
feMu
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Thanks to norm-continuity of I, over M%, Fenchel’s duality theorem can be
applied to get

sup I,(z+ f)= min (I,)"(g). 4.6

S L@t = miy (1)) (16)

Step 2. Now we would like to find a concrete expression for (I,)*. Following

the terminology of Rockafellar [7], the space M® is decomposable®. Hence
Theorem 21 in [7], part a) gives the formula for (I,)*:

(1.)*(9) = 2Eg] + E[®(g)]-
So the dual formula (4.6) can be rewritten as

sup I,(z+ f)= min «xF|g|+ E|®
s LS = iy oBl + ER()

and after a standard normalization,

. dQ
seown Lle+ 1) = A>0,Qe(CM0)g Aot [CI) (Adpﬂ
where the parameter A > 0 since the hypothesis supycgw, Elu(z + k)] <
u(+00) implies that the dual optimum cannot be 0.

Step 3. An inspection of the dual function: \x + E [@(A%)] shows that in fact
this expression is finite only on the @’s that belong to Ps (here we are also
using G(®)). Hence we can consider M, N Py, which is a subset of M, N L®
(see Remark 3.4), as dual domain, thus proving the identity between (4.3)
and (4.4). O

From a (slightly careful) re-reading of the proofs in the last two sections, one
could object that no growth conditions on ® (or RAE(u)) are actually required,
as far as the identity between (4.2) and (4.3) in Theorem 4.6 is concerned. In fact,
in [3, Section 2] there are no such requirements on u. Of course, without G(®)
(or Az-condition on <T>) Corollary 3.3 wouldn’t hold true anymore, but we would
continue to have the basic duality (3.2) and we could repeat all the subsequent
arguments. However, our goal is to reformulate the setting of [2] up to the point
from which we can deduce the same results: and we have already said that in that
paper the existence of an optimal primal solution f, was also shown. To this end,
in [2, Assumption 2| it was assumed that M, N P = M, N P, for all A > 0,
which is needed to pass from (4.3) to (4.4) in Theorem 4.6. As in all the existing
literature, this paves the way to the proof of the existence of the optimal claim f,.
This Assumption 2 is weaker than G(®) but has the disadvantage of being both
model and agent dependent. Hence, following [9] we directly assume the RAE(u),
which depends only on the utility function.

3A space L of random variables on (2, F, P) is decomposable if, whenever A € F and f is a
bounded random variable on A, then, for every x € L, & = fI4 + xl ac also belongs to L.
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Remark 4.7 (Sup vs Max in the primal problem). It is not difficult to see that the
domain C"' contains the domain C - W used in Theorem 2 and Corollary 1, [2].
In spite of this, the supremum of I, over C' (or C*%) is again not a maximum
in general, as perhaps should be intuitively clear: if f is the optimal claim in
C% (or in C%), then Efu(—|f|)] has to be finite. This is of course more severe
than simply requiring E[u(f)] finite, which is equivalent to the two conditions:
E[u(f*)] < 400 and E[u(—f~)] > —oc, which imply only f~ € L* (and not in
M™). For an explicit example of this situation we refer to [2], Remark 6.
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No Free Lunch under Transaction Costs for
Continuous Processes

Paolo Guasoni

Abstract. We present a version of a No Free Lunch and Hedging Theorem for
security markets under transaction costs for continuous processes. We show
that the (RNFL) condition, which requires that the absence of free lunches
is preserved under a smaller bid-ask spread, is equivalent to the existence of
a uniformly strictly consistent price system. We also characterize the super-
replication price of bounded contingent claims as the supremum of expected
values under all uniformly consistent price systems.
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1. Introduction

We show a version of the No Free Lunch Theorem under transaction costs for
continuous processes, which can be proven with a limited set of prerequisites, which
include functional analysis, probability and martingale theory, but not stochastic
integration.

In the same spirit of Jouini & Kallal [7], we consider the model of a security
market, where risky assets can only be exchanged with cash and viceversa. In the
case of positive prices, this setting is a particular case of the pure exchange model
introduced by Kabanov [8], and further studied in a series of papers by Kabanov,
Résonyi & Stricker [9, 10, 11], Schachermayer [15] and Campi & Schachermayer [2].
However, in general we allow prices to become negative, which may be useful to
model futures and insurance contracts, where the limited liability condition does
not necessarily hold.

Partially supported by the National Science Foundation under grant DMS-0532390 at Boston
University.
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The rest of the paper is organized as follows: in Section 2 we define the model
in detail, and state the main theorems. Section 3 contains the proof for the case of
continuous processes. With some modifications, this proof can be adapted to the
more general case of quasi-left continuous asset prices, but we do not pursue this
here.

2. Preliminaries and main results

We consider a market model with a riskless and a risky asset, based on a filtered
probability space (2, F, (Ft):e0,1, P), satisfying the usual assumptions of right-
continuity and saturatedness. The riskless asset is used as numeraire, hence its
price is assumed constantly equal to 1. An investor trades in the risky asset,
according to the strategy (6¢);cjo, 1], representing the number of shares held at
time ¢t. We conventionally set 8y = 07 = 0, as to deal only with cash payoffs.

The bid (selling) and the ask (buying) prices of the risky asset are denoted
by (S — k); and (S + k):. Equivalently, each share traded at price S; incurs a
transaction fee of k;. We make the following standing assumption:

Assumption 2.1. (S, k) is a pair of continuous processes, adapted to the filtration
Ft, such that k; > 0 a.s. for all ¢ € [0, T7.

The assumption x; > 0 a.s. is a minimal requirement to rule out static
arbitrage by fictitious trading. Unlike most transaction cost models, here prices can
become negative, provided that the spread s remains positive. The two simplest
examples are fixed proportional transaction costs for a positive asset price (S; > 0
and k¢ = kS for k > 0), and constant bid-ask spread (constant x, arbitrary .S).

Definition 2.2. A simple predictable strategy is a process 6 = Z?;ll o
where 0 < 7 < --- <7, < T are stopping times and 0, is F,,-measurable. The
cost process is defined by

Co0) =S (S + /) (7 =6 = S (S = R) (67— 61)

T <t 7 <t
— Z 57—7(91 _ 91’71) + Z Kor, 91‘ _ eifll
i<t 7 <t

and the (final) liquidation value is defined as V(6) = —Cr(6).

The process —C(0) represents the time evolution in the cash position, which
reflects purchases and sales, respectively, at bid and ask prices. The strategy begins
and ends with a position in cash only, and the liquidation value coincides with the
cash at the final horizon T'.

As initially recognized by Harrison & Pliska [6], the development of arbitrage
theory in continuous time hinges upon the notion of “admissible strategies”, which
excludes arbitrage arising from doubling strategies.

In frictionless markets, this is achieved enforcing a fixed credit line at all
times, but in a transaction-cost setting this is a delicate issue, which critically
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depends or the timing allowed for liquidation. As shown by a counterexample of
Campi & Schachermayer [1], imposing solvability by immediate liquidation is too
restrictive, and leads to a set of strategies which lacks the closedness required in
no-arbitrage arguments. By contrast, the following definition allows for future lig-
uidation, while preserving the original idea that, in an arbitrage-free environment,
one cannot trade one’s way out of losses.

Definition 2.3. A simple strategy is z-admissible if for all ¢ € [0, 7] there exists a
stopping time 7 € [¢t,T] a.s., called liquidation time, such that

z — Cy(0) + 0,5, — |0k, > 0. (2.1)

We denote the set of simple z-admissible strategies by A2, and the corresponding
set of dominated claims by C5 = {V(#) : § € A3} — LY and C* = Uy~oC3.

A trivial arbitrage is a strategy 0 = al), ), where o < 7 are stopping times
and « is Fy-measurable, such that P(V(#) > 0) = 1 and P(V(0) > 0) > 0. A
market satisfies the (NTA) if 6 € A° and P(V(0) > 0) = 1 implies that V' (8) = 0.

At an intuitive level, a strategy is x-admissible if it requires a collateral of
2. Then, at any time ¢ the broker could freeze the agent’s account, and liquidate
it to cash at a later date 7 without realizing a loss. If 7 = ¢ satisfies (2.1), then
immediate liquidation is feasible, but in general one may have to wait for liquidity
to improve before closing the position. Also, Definition 2.3 depends on the horizon
T, since a later horizon allows more time for liquidation.

In absence of both transaction costs and trivial arbitrage, Definition 2.3 re-
duces to admissibility in the usual frictionless sense. By contradiction, if z—C(0)+
0:S; > 0 a.s. but x — C(0) + 0:S; < 0 on some event A of positive probability,
then the strategy 0:1j; ;104 is a trivial arbitrage opportunity.

Finally, note that a trivial arbitrage is an arbitrage through a buy-and-hold
strategy, and is 0-admissible by definition. This natural property does not neces-
sarily hold if solvability by immediate liquidation is required.

The fundamental property of Definition 2.3 is that, when absence of arbitrage
holds, z-admissible strategies are characterized by their terminal payoffs:

Proposition 2.4. If (NTA) holds, then A3 = {0 simple: x +V(0) >0 a.s.}.
This, in turn, implies the convexity of the set of simple admissible strategies:
Corollary 2.5. If (NTA) holds, then A is a conver set.

Proof. Follows from Proposition 2.4 and the convexity of § — V(). O

Motivated by the Robust No Arbitrage (NA") condition proposed by Scha-
chermayer [15] in finite discrete time, we introduce the (RNFL) condition, which
requires that the No Free Lunch condition is preserved under a smaller bid-ask
spread. This condition will imply that any general admissible strategy has finite
variation, whereby the cost process is defined as a classical Stieltjes integral.
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Definition 2.6. (S, ) satisfies (RNFL) if there exists a pair (S, %) whose bid-ask
spread is a.s. strictly contained within that of (5, k), pathwise uniformly:

inf — R —|Se—S) >0 as. 2.2
tel[%,T](Ht Re — | S ) a.s (2.2)
and such that
— o(L>=,LY)
C = (Cs™® — 19y Lee N L = {0}. (NFL)

Remark 2.7. Tt is easily checked that (2.2) is equivalent to

tel[%,fT]((S +K)t—(S+R)) >0 and tEl[%,fT]((S —R)t—(S—kK)) >0 as.

which means that the inner bid and ask prices never touch their outer counterparts.
Observe also that (RNFL) implies the efficient friction condition

inf ;>0 a.s.
t€[0,T]

so the bid-ask spread is always strictly positive, in pathwise uniform sense.

We now define general admissible strategies as limits of simple admissible
strategies.

Definition 2.8. Let (5, ) satisfy (RNFL). A predictable process (6):cjo,7] is an -
admissible strategy if there exists an approximating sequence (0" ),>1 C A, where
y > 0, such that limsup,, ., V(") > —z and 0} — 6, a.s. for ¢ in a dense set of
[0, T]. We denote the set of z-admissible strategies by A, and by A = Uzs0Ay.

Then we obtain the following:

Proposition 2.9. Let (S, k) satisfy (RNFL) and 0 € A. Then:

i) 0 is a predictable finite variation process.
ii) For any approzimating sequence (6™)p,>1 C A®, we have that

n—o0

t t
liminfC’t(G”)Z/ Sd9+/ |0 (2.3)
0 0

where the right-hand side is defined in the usual Stieltjes sense.
ili) There exists an approrimating sequence (0™)n>1 such that in (2.3) the limit
exists and equality holds.

The previous proposition leads to the following definition:

Definition 2.10. For 6 € A, we set
C(0) = Sd9+/ kd||0]|
[0,] [0,¢]

and similarly V() = Cr(#). We denote by C, = {V(0) : § € A,} — LY and
C = Uz>0C, the set of claims dominated by general admissible strategies.
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It is immediately seen that Definitions 2.10 and 2.2 coincide for simple strate-
gies. We now turn to the counterparts of martingale measures. Adapting to our
setting the definitions of Schachermayer [15] and Campi & Schachermayer [2], we
refer to these objects as Consistent Price Systems:

Definition 2.11. Let (5, ) satisfy Assumption 2.1.

i) A Consistent Price System is a pair (M, Q) of a probability @ equivalent to
P and a @-local martingale M lying a.s. within the bid-ask spread, i.e.,

|Sy — M| < Ky a.s. forall¢ € [0,T].

If the above inequality is strict, we have a Strictly Consistent Price System.
ii) A Uniformly Strictly Consistent Price System is a pair (M, Q) as in i) such
that M is a.s. strictly contained within the bid-ask spread, pathwise uniformly
in [0, T:
inf —|S; — M, 0 as. 2.4
tel[%,T](Ht |5 ¢]) >0 as (2.4)
iii) M D M, D M, denote respectively the sets of Consistent, Strictly Consis-
tent and Uniformly Strictly Consistent Price Systems.
iv) (9, k) satisfies the condition (CPS), (SCPS), (USCPS) if M # 0, M, # 0,
M, # 0, respectively.

The main no-arbitrage theorem can then be formulated as:
Theorem 2.12. Let (S, k) satisfy Assumption 2.1. Then (RNFL) <= (USCPS).
The corresponding hedging theorem becomes:

Theorem 2.13. Let (S, k) satisfy Assumption 2.1 and (RNFL). Then for any X €
L*> we have that

inf{z:2+V(0) > X as. for § € A} =sup{Eqg [X]: (M,Q) € M,}.

3. Proofs

We begin with the proof of Proposition 2.4. Here the idea is similar to the friction-
less case: if the liquidation value is bounded from below, then this bound cannot
be breached before the horizon, otherwise an arbitrage arises. In the presence of
transaction costs, this argument needs some refinements, since liquidation values
are no longer additive, but only superadditive, with respect to the concatenation
of strategies. The key property is that, in absence of trivial arbitrage, one can-
not gain “admissibility” by trading. In other words, if a strategy which requires n
transactions is x-admissible, then it remains so after removing the last transaction.
In the next proof, this is achieved by either early liquidation, or by skipping the
last transaction before liquidation.
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Lemma 3.1. Let 6 = Y77} 071}z, 7.,y be a simple strategy such that x +V(6) >0
a.s., and define the “truncated” strateqy 6 = 0110,r,_o) + 9”_21]%_270], where

o= Tn—1 fo + V(al[o,‘rn,ﬂ) >0
Tn otherwise.

If (NTA) holds, then = +V(0) > 0 a.s.

The previous lemma allows to prove Proposition 2.4 by induction on the
number of transactions:

Proof of Proposition 2.4. If 0 = Z?;ll 9"1]77:771.%]7 we argue by induction on n. The
case n < 2 is trivially satisfied.

We suppose the thesis is true for n — 1, and we prove it for n. For each time
t € [0,T] we have to find a liquidation time. On the set {7,_1 < t} we simply
choose 7,,. On the other hand, € coincides on the set {t < 7,,_1} with the strategy
0 obtained from Lemma 3.1, which also satisfies  + V (f) > 0. Since § has n — 1
transactions, by the 1nduct1ve assumption it admits a liquidation time, which is
also valid for 6. O

We now turn to the proof of Lemma 3.1, which requires an auxiliary lemma.

Lemma 3.2. a,b,c, X, Y be random variables, such thatb-c > 0, and the following
conditions hold:

a+bX +c¢(X-Y)>0 as (3.1)
P(b+c)(X-Y)<0]Y)>0 as.orX—-Y =0 as.,
then also a + bX > 0 a.s.
Proof. (3.1) implies that
b+c)(X-Y)>—(a+0dY) as.
and therefore
a+bY >0 as., (3.3)
otherwise (3.2) is violated. The thesis follows substituting (3.3) in (3.1). O

Prqof of Lemma 3.1. By definition of ¢ and é, we only need to check that x +
V(@) >0on {o="1,}

On the set {§"726"~! < 0} we have that V(0) = V (01j0,,, ,))+V (01)7, , 7.])-
It follows that 2+ V (01,7, ,}) = 0 a.s., otherwise 01}, - 1n{z+Vv(01,, _)<0} IS
an arbitrage. Hence o = 7,,_1 on {#"~26"~! < 0}, and on {0 = 7,,} we have that
0"=20""' >0 and z + V(01y,,_,) <O.

On the set {0 = 7, |0,_,| < |0~,_,|} we have that 6 = af + (1 — @)01p,r, ]
where o = 6, _,/6,,_, € [0,1]. Also, V(8) = aV () + (1 — a)V(01j,r,_,) Tt
follows that 4+ V(f) > 0 a.s., otherwise the assumption z + V(§) > 0 is violated.
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It remains to check that z + V(6) > 0 a.s. on {o = 7,,, [#" | > |§""2|}. On
{0m=2,6"=1 > 0} (resp. {#"72,6""1 < 0}), this follows from Lemma 3.2 setting

a=x—C, 0),b=0"2c=0""1-0"2 X =(S—k),, (resp. X = (S+kK).,)
and Y = (S+k),,_, (resp. Y =(S —K)r,_,)- O

We now prove the intuitively obvious domination property, whereby an agent
executing a given strategy at better (bid and ask) prices achieves a better payoff
than another agent facing worse prices. Indeed, this property is so basic that
Lemma 3.3 is formulated pathwise.

Lemma 3.3. Let (S, k) and (S, &) be continuous functions such that
Kt — Ry — | Sy —S't| >0 foralltel0,T].

Then for any finite variation function 6 and t € [0,T] we have

CF“@)zOF”w»+/

Mﬂ@—%—w—SDWN

and therefore
~ T ~
VSm(9) < VER (9 / (15— &~ 15— 1) dl]. (3.4)
0
Proof. We have that

Ct(s,ﬁ,)(g)zcéé,k)(g)_/ (S — S)do — / R)d|0]|
[0.4]

:C@’E)a—/ (&—K—S 3 >
<)~ [ (x—r-15-3])dlel
[0,2]

and the proof is complete. O

As an immediate consequence, we obtain the boundedness in L° of the set of
total variations of simple strategies.

Lemma 3.4. Let (S, k) satisfy (RNFL). Then {||0||r : 6 € A5} is bounded in L°
for all x > 0.

Proof. Rearranging (3.4), for any 6§ € A, we have that

T o~
01 inf (=50~ 15, =S < [ (=i=15 =51} dlo] <2+ VDo)

But (RNFL) implies that the set {V(SY’F‘)(G) : 0 € A} is bounded in L°, whence
the thesis. O

The next lemma is formulated in a pathwise sense:
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Lemma 3.5. Let (0"),>1 and 6 be predictable finite variation functions such that
0% — 6, for all t in a dense set of [0, T]. Then df™ converges weakly to df, and
hence d||0™|| weakly converges to some dn > d||0)|.

Proof. For all ¢ € C1(]0,T]) dominated convergence implies that

lim / ondep = 0do.
[0,

nmee [0,2]

Since f[o g @0 < [[0]lt sup.epo g |¢sl; the map ¢ — f[o 4 ¢df is continuous in the
uniform norm, and the previous equality extends to all ¢ € C([0,T]) vanishing at
infinity, and weak convergence follows. O

Proof of Proposition 2.9. 0 is predictable by definition, and by Lemma 3.4 the set
(16™|7)n>1 is bounded in LY hence i) follows from Lemma 3.5. ii) also follows
from Lemma 3.5, while iii) is obtained from the staircase approximation:
nT—1
0" = > Oknlii/n, (ot /) 0
k=0
We prove the no-arbitrage theorem first, and the hedging theorem then fol-
lows naturally. We begin with the easy implication.
Lemma 3.6. (USCPS) = (RNFL).

Proof. We check that (S, k) satisfies (RNFL) with S = M and & = 0. In fact, since
M is a local martingale under @, by Lemma 3.3 it follows that Eg [V (0)] < 0 and
hence for its o(L>°, L!)-closure. We also have that

/it—fit—|5t—§t| = kit — |St — My
which implies (2.2), and the proof is complete. O

The following lemma was first proved by Jouini & Kallal [7], then further
investigated by Choulli & Stricker [4] and Cherny [3].

Lemma 3.7. Let T C [0,T], (Xt)ter a submartingale and (Yi)ieT a supermartin-
gale, such that X; <Y; a.s for all t € T. Then there exists a martingale (My)ier
such that Xy < My <Yy a.s. forallt € T.

Proof. In finite discrete time 7 = {to,...,t,}, we simply set M;, = Y;, and
recursively define My, ,, = oy Xy, ., + (1 — @n)Ys, ,,, where a,, satisfies

M, = onE [ Xy, | Fe,] + (1 — an)E Vi, | Fr.] -
Let 7 = [0,T]. From the discrete case, for each dyadic partition D,, = {kT/2" :

0 < k < 2™} we obtain a martingale M™ with respect to the discrete filtration
(Ft)tep,,, and such that

Xt <M<Y, for all t € D,,. (3.5)
In particular, X7 < M2 < Yp for all n > 1, therefore (M}),>1 is bounded in L?

under an equivalent probability measure (e.g., % = e~ (Xrl+Y7l) /B [e‘XT‘HYTl]),

n+1
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thus it converges up to a sequence of convex combinations to some random variable
M. Then we define the martingale M; = E [ Mr|F], and letting n — oo in (3.5)
we see that X; < My <Y; as. for all t € [0, 7). O

The following is a generalization of Theorem 4.5 in Cherny [3].

Lemma 3.8. Let (X¢)icjo,r) and (Yi)iepo,r) be two cadlag processes. The following
conditions are equivalent:

i) There exists a martingale (My)ier such that

X, <M <Y, a.s. for all t € [0,T]. (3.6)
ii) For all stopping times o,7 such that 0 <o <7 <T a.s., we have
E[X | F;) <Y, and EY,|F,;] > X,. (3.7)

Proof. 1)=ii): from (3.6) and optional sampling, we have that
E[X7|fo] < E[Mr|fa] =M, < Yo’;

and the second equation in (3.7) follows similarly.
ii)=1): Denoting by O; the set of stopping times with values in the interval
[t, T], we define the auxiliary processes

X[ =ess sup,co, F [ X-| F and Y/ =ess inf;co, E Y, | F.
Since for 0,7 € Oy and A € F; we have that ol4 + 71g\ 4 € O, we obtain that
ess Sup,co, B [X:| F] = E [ess sup,co, X-| Fi] ,

and therefore X’ is a supermartingale. Likewise, Y’ is a submartingale, and they
both admit cadlag versions. By ii), for o,7 € O; we have

E[ X |F] - E|Y,|F]=FE[E[X; — Y| Fraoll Ft]
=E[(X; — E[Yo| F])lr<oy + (B[ X | Fo]l = Yo)l(gar}| Fe] <0 as.
and hence X{ <Y/ a.s. for all t € [0,T], and Lemma 3.7 concludes the proof. [

The previous two lemmas are needed for the following result, where the trick
is to consider the payoffs with respect to (5, k) of strategies admissible for (S, k).

Lemma 3.9. If Q is equivalent to P and Eq [V(g”%)(Q)] < 0 for all 0 = aly, ;)

admissible for (S, k), then there erxists a Q-local martingale M such that (M, Q) €
M.,

Proof. As in the frictionless case, we reduce by localization to the case of S
bounded. Consider ¢ = alj, ,; admissible for (S, ), where o, 7 are stopping times.
For o = 14, where A € F,, we obtain

Bo[((8=#)r— (5 +7),) 1] <0, Eo[((5+7),—(5—R))1a] <0.
Since these equations hold for any A € F,, it follows that
Eq [(S R, J—'g] <(8-R)y, Eo [(5 —R),

Fo| < (5 + ),
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and Lemma 3.8 implies the existence of a Q-local martingale M such that
|5’t — M| <&y a.s. for all ¢t € [0, 7],
and therefore, by (RNFL) we have

tei[IO%fT](Ht ~ 18— Mil) 2 téi[%yfT](Kt T |§t — s>

and (2.4) follows. O

We finally put all pieces together. We recall the classical Kreps-Yan separation
theorem. Recent proofs can be found in Schachermayer [14, Theorem 3.1] and
Kabanov & Stricker [12, Lemma 3].

Theorem 3.10 (Kreps [13], Yan [16]). Let —LF C C C L* be a convex cone,
closed in the o(L', L>) topology, such that C N LS = {0}. Then there exists a
probability Q equivalent to P such that % € L*® and Eq [C] <0.

Proof of Theorem 2.12. By the (RNFL) condition we can apply the Kreps-Yan
Theorem (3.10), so that there exists a probability @), equivalent to P such that
Eq [C] <0, and Lemma 3.9 concludes the proof. O

Now we prove the hedging theorem by the usual separation arguments, as in
Delbaen & Schachermayer [5, Theorem 5.7]:

Proof of Theorem 2.13. Observe that z + V(5% (9) > X for some 6 € A if and
only if X —x € C. Hence it is sufficient to prove that

X—zeC = EgX|<z forallQe M,
X—xz¢C = Eg[X]>=x forsome@ e M,. (3.8)

Let 2 + V(5%)(9) > X for some § € A, and (M, Q) € M,,. Since by assumption
V(5%)(9) can be approximated by a sequence V (5:%) (") random variables bounded
from below, by Lemma 3.3 we have

Eq [z +VED(0)] < Eq [z + VM0 (0)] <.

To see (3.8), suppose that X — 2 ¢ C. Since C is o(L>, L')-closed, the Hahn-
Banach theorem yields a continuous linear functional I such that supgcq (&) <
(X — ). Since =L C C, I(LY) > 0, and supgeo1(§) < 0 because C is a
cone. Normalizing by (1), we can then identify | with a probability measure @’,
absolutely continuous with respect to P, and since X — z & C, it follows that
Eo [X —x] > 0.

By Theorem 2.12, there exists (), equivalent to P, such that supsco £ [¢] < 0.
If we define Q. = @ + (1 — €)@’, we obtain that Q. is equivalent to P for any
€ €(0,1), supgee Eq. [€] < 0 and for small e, Eg, [X — 2] > 0 by continuity. Then
Lemma 3.9 implies that (M, Q.) € M, for some Q.-local martingale M, and the
proof is complete. O
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Robustness of the Hobson—Rogers Model
with Respect to the Offset Function

Vera Blaka Hallulli and Tiziano Vargiolu

Abstract. In this paper we analyse the robustness of the Hobson—Rogers
model with respect to the offset function, which depends on the whole past
of the risky asset and is thus not fully observable. We prove that, if the offset
function is the realisation of a stationary process, then the error in pricing a
derivative asset decreases exponentially with respect to the observation win-
dow. We present sufficient conditions on the volatility in order to characterise
the invariant density and three examples.
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1. Introduction

The year 1973 is a milestone in the modeling of financial markets: in fact, in
that year the papers of Black and Scholes [2] and Merton [15], where an explicit
formula for the price of call and put options was present, saw the light. The
formula now known universally as “the Black and Scholes formula” links the price
of a call option to quantities which are observed in the market (current price,
strike price, time to maturity) and a parameter, the volatility, which gives an idea
of how rapidly the asset prices can change. The two papers cited above influenced
financial markets so deeply that every investment bank today has to deal with “the
Black and Scholes approach”: this is also witnessed by the Nobel prize in 1997.

The so-called “Black and Scholes model” is however valid only as a first
approximation: in fact, it was soon realised that the assumption of a constant
volatility was in contrast with the empirical observations of derivative prices in
real markets, which suggest that the volatility is not constant, but rather depends
both on time to maturity and on the strike price.

Both authors gratefully acknowledge financial support from the CNR Strategic Project Model-
lizzazione matematica di fenomeni economici.
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In the last years a growing interest has been raised for models where the
asset prices’ dynamics do not depend only on their current values, but also on past
values: these models can be usually seen as generalisations of the so-called level-
dependent volatility models, where the volatility is usually a function of time and
current price level, and the market is complete. By making the volatility depend
also on the past prices of the risky assets, it is also possible to enrich the model by
reproducing correlations and dependencies which are observed in practice. Among
these models, the one proposed by Hobson-Rogers [12] is the only case (to the
authors’ knowledge) where the model is equivalent to a 2-dimensional Markov
model, thus the problem of pricing and hedging a derivative asset is led to the
solution of a linear PDE. In particular, one component of this Markov process
represents the price and the other one represents the so-called offset function of
order 1, which is an integral depending on all the past history of the asset price,
and is thus not fully observable.

There are two ways of using the Hobson—Rogers model in practice. One is to
consider a finite horizon approximation, where the offset function is defined only
on a finite observation interval of the past price. Unfortunately, the authors proved
in a previous paper [10] that it is impossible to obtain a Markov system in this way.
The other way is to use the pricing PDE with a misspecified initial offset function,
thus making a mistake both on the path of the process as on the calculation of
the price of the derivative assets. This approach is studied in detail in this paper.
One can then search for the initial offset value which minimises this error. We find
out that, for all the contingent claims which are Lipschitz continuous functions of
the log-price of the asset, this error is proportional to the variance of the offset
function at time 0. By assuming that we can observe the past prices of the risky
asset on an interval of length R, this variance decreases exponentially with respect
to R, and is proportional to the variance of the offset function at time —R. If we
also assume that the offset function is a stationary process, we can calculate this
variance, which does not depend on R: in this way, if one wants an error less than
a given ¢ in pricing a derivative asset, one only has to observe the past price for a
sufficient time R.

The paper is organised as follows. In Section 2 we present the Hobson—Rogers
model. In Section 3 we make a survey, based on [10], on the reasons why a version
of the Hobson—-Rogers model with finite observation horizon loses Markovianity.
In Section 4 we study the robustness of the Hobson—Rogers model with respect to
the misspecification of the offset function, and in Section 5 we provide an estimate
of the minimum observation horizon required for having an error less than a given
threshold. In Section 6 we provide a way to calculate the variance of the offset
function at the beginning of the observation window in terms of the invariant
measure of the offset function, and provide sufficient conditions on the volatility
in order to have a characterisation of the invariant density. Section 7 presents three
examples.
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2. The Hobson—Rogers model
We define the discounted log-price process Z(t) at time ¢ as
Z(t) = log(S(t)e™™)

where r is the (constant) risk-free interest rate, and the offset function of order m,
denoted by P(™)(t), by

PM(t) = /00 N M(Z(t) = Z(t —u)du for m=0,...,n, (2.1)
0

the constant A being a parameter of the model which describes the rate at which
past information is discounted. Then, for some value n, we assume the following.

Assumption 2.1. Z(t) satisfies the SDE

7 (t) = —%GQ(P(D(L‘), PO+ o(PO), . PO dW (@)

where o(-) and o2(-) are globally Liptschitz, o(-) is strictly positive and (W;)icr
is a so-called two-sided Brownian motion [3] under a probability measure P, which
is chosen such that (S(t)e™"t); is a P-martingale.

This probability measure P is in fact known as risk-neutral probability or mar-
tingale measure), and the existence of such a P is equivalent to the non-existence
of arbitrage opportunities in the market (see [10, 12] and the references therein for
details).

This model can be seen as a “good” model because no new Brownian motions
(or other source of uncertainty) have been introduced in the specification of the
price process. This means that the market is complete and any contingent claim is
hedgeable (see [10] for details). On the other hand, it is possible to allow o(-) to be
a function of the price level S(t) also. So, this model can be extended to include the
class of level-dependent volatility processes as a special case. The reason for the
definition of the processes P("™)(t), m =0, ..., n, is seen in the following lemma.

Lemma 2.2. (Z, P P™) s an (n+1)-dimensional Markov process, and the
offset processes P (t) satisfy the coupled SDEs

-1
AP () = mP™V(t) dZ(t) + %PW%) d(Z)(t) — AP (¢) dt,
m>1
dPM () = dz(t) — APW(t) dt. (2.2)
Proof. See [12]. O
Being (Z, PM), ..., P™) an (n+1)-dimensional Markov process, we can easily

employ the Kolmogorov equation when pricing a contingent claim with final payoff
h(S(T)). In fact, (for sake of simplicity consider from now on the case n = 1 and
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denote P(t) = PM(t)) its price V(t) = E[h(S(T))|F:] is of the form V(t) =
F(t,S(t), P(t)), where F is the solution of the Kolmogorov equation

1 1 1
F, +rsFs — A\pF, + (552FSS + sF,s + inp - §Fp> o(p) =rF (2.3)

subject to the boundary condition

F(p,s,T) = h(s).
Besides, the solution of the hedging problem is a closed formula: it is enough to
use the It6 formula on F' and to make some calculations to obtain that the hedging
strategy at time ¢ is given by

A(t) = Fu(t, S(t), P(t)) + W

In conclusion this model allows us to construct a process for the price, but we can
see that some difficulties arise. In fact, for the computation of P(0) (or in general
P(t)), we need to know the path of S on all its past (—00,0) (or (—oo,t)). This
requirement is unusual in the modelisation of financial markets, where one usually
meets models that start from a certain moment in time (usually 0). In fact, the
requirement of an infinite horizon in the past raises mathematical and “practical”
(or better economical) complications. From the mathematical side, we would have
to define a stochastic calculus with time ranging on all the real line. Once that
this is done, we would have to establish that P is well defined: in fact, remember
that P is the integral of a process on (—o00,0), so one must also prove that this
integral is well defined. From the economical side, assets that “existed forever” do
not exist in the real market. Thus, one has to establish what can be used instead
of the price path of S when the asset still did not exist.

While these problems seem less worrying than stated, mainly due to the
exponential weight in (2.1), still theoretical (and practical) solutions to these issues
are not present in literature, at least to the authors’ knowledge. For this reason,
we will explore two different approaches to avoid these problems.

The first one consists in specifying a model with finite horizon and to make
the volatility depend on integrals of the price path. Unfortunately up to now
all the models of this kind present in literature [1, 8] do not give a Markovian
structure as the Hobson-Rogers model does, unless one uses from the beginning a
level-dependent volatility model: in the next Section 3 we present a survey, based

n [10], of these results.

The second one is the following. The problem of pricing a contingent claim
with the Hobson-Rogers model is equivalent to solve the PDE (2.3), once the initial
conditions S(0) = s, P(0) = p are specified. While the price S(0) is observed in
the market, in order to calculate the true value P(0) one would have to observe
the asset in all its past. Since this is impossible, one has to use the model with
a misspecification P(0). Our aim will be then to search for the initial condition
P(0) which minimizes the error of pricing the contingent claim h(S(T)). This will
be done from Section 4 on.
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3. A finite delay model

Now we analyse a modification of the Hobson-Rogers model where we consider a
finite time horizon and we make the risky asset’s dynamics depend on integrals of
the price path. Inspired by a model in [8], the model that we study is

dS(t) = S(t)o(Y (1), Z(t)) dW (t)

where the processes Y and Z are defined as

V() = / "N E(S(t — v)) dv = / A0 F(S(u)) du,  Z(t) = S(t— 7)

0 t—7

where f is a strictly monotone function and 7 is a given finite delay. Notice that
for f(x) =logz and 7 = 400 one has that \Y (t) = log S(t) — PM(t), P being
the first offset function of the Hobson-Rogers model. Our scope is now to find a
self-financing portfolio V' which replicates the option with payoff h(S(T")) (or, more
generally, h(S(T),Y(T))). Unlike in the Hobson-Rogers model, here the process
(S,Y) is not Markov, and this is more due to the finite horizon nature of Y rather
than to the specification of the volatility, more general than the Hobson-Rogers’
one.

One can immediately think of using the state variables (S(t),Y(t), Z(t)),
but this entails the usage of anticipative stochastic calculus. In fact, by making
use of the It6 formula on a deterministic function of (S(¢),Y(¢),S(t — 7)), we
end up with stochastic differentials of the kind G(¢, S(¢),Y (¢), S(t — 7))dS(t — 1),
where G(t,S(¢),Y (¢t),S(t — 7)) is not adapted to the filtration of the differential
dS(t — 7) but “anticipates” (see [14] and the references therein). Conversely, we
would have to prove that the portfolio dynamics could be written in the form
dV(t) = A(t) dS(¢t), with A adapted to the filtration of S. In doing this, we will
surely lose the Markovianity of the original Hobson-Rogers model.

One can be tempted to explore the following shortcut: though (S,Y) is in
general not a Markov process, we make the strong assumption that for every final
payoff of the form h(S(T),Y(T)) there exists a deterministic function F' such that

V(t) = E[R(S(T), Y (T)|F:] = F(t,5(), Y (). 3.1)

If this assumption is true, then the self-financing portfolio depends in a determin-
istic way only on the current values of S and Y. Unfortunately, the next result
states that the assumption (3.1) is equivalent to o not depending on y, z, that is,
to S to be Markov; moreover, in this case, (3.1) is only true for A not depending
on Y and the function F' depending on ¢, s only.

Theorem 3.1. If assumption (3.1) is true, then o, = o, = 0.
The interested reader can find the proof in [10].

Remark 3.2. In this failed try, we were inspired by the positive results in [8]. We
however have to say that in that paper the authors analyse a controlled system
(which gives more degrees of freedom in reaching Markovianity), and also in that
situation the authors succeed in reducing the system to the current values of S
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and Y only when the dynamics of S is linear and with some restriction on the
coefficients.

4. Robustness of the Hobson-Rogers model

As already announced, now we focus ourselves in establishing what happens if

our Markov process (P, Z) starts from a misspecified initial condition (P(0), Z(0))
instead of the true initial condition (P(0), Z(0)).

From now on, denote with ¥ := (P, Z) the process with the correct (but
not known) initial conditions and by Y= (}5, Z) the process starting from the
misspecified initial conditions (P(0), Z(0)). Then the evolution of (both ¥ and) &

is given by

dP(t) = —(%OQ(P(t),Z(t)) +/\15(t)> dt +o(P(t), Z(t)) dW (),
P(0) # P(0),

dZ(t) = —L10*(P(t),Z(t)) dt+o(P(t),Z(t)) dW(t),

Z(0) = 2(0),

the dynamics of ¥ being driven by the same differential equation with the “right”
initial conditions.

Now we present two estimates on the dependence of the process ¥ (or ¥) on
the initial condition: the first one is an L2-estimate on supg<,<r |S(u) — S(u)],
and the second one is an L2-estimate on |%(7) — X(T')|. Assume that the functions
o(p,2) and o2(p, z) are globally Lipschitz in (p, z) with respect to the Euclidean
norm, in the sense that for f = 0,02 there exists K > 0 (called Lipschitz constant
of f) such that

1f(p,2) = F(B, D) < Kl(p,2) — (B, 2)| = K\/(p— D)* + (2 — 2)* V(p,2), (5. 2).

Theorem 4.1. If o, 02 are globally Lipschitz with Lipschitz constants, respectively,
L, M, then for t € [0,T] we have

E| sup |S(u) — S(u)|?| < 3E[|P(0) — P(0)?]e LM Tt

0<u<t
where ¢(L, M, T) = 2M?T + 6T + 20L?, and
E[Z(t) - £(t)’] < 3E[|P(0) — P(0)[?]eEALD!
where C(L, M,T) = 2M?T + 6T + 5L>.

Results of this kind are classical in the theory of SDEs: we present the proof in
order to show that the constants C(L, M,T) and ¢(L, M, T) are the best possible
for our equations.

Proof. We have that

sup [S(u) = S(u)* < sup |Z(u) = Z(u)]* + sup |P(u) — P(u)|?
0<u<t 0<u<t 0<u<t
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which yields
E [ sup |X(u) — i(u)ﬂ
0<u<t

< B| s 1200 - ZWP| +E | swp 1) - PR| = )+ 2

0<u<t 0<u<t

For the first term on the right-hand side, applying Doob’s inequality and the
Lipschitz property of o and o2, we have

u u 2
(1) = E| sup |Z(0)— Z(0)) —|—/ 1(02 — &%) ds —|—/ (0 =) dW(s) ]
0<u<t 0 2 0
t 1 2 u 2
< 2E | sup / —(0* —5%)ds| | +2E | sup / (0 —&)dW(s) ]
o<u<t |Jo 2 o<u<t |Jo

1 t t

< —T/ E|02—&2|2ds+8/ Elo — &|%ds
2 0 0

<

1 t . .
(§M2T + 8L2> / E [|Z —ZP+|P - P|2] ds
0

where o, & is a shorthand notation for o(P(s), Z(s)), 6(s) = o(P(s), Z(s)). For
the second term we have

. t 1 _ 12
(2) < 3E|P(0) - P(0)]* + 3T/ E ’5(02 — )+ NP - P)| |ds
0
u 2
+3E | sup / (0 —&)dW(s) ]
o<u<t |Jo
t
< 3E|P(0) — P(0)]* + 3T/ E BW — &2 +2X%|P - 15|2} ds
0
t
+12/ Elo — &|%ds
0
t
< 3E|P(0) — P(0))* + (gMQT - 12L2> / E|Z — Z|*ds
0
t
+(3M2T + 6)\*T + 12L?) / E|P — P|%ds
0
< 3E[P(0) — P(0)?

t
+<gM2T+6/\2T+12L2>/ E[|P—13|2+|Z—Z|2 ds,
0
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then

E| sup [S(u) - S(w)?
0<u<t

t
< 3E[P(0) — P(0)]* 4+ (2M? + 6X*T + 20L?) / E|(s) — X(s)[*ds,
0

and the theorem follows from the Gronwall lemma applied to

v(t) = E[ sup |S(u) — B(u)|?].

0<u<t

For the estimate on E[|X(t) — %(t)|?], the proof proceeds in a similar way, without
applying Doob’s inequality to the term E[supy<,< | fou(o —5)dW (s)]?]. O

Corollary 4.2. If h : C°[0,T] — R is the payoff of a path-dependent claim such
that the function z(-) — h(e*")) is globally Lipschitz, then

E[h(S7)] — E[h(57)] ’ < 3J%E|P(0) — P(0)[2ec(EM DT (4.1)

where J is the Lipschitz constant of z(-) — h(e*")). If h is a simple European
claim, then an analogous estimate holds, with C(L,M,T) instead of ¢(L, M, T)
and J the Lipschitz constant of z — h(e?).

Proof. We have that
E[R(S(T)) = (ST < JEIZ() = Z()lIgo
< PE| sup (120 - Z)P +1P() - POP)|

and from Theorem 4.1 we obtain Equation (4.1). O

We can see that the difference between the processes 3 and ¥ depends on the
difference between the initial conditions P(0) and P(0). Unfortunately, we cannot
obtain any improvement on the coefficients ¢(L, M,T) or C(L, M, T) in the case
o=o(P).

Remark 4.3. Notice that in Corollary 4.2 the function z — h(e?) is required to be
globally Lipschitz, so a little caution must be used. For example, if the function
h:R — R is globally Lipschitz and piecewise C!, then

Oh(e?)
dz

is bounded (thus z — h(e*) is globally Lipschitz) if and only if A’ decreases faster
than e®.

— ezh/(ez)

Consider now some examples.
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Ezample (European put). The payoff is h(s) = (K — s)*. We have
Oh(e?)

z
= —Lclog K
0z s

then the Lipschitz constant in this case is less or equal than

Ooh
I =sup ‘—(s)‘ =8k — K.
. | Os
Ezample (European call). The payoff is now given by h(s) = (s — K)™. We can
write this expression as h(s) = s — K — (K — s)™, so the error is the same as when
pricing the put.

Ezample (Asian put). The payoff is now given by h(s(:)) = (K — fo t)dt)™. For
two generic paths z,z € C°([0,T]), if both f e*(w du,fo e*(") du are less than

K, then
i T T +
h(e*)) — h(ez('))‘ = <K—/ e*(W du) - (K—/ e du)
0 0

+

T T
< / e*(w) du—/ ez du’
0 0
T
S O
0
T
< |z = 2| co / Sup(z(u),2(u)) du‘ < 2K ||z — 2 co,(4.2)
0

where in the last line we applied the inequality

T
/ eSup(=(u).2(u) gy, :/ e dy +/ =W gy < 2K.
0 w:z(u)>z(u)} {u:z(u)>z(u)}

If (say) fo ) du > K and f e du < K, then we can choose 2 € C° such

that f ) du =K and ||z — z||co < ||Z — 2||co (for example, 2 :=tz + (1 —t)z
for a sultable t €(0,1)). Then

T T T
K—/ e*(W) dy = ‘/ W) dy —/ e*(¥) du‘
0 0 0

2K |2 — 2l|oo < 2K 7 — 2o

]h(ezﬁ) - h(ef<~>)]

IA

by Equation (4.2). If both fOT W du, fOT e*(") du are greater than K, there is
nothing to prove. Then the Lipschitz constant in this case is equal to 2K.

Ezample (Lookback put). The payoff is now given by

s = (1 - g s<t>)+.

0<t<T
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As above, if both max e*(), max e?() are less than K, then we calculate

h(ez(')) _ h(ef('))‘ < Jmax () _ Jmax W < ||62(~) _ ef(')”CO
Sus SuUs
<z = Zlleo e oo < K|z — 2| co.

If at least one of the quantities max e*("), max e*(") is greater than K, an argument
similar to the one of the previous example applies. Thus, in this case the Lipschitz
constant is equal to K.

5. Using past information

We have seen in Section 4 that the error in pricing derivative assets depends on the
difference between the true offset function P(0) and the misspecified value P(0),
which we can choose. Of course, our aim will be to choose it in order to minimise
the final error. In doing this, we are entitled to use not only the current value of
S(0), but also past values.

More in detail, we assume (as it is reasonable) that we know all the past
values of the price S(t) (thus, of Z(t)) for ¢ € [-R,0], where R > 0 is a given
real number which represents the width of an observation window in the past. As
before, the process P(t) remains unobserved also in the past. However, it turns
out that we can make the uncertainty on P decay exponentially with respect
to the width R of the observation window. Again, we represent this uncertainty
by defining the process P, starting from the misspecified condition ﬁ(—R) and
following the dynamics

dP(t) = —AP(t)dt+dZ(t), te(—R,0] (5.1)

P(-R) # P(-R) (5.2)

while the process P always follows the dynamics given by Equation (2.2). Notice

that this time, as we can observe Z in the interval [— R, 0], we have no uncertainty
on this process. 5

The following lemma shows that, as both the dynamics of P and P depend on

the known values of Z, the difference between P(0) and P(0) decays exponentially
with respect to the width R, as announced.

Lemma 5.1. For every choice of P(—R), we have
|P(0) = P(0)] = e |P(~R) — P(~R)]. (5.3)
Proof. By calculating the It6 differential of the process (e* P(t));, we have
d(eMP(t)) = eMdP(t) + XeMP(t) dt
= eM(dZ(t) — AP(t) dt) + \eMP(t) dt = e dZ(t)

and, analogously,
deMP(t) = e dZ(t).
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This means that, calculating the two processes in the two points ¢ = —R,0, we
have
0
P(0) = e *P(-R) +/ eM dz(t),
-R
R R 0
P(0) = e *P(—R) +/ M dZ(t).
-R
The lemma follows by calculating the difference. 0

Remark 5.2. Notice that Equation (5.1) entails

P(0) = e’\RP(—R)—s—Z(O)—e’\RZ(—R)—/O AeMZ(t) dt
-R

R
= / Ae M(Z(0) — Z(—u)) du+ e (Z(0) — Z(—R) + P(—R)).
0
This can be seen by the properties of stochastic integrals of deterministic functions,
or directly from Equation (2.1) (which obviously extends to P).

Now we are in the position of solving the following problem: for a given € > 0
we want to find a minimum observation time R such that the error when pricing
a contingent claim h is less than e.

Corollary 5.3. If h is a general path-dependent claim as in Corollary 4.2 and

log(stE‘P(ffgfﬁ(fR)P) +c(L,M, T)T

R > o\ ,

(5.4)
then
|E[h(ST)] — E[h(S7)]| < €. (5.5)
Moreover, if h(S(T)) is the payoff of a simple European claim, then to obtain the
same estimate it is sufficient that
log(BLEIPCR)=PCRIPY 4 o(L, M, T)T
2\ '

R >

Proof. From (5.4) we have
3J°E|P(—R) — P(~R)[*)
o2

2AR > log ( ) + (L, M, T)T,
that yields
[¢(L, M, T)T — 2\R] 4 log(3J?E|P(—R) — P(—R)|*) < loge>.
By taking the exponential of both the members we obtain
3J2E|P(~R) — P(_R)|2ec(L,M,T)T72)\R <2
From (4.1) and (5.3) we have
E[h(Z7)] = E[M(Z7)]]* < 3J°E|P(=R) — P(=R)[?C(FMDT=2AE - (5.6)
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this implies that (5.5) is verified. For the case of a European claim, the proof is
the same with ¢(L, M, T) instead of C'(L, M, T). O

6. Stationarity

So far, we have seen that the problem of estimating the pricing error when we
misspecify the offset function P is led to the knowledge of E[|P(—R) — P(—R)|?],
which is in general not allowed as we do not know the initial distribution of P(—R),
even if we can decide the value P(—R).

The situation can be much simplified if we make the crucial assumption
that the 2-dimensional process (P, Z) is stationary, or that the process P itself is
stationary. In this case, if we want the error to be (for example) less than a given
e > 0, it is sufficient to fix P(—R) as being equal to the mean of the invariant
measure of P (this minimises the quantity E[|P(—R) — P(—R)|?], which is thus
equal to the variance of P(—R)) and to observe the risky asset in the past for a
sufficiently long time R. In fact, if the process P is stationary and admits a unique
invariant measure, under suitable assumptions the marginal distribution of P(t)
converges, for ¢ — +00, to the invariant measure, regardless of the initial condition
of P. This means that, if we assume that the process P started in the past at a
time T' << —R from an arbitrary initial condition, the distribution of P(—R) can
be approximated very well by the invariant measure. Thus, the situation of finding
E[|P(~R) — P(—R)|?] boils down to finding the variance of the invariant measure
for P, provided we let P(—R) be equal to the mean of the invariant measure.

While the general case when the volatility o depends on both P and Z seems
more difficult to analyse, much can be said in the case when ¢ depends only on
P. In this case the process P is a Markov process with the evolution

dP(t) =m(P(t)) dt +o(P(t)) dW(t) (6.1)
where m(z) = —30?(z) — Az. We now give sufficient conditions for the existence
and uniqueness for the invariant distribution. For this purpose we use the following
theorem from [11], that gives a condition for the existence of the invariant measure.
Theorem 6.1. Assume that there exists a function V € C?*(R) such that

V(z) >0, sup LV (z) :=—-Ap — -0 as R— o
|z|>R

where LV (z) := m(z)V'(z) + $0*(x)V"(x) and R is arbitrary. Then there exists
a solution of Equation (6.1) which is a stationary Markov process.
Take V(x) = 22, then
L o L o 1 2 2
LV (z) = —50 () — Az )z + i (x) = 5(1 —x)o°(x) — Ax”.

Now if we assume
o?(z) < alz| + b, (6.2)
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it follows that

1
LV(z) > —i(rr —1)(alz| +b) — \z? =
1 1,1 )
= —Eax|x| - §bm + §(a|x\ +b) — Az=. (6.3)
If x > 0, then LV (x) — —oo when R — oo. If z < 0, then

1 1 1
LV (z) > (ia - )\> i ibx + §(a|33| +b) —» —o0

if a < 2X\. We can thus conclude with the following result.

Theorem 6.2. If Assumption (6.2) holds with a < 2, there exists an invariant
measure for the process (6.1).

In order to obtain also uniqueness results, we will need additional assump-
tions. If the process P has an invariant probability with density u(x), from the
backward Kolmogorov equation, we have

dm(x)u(z 1 d?[o?(z) pu(x

0o - 4 (d;u( )]+5 [ ;fgu( )]
1 do*(@)u()]
+§ dz ’

(6.4)

this implies that
1 do?(x)p(z)
T de m(z)u(x) + c.

Assume that ¢ = 0 and y(z) = o?(z)u(z): then we have
/d_y _ /Qm(az) dx
y o?(x)
Iny = / ZTZ(U) du+1InC
xo g (U)

rx 2m(u)

ylz) = Celwo 6 du (6.5)

where C' is an arbitrary constant and g is an arbitrary point. If the relation

(G(@)

(@) = Co_g—(x) (6.6)

where G(z) = f;o %:;L((;‘)) du, gives a density, this is the invariant density for our
process P.
Now we study the conditions for existence and uniqueness of the invariant

measure for the process P when o satisfies the following assumption:
Assumption 6.3. There exist a € [0,2)), b,e > 0 such that

e <o?(x) <alz| +b.
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Theorem 6.4. If o satisfies Assumption (6.3), then there exists an unique invari-
ant measure for P, with density given by (6.6). Moreover, if P~1" follows the
dynamics (6.1) with initial condition P~T"(=T) = n with —T < —R, then for
every initial distribution n and E € R, we have

lim E[(P~T"(~R) — E)?] = /(a: — E)?u(z) d.
R

T—o0

Proof. By results contained in [11], it is sufficient to prove that

oo G(x)
/ £ dr < 0o

—00 0%(T)
and that
0 e—G(ac) Ooe—G(ac)
dx = — dx =
| e i) Sy e
where
¥ 2)\u 2\
- 1 du=—z— [ =22 du.
o= [ (-1- o) de=e- [ oy
If £ >0,
2 £ — 2 2 ro—
Glw) < —z- 2 Mdu—&-C:—x——/\x—&-—i\ b utc
a Jo au+b a a* Jo au+b
2X 2Xb
= —z-— ;x—&— ?ln(ax—kb) + C1 =:nq(2).
If x <0,
Tu A,
Glx) < —xz—-2\| —du=—x— =z°=:ns(x)
o € 9

where as usual C, C1, are some constants. Then eG@) < em@) if x > 0 and
eG@) < en2(®) if » < (. So, we can write

oo G(x) oo G(x)
/ C  de §/ c dx
oo 02(2) oo €

A2 2)\b

0 —z—2x +oo —z(1+22) b) ez
< Kl/ eidx—&-Kg/ ¢ @+ o« oo
0

9 3

— 00

where K7 and K> are constants. Besides,

0 0 0
/ e C@ dg / e () gy — Kl/ e gy = 400,
— 00 — 00 — 00

¥ o) T @) T ez 2y
e ) dx e ™M dy = Ky e’V (ax + b)) o dx = 4o0.
0 0 0

Y

v

O
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7. Some examples

Now we analyse some particular specifications for o. The first two are present
in the original Hobson-Rogers paper and in other related papers (see [12]), while
the third is suggested by the fact that affine processes are very often used in
mathematical finance, and they have a well-established theory.

7.1. The case o(P) = min{va + bP?, N}
This example comes from the original Hobson-Rogers paper [12]:
o(P) =min{va+bP?, N} (7.1)

where a > 0, b > 0 and N > 0 are some constants. As o satisfies Assumption 6.3
for each possible value of a,b, N > 0, we can calculate the function G(z):

G =~ —w) - [ 2

U
w0 02 (1)

When = < /& Zb_a7 the function G(z) becomes

A
z—x—me—Q—Ll

 2Xu 2\ f2? ozl

G(z)=—(x —x9) — Wdu:(xo—x)——( 0)
Zo

where L; is a constant. In this case the function u(z) is equal to

2 2.2
oG(@) e 5z (e+3x)

wlx)=0C e =K Iz =K

where K and K, are constants. When = € {— szfa, + N2a}, the function

G(z) is

r 2 \u A
G((E) :—((E—l’o)—/\/Nza mdu:—x—zln(a—kbﬁ)—}—[;g
—y/ e

where Lo is a constant. The function u(z) is equal to

e~ (a+ ba?)" 7 2

) =Ko——— 72 = Kse ®(a+bz?) 57!

() 2 2e”"(a + bx”)

where K is a constant. Now we see the case when z > 1/ 2{“. In this case the

function G(z) is

2 u A
Glx) = —(z — o) - /¢ D= 2= 25 + L
b

for some constant Ls. Then

n(w) = Ks
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where K3 is a constant. The function p(z) must be continuous at the points
N2—

_ N2—q
ry = — b

lim p(r) = hm w(z),

T—T]

and x5 =

V.B. Hallulli and T. Vargiolu

z—z)

T—T,

¢ so that at this point we have

and lim p(z) = hm w(x),

z—xf

that implies
AN2—a) N2
bN2 A

Ky = Kie~ TN, Ky =K.
In conclusion, the invariant density is

>\(N —a) N2

@) Kiew w7 ~axNTe#(a+ba?) v o] < /XM=
H\T) = 2 2.2
- Ly (z+ ) _
K€ NN2 2x |(E|2 /%.

For the mean and the covariance of the process P under the invariant measure,
there is not an explicit form. For this reason, a numerical calculation is required.

Ezample. As in [9], we take

a=0.04, b=02, AX=1, N=1,
so we have
do b(N2 —a)
L= = = 0.4381
itelg I N 0.438178
and
M = sup |— | = = 2+/b( —a) = 0.876356,
z€R

then we have

E[P] = —0.022293, Var[P] = 0.022437.
We want to find R such that (5.5) is verified for e = 1072. If J = 1 (as is often
the case), by taking different maturities, we find these results both for a general
path-dependent claim as for a European one:

path-dependent claim European claim

T | c(L,M,T) R (L, M,T) R
0.25 | 5.724000 3.971457 | 2.844000 | 3.611457
0.5 7.608000 5.157957 | 4.728000 | 4.437957
1.0 | 11.376000 8.943957 | 8.496000 | 7.503957
2.0 | 18.912000 | 22.167957 | 16.032000 | 19.287957
3.0 | 26.448000 | 42.927957 | 23.568000 | 38.607957
4.0 | 33.984000 | 71.223957 | 31.104000 | 65.463957
5.0 | 41.520000 | 107.055957 | 38.640000 | 99.855957

In this case, if we want to make an error of less than ¢ = 10=2 in pricing (for
example) a 6-months contingent claim, we have to observe the underlying asset
for at least 5.15 years in the case of a path-dependent contingent claim and at
least 4.43 years in the case of a European contingent claim.



Robustness of the Hobson—Rogers Model 485

Of course the situation can change, depending on the parameters. Take for
example (always from [9])

a=049, b=245 =1, N =2.236068.
Now we have
2
L =sup = 1.486573, M =sup |—| = 6.648158
rz€ER a rER ox

and

E[P] = 1.281530, Var[P] = 2.674600.
If again we want to find R such that (5.5) is verified for ¢ = 1072 and J = 1,
this time we find these results both for a general path-dependent claim as for a
European one:

path-dependent claim European claim

T | e(L,M,T) R (L, M,T) R

0.25 | 67.797000 | 14.121001 | 34.648500 |  9.977439
0.5 | 91.396000 | 28.495376 | 58.247500 |  20.208251
1.0 | 138.594000 | 74.943376 | 105.445500 |  58.369126
2.0 |232.990000 | 238.636376 | 199.841500 | 205.487876
3.0 |327.386000 | 496.725376 | 294.237500 | 447.002626
4.0 |421.782000 | 849.210376 | 388.633500 | 782.913376
5.0 |516.178000 | 1296.091376 | 483.029500 | 1213.220126

In this case, if we want to make an error of less than ¢ = 10=2 in pricing (for
example) a 6-months contingent claim, we have to observe the underlying asset
for at least 28.49 years in the case of a path-dependent contingent claim and at
least 20.20 years in the case of a European contingent claim.

7.2. The case o2(P) = 2tbP”

ctd' P?
Consider o of the form )
o2(P) = a+bP
¢+ d P2
where a, b, ¢, d’ are some positive numbers. As o satisfies Assumption 6.3 for each
possible value of a, b, ¢, d’ > 0, as in the previous section we calculate the function

G:
—(z — =g —2)\/ du— x—)\/

Ac bzﬂlld A’ /bzﬂla—}—bu —a
b

c—|—d’u2
a + bu?

+d/2

Glz) = Ca+bu?

du? + ¢

d(bu® +a) +

- _x_? ba:nga & y_b_2 J:nga a+bu2
U
_ —x—%l(b 2) _ )I;d(bQ a) (ba® + a) + ¢z
A(be — ad’)

- '
= -2 Inbr?+a)— >I\)—621(1)ar,‘2 +a) + co. (7.2)
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The function p is

b ’ Ad’ 2
CeG(:zz) e*"”(ba:2 + a)fﬁ(bcfad ebe(bz +a)+c1
:U'(‘r) - 0_2(x) - a+bx?
c+d' z?

o= 2 (et 5kr)? (ba? + a) % (be—ad)—1

c+ dxz?

= K

(7.3)

and it is the density of the unique invariant measure of the process P. Also in this
case, we cannot calculate explicitly the mean and the variance of the process P,
so a numerical integration is again required.
Ezample. We take

a=0.452, b=23.012, c=1.0, d =0261, X=1.02.

We calculate the Lipschitz constants L and M for the functions o and ¢2. We have

do o2
L=sup|—|=122302 and M =sup|—| = 3.67938.
z€R | 0T zeR | O
In fact, denote
_ !
k() = do(x) (be — ad')x

9r  (c+d'z®)iva+ br?

« . . — A’ 12 42 >
which reaches its maximum for z = :I:\/ d'aty id% tdabed’  Tlep

—d'a+ Vd?a? + 4abed’
L=k(+ \/ o )| =1.22302

Similarly, let us denote

do?  2(bc —ad)x

90 = Br = Ter dar®

which reaches its maximum for z = 4./ 3—‘;, Then

c 2|bec — ad'| /3%
M=l|g(+£,/—)|=——V3d _3657938.
’9( 3d’)’ (c+d35)?

‘We obtain
E[P] = —0.324053, Var[P] = 0.612203
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and we have these results respectively for a path-dependent and for a European

contingent claim:

path-dependent claim European claim

T | (L, M,T) R (L, M,T) R
0.25 | 38.245077 9.499770 | 15.808408 6.750178
0.5 46.574596 | 16.228215 | 24.137927 | 10.729032
1.0 63.233633 | 35.809752 | 40.796964 | 24.811385
2.0 96.551707 | 99.471410 | 74.115038 | 77.474675
3.0 | 129.869782 | 195.797846 | 107.433113 | 162.802745
4.0 | 163.187856 | 324.789061 | 140.751187 | 280.795593
5.0 | 196.505930 | 486.445055 | 174.069261 | 431.453220

7.3. The case 0(P) = a + bP

Suppose that the process P is a so-called affine process [5], i.e., o is given by

o?(P)=a+bP (7.4)
where a and b are two arbitrary constants. So, Equation (6.1) becomes
dP(t) = (— (g + /\) P(t) — g) dt + \/a+ bP()dB(t). (7.5)

Clearly, there is a solution to (7.5) when the process a + bP(t) is non-negative for
all t. So, the domain D implied by the non-negativity is

D={x€R:a+bx >0}

We will therefore need to assume, in effect, that the process a + bP(t) has a suf-
ficiently strong positive drift on the boundary point x = —¢. Under the following
assumption, we have a unique (strong) solution for the stochastic equation (7.5).

Assumption 7.1. We assume that 2Xa > b2.

In fact, for 2 such that a+bx = 0,b[—(3b+ )z — 3a] > §7 i.e., equivalently
(14 2)z + (1+ %) <0, this implies 2Xa > b%. See [5].
Theorem 7.2. Under Assumption (7.1), there is a unique (strong) solution P of the

stochastic differential equation (7.5) in the domain D. Moreover, for this solution
P, we have a + bP(t) > 0 for all t almost surely.

Since o is not Lipschitz, we cannot apply Theorem 4.1, but we have to for-
mulate an analogous result here.

Theorem 7.3. If the coefficient o satisfies (7.4), then for t € [0,T] we have

E| sup [X(u)— i(u)ﬂ < [3IE|P(O) — P(0)]? + %f)zt ec(0: 1)t (7.6)

0<u<t
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where 0 is an arbitrary parameter and c(0,T) = [3(% + )%+ %} T + 10620, and
- - 5b2 /
E|X(t) —2(t)]? < [3IE|P(0) — P(0)]? + Wt} eC T (7.7)

where 6’ is an arbitrary parameter and C(0',T) = %(T +50') +3(2 + N)?2T

Proof. We have that

| sup (500 - S

0<u<t

< B swp |20 - Z@P| +E | swp 1P) - PwR| = )+ 2

0<u<t 0<u<t

For the first term we have

(1) E { sup

0<u<t

+ / (VaT PG — ya+ b)) aw(s)

/ b(P P(s)) ds 2
/ou (Va PG — /ot bP(s)) W (o) ]

b2 t 2 2 ‘ — P S S
> /E|P() P(s)| ds+8b/0E|P(s) P(s)| d

1 u .
—5/0 b(P(s) — P(s))ds

IN

sup
0<u<t

+2E

IN

2

(%T+ 4b29> / E|P(s) — P(s)|? ds + %t,
0

IN

where in the third line we apply the inequality
’\/a—&—bP— \/a—&—blf" < b\/|P - P|
and in the last line the inequality

_ 1
P—-P<-|P-P?+
PPl < UP— PP
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which holds for any real number § > 0. Then,

@ = E { sup [P(0) — P(0) - (g + A) /OU(P ~ P)ds

0<u<t

o [ (vawoE - areR)awor]

2 t
< 3]E|P(O)—F’(0)|2+3<g+)\> T/ E|P — P|%ds
0
t
+12/ E|va+bP — Va + bP|*ds
0
. b 2 t .
< 3E[P(0) — P(0)]* +3 (5 +)\> T/ E|P — PJ? ds
0

t B 2
+6b20/ E|P — P|?ds + %t
0

- t 5 6b2
— 3E|P(0) — P(0)]2 + / E|P — Pl2ds + 1.
0

b 2
4 2
3<2+)\> T + 6b°6 7

Then

1062

E [ sup |Z(u)—2(u)2} < 3E|P(0)—P(0)|*+ 7 t+c(97T)/O]E|Z(s)—i(s)|2ds.

0<u<t

Similarly as in Theorem 4.1, the result follows from Gronwall’s lemma applied to
0(t) = E [supoe,ze [S(w) = S@)?] O

The parameters 6 and 6’ which minimize the right-hand side of Equation (7.6)
and Equation (7.7) are

) —5b%t + \/ 25b42 + 3E|P(0) — P(0)? o 1 0
3E[P(0) — P(0)2 ’ 4

Now we calculate the function G(x). The inequality a + bx > 0 is equivalent to

T > —% if b> 0 and tomg—% if b < 0. Consider the case b > 0.

Gx) = —(H%)_/x 2w

_ea+ bu
2\ 2Xa 4ha a
So, the function u(x) is
eCG(@) e’(H%)z(a + ba:)%a

,u(a:):COQ(x) =K a+bx
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where K = C'e™ %" % is constant. For u(x) to be a density, the quantity

/ e 87 (g 4 ba) % o

a
b

must be finite. This is true if (14 2>‘) > 0 which is always true, and % —-1> -1,
ie,a>0.

Now we analyze the case b < 0. In this case z < —¢, then,

Cw— )_/"E 2 u
0 + bu

G(z)

(2B

n(bz +a) + C4

where in the first line we change the variable of integration to y = a + bu and C}
is some constant. Similarly, as in the case b > 0, the function u(x) is a density if

/73 e*(lf%)w(a + bm)_%a_ldx

oo

is finite. This is true when (1 — 2*) < 0 (equivalently, when b > 2\ > 0), and

215‘2“ 1 > —1. But this is absurd because we supposed that b < 0. In conclusion,

p(x) = K'e” 0507 (g 4 ba) 3

is an invariant density for our process P in (—#,4-00) if and only if a > 0 and
b > 0. In this case we can calculate the marginal mean and variance for the process
P under the invariant measure. For the mean we have that for all t € R,

E[P(t)] = / xKe*<1+%>Z(a+bx)%“—1dx

= / Ke (4% )x( + bx) W dr — %
%
2)a a
— —(1+2)z 51 _
o+ 2N %Ke )% (4 ba) W da i
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Now we calculate E[P%(t)]:

o0
BIPY(0] = szei(pri_g)z(a +ba) dx

a
b

2\a _

1 o0
= b—z/ K(bx—&—a—a)ze*(pr%)w(a—&—bm) v Ly
%

= b%/ Ke~ 4302 (q 4 ba) " Hldz
¢

2 o0 a 2
- /g Kem (i (a4 ba) ' do + 2
2Xa + b? 2 a 4ha? a?

R2(b+20)(1+2) B> b2(b+2)) b
a?+2xa  ala+2))

(b+2X)2 (b4 2)X)2°
So that, the variance of the invariant measure of the process P is equal to
2)a

Var[P(t)] = E[P*(t)] - E[P(t)]* = [CENek
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PDE Approach to Utility Maximization for
Market Models with Hidden Markov Factors

Hideo Nagai and Wolfgang J. Runggaldier

Abstract. We consider the problem of maximizing expected utility from ter-
minal wealth for a power utility of the risk-averse type assuming that the
dynamics of the risky assets are affected by hidden “economic factors” that
evolve as a finite-state Markov process. For this partially observable stochastic
control problem we determine a corresponding complete observation problem
that turns out to be of the risk sensitive type and for which the Dynamic
programming approach leads to a nonlinear PDE that, via a suitable trans-
formation, can be made linear. By means of a probabilistic representation we
obtain a unique viscosity solution to the latter PDE that induces a unique
viscosity solution to the former. This probabilistic representation allows us to
obtain, on the one hand, regularity results, on the other hand, a computational
approach based on Monte Carlo simulation.

Mathematics Subject Classification (2000). Primary 93E20; Secondary 91B28,
49L20, 49L25.

Keywords. Portfolio optimization, hidden Markov factors, stochastic control
under partial information, risk-sensitive control, HJB-equations, viscosity so-
lutions.

1. Introduction

We consider a market model with one locally riskless security and a certain number
of risky securities. The goal is to find an admissible self-financing investment strat-
egy that maximizes the expected utility from terminal wealth at a given maturity
and with a power utility function of the risk-averse type.

We assume that the dynamics of the risky assets are affected by exogenous
“economic factors” that evolve as a finite-state Markov process. We allow these
economic factors to be hidden, i.e., they may not be observed directly. Information
about these factors can therefore be obtained only by observing the prices of the
risky assets.
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Our problem is thus of the type of a partially observed stochastic control
problem and we shall determine its solution by solving a corresponding complete
observation control problem. After discussing some problems that arise for a com-
plete observation problem based on unnormalized filter values, we construct an
equivalent complete observation control problem, where the new state is given by
the pair (p¢, Y) consisting of the conditional state probability vector (normalized
filter) p; for the hidden factor process and of the log-asset prices Y;. This pair
forms a Markov process also in our more general setup where the coefficients in
the security price dynamics are nonlinearly dependent upon the factors. The equiv-
alent complete observation control problem turns out to be of the type of a risk
sensitive stochastic control problem. It is approached by the method of Dynamic
Programming (DP) that leads to a nonlinear HJB equation. Applying a transfor-
mation that is by now rather classical, this nonlinear HJB equation is transformed
into a linear one. By means of a probabilistic representation as expectation of a
suitable function of the underlying Markov process (p, Y;), we obtain a unique
viscosity solution to the latter PDE that induces a unique viscosity solution to
the former. This probabilistic representation allows us to obtain, on the one hand,
regularity results on the basis of classical results on expectations of functions of
diffusion processes; on the other hand, it allows us to obtain a computational ap-
proach based on Monte Carlo simulation. This latter computational approach is
important since, as we shall show, an explicit analytic solution is very difficult to
obtain in the given setup.

Portfolio optimization problems under partial information are becoming more
and more popular, also because of their practical interest. They have been studied
using both major portfolio optimization methodologies, namely Dynamic Program-
ming (DP) and the “Martingale Method” (MM). While DP has a longer tradition
in general, also MM has been applied already since some time for the cases when
the drift/appreciation rate in a diffusion-type market model is supposed to be an
unknown constant, a hidden finite-state Markov process, or a linear-Gaussian fac-
tor process. Along this line are the papers [8, 9, 10, 22] and, more recently, [5, 20].
The case when the volatility is driven by a hidden process is studied in [16]. Af-
ter the early paper [3], a DP-approach for a finite-horizon linear-Gaussian model
with one unobserved factor that is independent of the risky asset has been used
in [18]. In this latter paper the author also ends up with a nonlinear PDE. How-
ever, instead of using a transformation to reduce the equation to a linear one, the
author introduces an auxiliary problem of the linear-quadratic type and obtains
from the latter the solution of the former problem. When investment decisions are
modelled to take place in discrete time, the entire portfolio optimization problem
reduces to one in discrete time and here a DP-approach under partial information
can be found in [19]. A risk-sensitive finite horizon control problem under partial
information for a general linear-Gaussian model has been considered in [13] where,
by solving two kinds of Riccati differential equations, it was possible to construct
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an optimal strategy. The results are extended to the case of infinite time hori-
zon in [15] by studying the asymptotics of the solutions of inhomogeneous (time
dependent) Riccati differential equations as the time horizon goes to infinity.

In relation to the literature as described above, in the present paper we con-
sider the portfolio maximization problem under a hidden Markov setting, where
the coefficients of the security prices are nonlinearly dependent on economic factors
that evolve as a k-state Markov chain (Section 2). The problem is reformulated in
Section 3 as a risk-sensitive stochastic control problem under complete observa-
tion, and in Section 4 an optimal strategy is constructed from the solution of the
corresponding HJB-equation.

2. Problem setup

Let us consider a market model with N +1 securities (SY, S;) := (S?, S}, ..., SN)*,
were S* stands for the transpose of the matrix S, and an economic factor process
X, which is supposed to be a finite state Markov chain taking its values in the
set of the unit vectors E = {e1,ea,...,ex} in RF. The bond price SY is assumed
to satisfy the ordinary differential equation:

dsy =r(t, S)Spdt, S§=s",
where r(¢,.5) is a nonnegative, bounded and locally Lipschitz continuous func-
tion in § € RY = {(z',...,2");2" > 0, i = 1,2,...,N}. The other security

prices S{, i = 1,2,..., N, are assumed to be governed by the following stochastic
differential equations:

dSi = Si{a’(t, Xy, Sp)dt + 1 bi(t, Sp)dWY
S¢=s' i=1,...,N,
where the a’(t, X, S) and b}(t, S) are bounded and, for each ¢ and X, locally
Lipschitz continuous functions in S, b is uniformly non degenerate, i.e., 2*bb*z >
cz|?,Vz € RV, 3¢ > 0 and W; = (W{);j=1,..n is an N-dimensional standard
Brownian motion process defined on a filtered probability space (2, F, F;, P) and is
independent of X;. The Markov chain X; can be expressed in terms of a martingale
M; of the pure jump type, namely
dXy = A(t) X dt + dM;,
Xo = 57

(2.1)

where A(t) is the @ matrix (transition intensity matrix) of the Markov chain and
¢ is a random variable taking its values in E. Set

G = U(Su”-’/ < t)

and let us denote by h¢, (i = 0,1,..., N) the portfolio proportion of the amount
invested in the i-th security relative to the total wealth V; that the investor pos-
sesses. It is defined as follows:
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Definition 2.1. (h9, h;) = (h?, hi, k2, ... hN)* is said to be an investment strategy
if the following conditions are satisfied.

i) hy is an RN-valued G;-progressively measurable stochastic process such that
N
> hi+hi=1.
i=1

i) P([ |hs|?ds < 00) = 1.

The set of all investment strategies will be denoted by H(T'). When (hY, hj)o<i<T €
H(T'), we shall often write h € H(T') for simplicity.

For given h € H(T'), and under the assumption of self-financing, the wealth
process V; = V;(h) satisfies

dv; _ N Z.dsf
V;‘, - Zi:() t SZ
= hOr(t, Sp)dt + Yo7 hifal(t, Xy, Sp)dt + 300, bi(t, Si)dW'}
Vo = .
Taking into account i) above, V; turns out to be the solution of
dVv;
Vt = r(t, Sp)dt + hi(a(t, Xi, S¢) — 7(t, Sp)1)dt + hib(t, S;)dWy,
t
Voo = v,
where 1 = (1,1,...,1)*. Our problem is the following. For a given constant u < 1,

u # 0, maximize the expected (power) utility of terminal wealth up to the time
horizon T', namely,

T T) = BV (h)*] = Ele Ve 0], (2.2)
where h ranges over the set A(0,T") of all admissible strategies that will be defined
below in (3.13).

We consider here the maximization problem with partial information, since
the economic factors X; are, in general, not directly observable and so one has to
select the strategies only on the basis of past information of the security prices.

3. Reduction to risk-sensitive stochastic control under complete
information

There are a priori more possible approaches to determine an equivalent complete
observation control problem. One may base it on a Zakai-type equation for an
unnormalized filter. One may however also base it on normalized filters. Each
approach has its advantages and disadvantages, the major advantage for the Zakai-
type approach being that the dynamics are linear. In Subsection 3.1 we first discuss
such an approach in a form related to [13] and show that, in our setting, an
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explicit solution is difficult to obtain despite the linearity of the dynamics for the
unnormalized filter. Although we therefore abandon this approach in favour of one
based on normalized filter values, we still wanted to discuss it here because it forms
a basis for the other approach that will be derived in Subsection 3.2 and that is
related to [13] and [15]. We want to point out that, in the given setup, the standard
approach leading to the so-called “separated problem” fails because of questions of
measurability with respect to the full and the observation filtrations and the fact
that in a crucial expectation there appears the product of the function of interest
with a Radon-Nikodym derivative (see (3.5) and the comment preceding (3.6)).

Before discussing the individual approaches, let us introduce some notation
and expressions that will be used in the sequel.

Let us set

Y} =logSi, i=0,1,2,...,N,

with ¥; = (Y1, Y2,...,YN)* and e¥ = (¥, .. .,eYN)*. Then
dY? = R(t,Y;)dt

and
dYy = A(t, Xy, Yo)dt + B(t,Yy)dWr, (3.1)
where - ' -
A(t,z,y) = a'(t,xz,e¥) — %(bb*)”(t, eY),
Bi(t,y) = bi(t,eY), R(t,y)=r(t,e¥).
Putting

n(t, z,y, h) := 1_Tﬂh*BB*(Ly)h — R(t,y) — h*(A(t,z,y) — R(t,y)1), (3.2)
with 4 4
A'(t,z,y) = a'(t, z,eY),
by It6’s formula we see that
AV} = VI {—un(t, X, Yi, he)dt + phiB(t, Yi)dW:}, Vo = ok, (33)
and so
V= vt exp{—p fg n(s, Xs, Yy, hs)ds
[ R B(s, Yy)dW, — & [ hiBB* (s, Yy)hods}.

3.1. Approach via a Zakai-type equation

Given our assumptions on the boundedness of the coefficients, let us introduce a
new probability measure P on (2, F) defined by

dP

ap|_ =
Fr

where

pr=e" S A" (4, X, (BB*) "' B(t,Yy)dW,— % [ A*(BB*) "' A(t,X,Y:)dt
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Under the probability measure P,
t
W, =W, +/ B*(BB*) (s, Y.)A(s, X,,Ys)ds
0

is a Brownian motion process and Y; satisfies
dY; = B(t,Y;)dW,. (3.4)

The criterion (2.2) can be rewritten under the new probability measure as

S EVE
— 1, E[e w (s, Xs,Ye,ha)ds+p [T h*B(s,YS)dVVS—ﬁj'OT h:BB*(s,YS)hsdsp;l]
u
=1, E[e w T n(s,Xs,Ye,he)ds+ [T Q (5,Xs,Ys,hs)dYs— 3 [] Q*BB*Q(S’XS’YS’hS)dS]
u

(3.5)
where
Q(ta Xtv Y;fv h’t) - (BB*(tv Y;f))ilA(tv Xta K) + ,uht

Since the argument of the expectation in (3.5) is of the form of a Radon-Nikodym
derivative multiplied with the function of interest, we shall treat it as a whole
considering the process

Hy = exp{—p [} n(s Xs,Ys,h ds+f0 (s, Xs, Yy, hy)dYs

3.6
2 Jo Q*BB*(*%}/?)Q(‘%X%Y97h9)ds} ( )
and
= E[H: X{|G],
where X} = 1¢..1(X¢). Then
k k
E{V{'} = v*E{E[Hr|Gr]} = v* Y E{E[Hr X}|Gr]} = v"ELY ar}  (3.7)
i=1 -
where (see Corollary 3.3 in [1]; see also Section 7.3 in [4]) the ¢} satisfy
dq; = (A(t)qt)zdt_ﬂ’n(t? €Z7K,ht)q§dt+q;Q*(t, eivyzvh’t)inV (38)

@ = pi=PE=e), i=12,...,k

Next we give some arguments to show that, as mentioned in the introduction, an
explicit solution to the problem (3.7) and (3.8) is difficult to obtain.

Set ¢ = (q}). Then (g, Y;) can be regarded as the controlled process for the
stochastic control problem of maximizing the criterion

k
J =By dr)
i=1
Let us introduce the value function

w(t7qa y) = bup E{Z QT

heAT) 3
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where, analogously to A(0,T), A(t,T) denotes the admissible strategies over the
interval [t,T], ¢i(t), t < s < T is a solution of (3.8) with the initial condition
qi(t) = ¢" and Ys, t < s < T, is a solution of (3.4) with initial condition Y; = 3.
The Bellman equation for w then becomes
% 4 qup, Ly(Wyw=0, t<s<T, (qy)€][0,00)k xRN,
k i
w(T,q,y) =321 4"
where
P 2 . . 2
Ls(h’) = % Zi,j [BB* (87 y)]” % + Z@j ql [Q*(sv €Y, h)B(sv y)]j 3q?—3y3
. - 2
+% Zi’j qu* (87 €Y, h)BB*Q(Sa eja Y, h)q] aq(?—aqj
+ 3 {la" M) = (s, ey, h)g'} -
As can now be easily seen, an explicit solution of this Bellman equation is rather
difficult to obtain and so we abandon this approach in favour of one based on the

normalized filter that will however continue the main line of the arguments of the
present section.

3.2. Approach based on the normalized filter

In order to derive the corresponding full information control problem we put

pi=P(X:=elGy), i=1,...,k, (3.9)
and use the notation
k
F(5,ps,9,0) = > f(s, €.y, h)pl, (3.10)
i=1

for a given function f(s,z,y, h) on [0,7]x Ex RN x RN while the defined function
ison [0,T] x Ag—1 x RN x RN with Ay_; the (k — 1)-dimensional simplex
Ak’—l = {(dlad27"'7dk);d1 +d2++dk = 1, 0 < di < 1a 1= 17ak}
It is known that these (normalized) conditional probabilities pi, i = 1,2,...,k,
satisfy the equation (“Wonham filter”, see [11, 21])
dp; = (A(t)py)'dt + pi[A*(t,ei, Ye) — A*(t,pr, Y2)]
[BB* (ta Y;)]il [dY;f - A(tapta Y;)dt]a
namely,
dpe = A(Oprdt + D(p)[A° (1, Yi) — 14" (t,pr, V1)
where A(t,Y) is an (N x k)-matrix defined by A(t,Y) = (A%(t,e;,Y)) and D(p)
is a diagonal matrix of which the component in position ii is p’.
In full analogy with (3.6) we now define

Hy = exp{—p [J 0(s,ps, Ys, hs)ds + [§ Q*(5,ps, Vs, hs)dY,
~3 J§ Q*BB*(5,Y.)Q(5, ps. Yo, h)ds}.

(3.11)

(3.12)
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We then have
d(ﬁtpé) = f[tdpé ‘*‘Pédﬁt + d<-Hapi>t
= Hi(A(t)pe)'dt
+H I A*(t, €5, Y2) — A* (£, py, YOI BB* (£, Y2)] "L dY; — A(t, py, Yy )dt]
—pHpin(t, pe, Yo, he)dt + HypiQ* (¢, pr, Ye, he)dYy + d(H, p'),
= (A(t)Hpy)'dt — pn(t, eq, Yo, he) Hyplidt + HypiQ* (¢, eq, Yy, he)dYs,

where the last equality is obtained from noticing that, given the previous defini-
tions, the following three equalities hold:

d{H,p"); = prt[fi(t e, Yy)* — A(t,pt,Yt)*][BB*]_lfi(t pt, Yz )dt
+Hpiphi[A(t ei, )" — A(t, py, Yy)*]dt;
—un(t, €5, Ye, he) Hypidt + pn(t, py, Yo, he) Hypidt
= Hipluht[A(t, e, Yy)* — A(t,py, Yi)*]dt;
Htpt["zl(t i, Yi)* - A(tvptv Yt)*][BB*]_l[dYt - A(tvptv Yt)dt]
+HpiQ(t, pr, Yy, hy)* Y,
= HipiQ*(t, €5, Ys, h)dYs — Hypi[A(t, e;,Yy)* — A(t,pr, Y2)*|[BB*] T A(t, pt, V).

Therefore, we see that ¢! = fftp};, thus showing that ¢! are indeed un-normalized
conditional probabilities and

E[Hr|Gr) =) gy = Hr.

We have thus proved the following proposition, which establishes the equivalence of
the original incomplete information control problem with the present correspond-
ing complete one. The latter has as state variable process the (finite-dimensional)
Markovian pair (ps,Y;) satisfying (3.11) and (3.4) respectively, and as objective
function %U“E‘[.FAIT], where Hp depends, see (3.12), on the chosen strategy h;.

Proposition 3.1. The criterion (2.2) can be expressed equivalently as
1 1, - 1 .
J(v;h; T) = —E[V}] = —v"E[Hp| = —v"E[Hr).
o o o

Notice that, for Markovianity, we have to consider as state variables in the
complete observation problem the pair (p:,Y;) and not just p; alone, because in
our original problem the coefficients depend on S; and therefore on Y;. Notice also
that the state-variable pair (p;, Y;) is finite-dimensional.

The criterion expressed in the rightmost equivalent form above can be shown
to be of the form of a risk-sensitive stochastic control problem in finite dimension.
To this effect let us introduce another change of measure with the Girsanov density
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defined by
dP

_ — CT — efOT Q*(Ssps’ys’hs)dys*%, OT Q" BB*Q(s,ps,Ys,hs)ds
dP

gr - .
— efoT Q*(Ssps’ywhs)B(saYs)dWs*% OT Q*BB*Q(SsPSsYs’hs)dS.

Notice that the new probability measure P depends, through (7, on the chosen
strategy h:. In order that P is a probability measure we have to require that the
set A(0,T) of admissible strategies is given by

A0,T) = {h e H(T) | E{Gr} = B{prér} =1} (3.13)
Under the probability measure P we now have that
t t
W, = / B (s, Ys)dY; — / B*(5,Y:)Q(s,ps, Ys, hs)ds
0 0

is a standard G;-Brownian motion process and we have

d}/; = B(tvy;f)th +BB*(t7Y;5)Q(taptamaht)dt

- N (3.14)
B(t,Y:)dW; + {A(t,pe, Yy) + uBB*(t,Y:) hy }dt
and
dpe = DOIA (1Y) = 1A (1pe YOIBB (1 Y0) B YW,
+{A()pr + puD(pe)[A* (¢, Y;) — LA* (¢, pr, V) hy }dt. '
Since

1 o~ 1 - T
;v“E[HT] = ;v“E[eXp{—u/ n(s,ps, Ys, hs)ds}],
0

we are reduced to considering the risk-sensitive stochastic control problem that
consists in maximizing

1 B T
;U“E[exp{—,u/ n(s, ps, Ys, hs)ds}] (3.16)
0

subject to the controlled process (p:, Y;) on Ap_q X RN being governed by the
controlled stochastic differential equations (3.15) and (3.14) defined on the filtered
probability space (2, F, G, 15)

The solution to this latter complete observation problem forms the subject
of the next Section 4.

4. HJB-equation

For ease of notation, given t € [0, 7], let us now introduce for s € [t,T] the vector
process

ZS = [p87}/t€]*7 ps E Ak—la }/f e RN7
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so that, putting

B(s, Zs) = [ A(Iz(p?fs Y,) ] , a (k+ N)-vector
A*(s,Ys) — 1A*(s,ps, Ys)|(BB*) "1 B(s, Ys)

ofs, 2.) = { D(p,)

which is a (k + N) x N)-matrix and
Bu(s, Zs; hs) := B(s, Zs) + pa(s, Zs)B* (s, Ys)hs, a (k+ N)-vector, (4.1)
from (3.15) and (3.14) the dynamics of Z, on (2, F, G,, P) and for s € [t, T] become
{ AZ, = Bu(s, Zs; hs)ds + s, Z)dW,

B(s,Ys) ’

4.2
Z = - (4.2)

where the strategy h affects the evolution of Z, directly through the drift 8, and,
recalling the comment before (3.13), indirectly also through the measure P, ie.,
through Ws.

Recall now the objective function (2.2) and its representation in Proposi-
tion 3.1 and in (3.16) that are all defined for the initial time ¢ = 0. For a generic
t with 0 <t <T and for V; = v, Z; = z, put

J(t;v; 2,0 T) = lv“G(Lsz)
i

where, letting with some abuse of notation 7(s, Zs, hs) := n(s,ps,Ys, hs) with
n(s,ps, Ys, hs) as in (3.2) and with the notation as in (3.10), we define

T
G(t,z,h) = Et,z {exp [—u/t (s, Zs,hs)ds] } )

In view of the HJB equation put now
w(t,z):= sup log G(t,z2,h) (4.3)
hEA(t,T)
so that

1
sup  J(v; b T) = —vt e(0:%0),
heA(0,T) 2

Based on the definition of (¢, z, k) and the dynamics of Z in (4.2) with drift 5,
as in (4.1), we may now formally write for w(¢,z) in (4.3) the following Bellman
equation of the dynamic programming approach,

9w 1 Ltrlaa* D?w] + L(Vw)*aa*Vu
+supy, [Bu(t, z, h)*Vw + py*(t, z)h — (1 — p)h* BB*h|
+uR(t, z) =0,

w(T,z) =0,

(4.4)

where
v(t,z) = A(t,p,Y) — R(¢, 2)1.
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Given our assumptions that b is uniformly non-degenerate, the maximizing h
n (44) is

h=h(t,z) = —— (BB*)"!(t, 2) [B(t, 2)a*(t, 2)Vw(t, z) + y(t, 2)] (4.5)

I1—p
and (4.4) itself becomes
9w 4 Ltrlaa* D?w] + 5 L GTgE=) (Vw)*aa*Vw + &*Vw+ ¥ =0
w(T,z) =0
where, for simplicity of notation, we have put
O(t,z) = PB(t,z)+ tat,z)B7 (L, 2)v(t, 2)
\Ij(tvz) = /,LR(t,Z) m’}/*(t7Z)(BB*)il(LﬂZ)’}/(t,Z),

which is a nonlinear second order PDE. We shall now transform (4.6) into a linear
PDE by following a by now classical procedure (see, e.g., [6, 7]) and according to
which we put

(4.6)

v(t,z) = e W(t2)

With this transformation (4.6) becomes now

{ 9 + Ltrlaa* D) + ®*(t, 2) Vo + \P(t Z) =0
(4.7)
(T, z) =
It can now be easily seen that v(¢, z) is a viscosity solution for (4.7) if and only if
= (1 — p)logw is a viscosity solution for (4.6).

Notice that, in spite of the linearity of the PDE in (4.7), an explicit ana-
lytic solution is very difficult to obtain in our setting (to this effect see also the
Remark 4.2 at the end of this section). However, the linearity of the PDE leads
to a Feynman-Kac representation of the solution, which makes it then possible to
compute it numerically by simulation as we shall mention also below. Set then

T
@(m):Et,Z{exp [ﬁ/t U(s, Z,) ds } (4.8)

where Zs now satisfies, instead of (4.2), the following:
dZs = ®(s,Zs)dt , Zs)dWs
{ (5, Z2)dt + s, 2,) o)
Zt = Z

where Wy is a Wiener process and which, given our assumptions of bounded and
locally Lipschitz continuous coefficients with b uniformly non degenerate, admits
a unique strong/pathwise solution. A solution to this equation can rather easily
be simulated for the purpose of calculating then numerically the value of #(¢, z).

Finally, using also the boundedness of @, from Theorem 4.4.3 and Appen-
dix 7.7.2 in [14] it follows that (¢, z) is the unique viscosity solution for (4.7) and,
consequently, @ = (1 — p)log v is the unique viscosity solution for (4.6). Thus we
have the following proposition.
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Proposition 4.1. Under the assumptions in Section 2, Equation (4.6) has a unique
viscosity solution w and it is expressed as w(t,z) = (1 — p)log®, where v is the
function defined by (4.8).

Under stronger assumptions on 7, a’, b; such that they are C? functions with
derivatives of polynomial growth we have by Theorem 5.5 in [2] that (¢, z), and
therefore also w(t, z), are of class C? and with derivatives of polynomial growth.
The formal Bellman equation (4.4) becomes thus an equation having a classical
solution and the function h in (4.5) exists and h(t, Z;) is thus an optimal control.

We close this section with the following remark that is intended to better
explain why an explicit analytic solution to (4.7) is difficult to obtain.

Remark 4.2. We show here the expressions for the coefficients of the HJB equa-
tion (4.7) in the simplest case when the coefficients in the asset price dynamics (2.1)
are autonomous and do not depend on the asset price itself and the factor process
X is a two-state homogeneous Markov process with Q—matrix

* >\1 _)\2
(A )
Denote by p; the conditional state probability for state 1 in the generic period ¢,
ie.,
bt = P{Xt = €1|gt}~
We have now

aa*(p)
p’(1-p°)(a(er)—a(e2))’B™2  —p*(1—p°)(a(e1)—a(e2))’B~2  p(1—p)(aler)—a(ez))
=| -pP’(1-p°)(a(er)—a(e2))®B™%  p*(1—p®)(a(er)—a(e2))®’B™%  p(1—p)(a(es)—aler))
(a(er)—a(ez))p(1-p) (a(e2)—a(e1))p(1-p) B?
A1p—A2(1-p)
o(p) = —A1p+A2(1—p)

a(e1)ptale)(1—p)—%B?
p(1—p)(a(er)—a(e2))B~*(a(e1)p+a(e2)(1—p)—R)

+155 | pO-p)(alea)—a(e) B~ (a(er)pale)(1-p)~ R)
a(er)pta(es)(1-p)—R
W(p) = pR+ T [alep+alea)(1 —p) — RIPB,

and from here it can be seen that, even in this simple case, an explicit solution of
the HIB equation (4.7) is difficult to obtain.

5. Conclusions and computational remarks

Given our expected utility maximization problem for a power utility of the risk
averse type, where the coefficients in the asset price dynamics are driven by a
hidden finite state Markov process representing “economic factors”, we have first
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discussed a corresponding complete observation control problem based on unnor-
malized conditional probabilities (unnormalized filter) satisfying a linear Zakai-
type equation and shown that for this problem it is difficult to obtain an explicit
solution. We have then studied an equivalent complete observation problem based
on normalized filter values. For this problem we have studied the corresponding
HJB equation that has been shown to admit a unique viscosity solution that can be
computed as an expectation according to (4.8) and (4.9). Under sufficient regular-
ity assumptions this solution has enough regularity so that an optimal investment
strategy exists and can be computed from the solution of the HJB equation ac-
cording to (4.5). This strategy is a function of the process Z, = [ps, Ys]* formed
by the pair consisting of the filter p, in (3.9) for the unobserved factor process X,
and the log-prices Yj, all of which are accessible to the economic agent.

Since a solution can be obtained in the form of an expectation according
to (4.8) and (4.9), it can in general be computed by Monte Carlo simulation. This
is important since, as discussed in Section 4, also for the complete observation
problem based on normalized filter values an analytic solution is very difficult to
obtain.
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Generalizations of Merton’s Mutual Fund
Theorem in Infinite-Dimensional Financial

Models

Maurizio Pratelli

Abstract. This is a review paper, concerning some extensions of the celebrated
Merton’s mutual fund theorem in infinite-dimensional financial models, in par-
ticular, the so-called Large Financial Markets (where a sequence of assets is
taken into account) and Bond Markets Models (where there is a continuum of
assets).

In order to obtain these results, an infinite-dimensional stochastic in-
tegration theory is essential: the paper illustrates briefly a new theory intro-
duced to this extent by M. De Donno and the author.
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1. Introduction

The Mutual Fund Theorem (also called the separation theorem) is a central result in
the problem of maximizing the investor’s expected utility of the terminal wealth of
a portfolio of risky and riskless assets. It states that (under suitable assumptions)
the investor’s allocation decision can be separated in two steps.

In the first step, an efficient portfolio of risky assets is determined (the mu-
tual fund); and in the second step the investor decides the allocation between this
efficient portfolio and the riskless asset. The efficient portfolio is identical for all
investors regardless their attitude towards risk, as reflected by their utility func-
tions.

Before introducing the results, let us fix some notation.

This work is the result of discussions and collaboration with Marzia De Donno.
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We indicate by S; = (S7,..., Stn)0<t<T the available assets on the market.
We suppose that the riskless asset SY is always equal to 1: this simplifies the
exposition, since it avoids the introduction of the riskless interest rate, and is not
restrictive (this simply means that we consider discounted prices).

The risky assets (S})o<t<7 are supposed to be semimartingales adapted to
some filtration (ft)ogth on a probability space (Q, F, P).

The portfolio’s strategy H; = (HY, H},..., H}') is an (n + 1)-dimensional
predictable stochastic process such that the vector stochastic integral fot H,dS; is
defined: H} represents the number of assets S? held at time ¢, and the stochastic
integral is the mathematical representation for the gain from trade.

The (discounted) value of the portfolio at time ¢ is the random variable X; =
Z:‘L:o H}S!, and the portfolio is said to be self-financing if X; = Xo + fg H.dS,.

An alternative representation of the portfolio’s strategy is to consider the
(n + 1)-dimensional stochastic process u; where u! is the proportion of the capital
invested in the asset i. The process u; is also called the relative portfolio.

One has evidently

o= HiSo_ _HiS
X T S

This representation of the strategy is suitable when using control techniques:
since Y 1 ui =1, it is convenient to consider (uj,...,u}') as a free control and
consequently uf =1— 3" | ul.

In order to keep the exposition as simple as possible, we restrict ourselves
to the problem of maximizing the expected utility from terminal wealth (more
generally, one can consider the problem of maximizing the utility from consumption
and terminal wealth, take into account restrictions on the allowed strategies. .. ).

More precisely, we consider an utility function U : IR — [—o0,400[, and,
given an initial endowment z, the problem is to maximize IE[U(XT)] over all
possible random variables X , where X is the value at time T of a self-financing
portfolio with Xy = .

We consider the case where U(x) = —oo for z < 0 (negative wealth is not
allowed), and for positive x, the function U satisfies the so-called Inada conditions:
it is strictly increasing, strictly concave, continuously differentiable and U’(0) =
lim, o4 U'(z) = 400, U'(+00) = limy 100 U'(x) = 0.

After previous results by Markowitz in the context of a single period model
(see [26]), the continuous time version was proved by Merton ([28, 29]) in the
case where asset prices are diffusion processes with constant drift and volatility
coefficients: many extensions were subsequently given in terms of various incom-
plete markets (and with constraints on the strategies) by several authors. See, for
instance, [6, 20, 21, 22].

Section 2 of the present review paper gives an outline of Merton’s original
method (without a complete proof) and Section 3 gives (almost as an exercise)
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an alternative proof based on stochastic integral representation of martingales in
a Brownian filtration.

Section 4 introduces infinite-dimensional models for financial markets and a
theory of stochastic integration explicitely developed for the investigation of these
models, while Section 5 exposes some extensions of the Mutual Fund theorem.

2. An outline of the classical proof

In this Section, we give an outline of Merton’s classical proof (based on stochastic
control methods), closely following the presentation given by Bjork (see [2, Chapter
19]).

The level of this section is heuristic: besides the original papers [28] and [29],
the interested reader can find an accurate presentation of Merton’s results (to-
gether with a concise introduction to stochastic optimal control) in the quoted
book by Biork.

According to the model of Samuelson—Merton—Black—Scholes, the risky assets
are supposed to satisfy the equation

n
dsi = §i (,f dt + 3 oy dwg’) (2.1)
j=1
where p = (p1, ..., pn) is a vector of R™, W = (W1 ... W") is an n-dimensional
Wiener process and ¢ = [Uivj}ijzl . is a n X n invertible matrix: under these
assumptions, the model is arbitrage free and complete.
By using (as in the previous section) the relative portfolio vy = (u},...,u?)
as a control, the equation of the corresponding porfolio value is
Therefore, X} is a diffusion process with infinitesimal generator
0 z? 2
A = zup— + —|o*ul? =.
; po o otul o

As it is usual in stochastic optimal control, one considers the optimal value function
V(t,x) = sup IE[U (X;““)}
ueld

where U is the class of admissible controls (in this case, all controls) and X"%" is
the process which starts from x at time ¢ and follows the dynamics given by (2.2).

Under suitable assumptions (obviously satisfied in this simple model with
constant coefficients) the function V is the solution of the Hamilton—Jacobi-
Bellman equation

{ %—‘t/ + SUPuemrd {A“V(t,x)] =0
V(T,z) = U(x).

Handling the HJB equation in practice, is given in two steps:
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e given (¢, ) and the function V', find u(¢, z, V') solution of
AV (t,z) = Inax [A“V (¢, 2)],

e solve the equation

Y 4 ATV (tz) = 0
V(T,z) = U(x).

The solution of arg max,cpgn (a:p, uV, + & ||0' ul|? Vm> is given by u =

Z_‘Z = (o-o- ) 1. Before summarizing these results in a complete statement, denote

a=>%", ((aa*)_lu)i and f = w. We have the following theorem (see [2,
Theorem 19.10]):

Theorem 2.1 (Mutual Fund Theorem). The optimal portfolio is an allocation be-
tween the riskless asset and a fund (more precisely a portfolio) which consists only
of risky assets and corresponds to the control f.

At each time t, the relative allocation of wealth between the fund and the

riskless asset is given by m7 (t) = —% and m°(t) = 1 — m/f (t).

In this simple situation with constant deterministic coefficients (the model
investigated by Merton) the solution of the H.J.B. equation is classical, but in more
general situations the solution has to be understood in the viscosity sense. For a
comprehensive presentation of recent advanced results in this direction the reader
can be addressed to the two interesting courses at “Scuola Normale Superiore”
given by N. Touzi and M. Soner (see [33] and [31]).

3. A proof based on stochastic analysis

From now on, we prefer to use the process H; (as defined in Section 1) for the
representation of the strategy, rather than the relative portfolio.

The starting point of this approach is that, if we indicate by X (z) the optimal
solution of the utility maximization problem, then U’ (X (m)) is proportional to the
density of the equivalent martingale probability (3—3).

The intuition for this statement can be given as follows: if K, is another
n-dimensional predictable process and we consider the strategy (Hs + L‘KS)7 we
have

E[U(X(x) +t/OT stss)] < E[U(X(x))],

and hence the derivative with respect to ¢, for ¢ = 0, has to be 0. More precisely,
d
OIE[U(X +t/KdS)}—]EU’ /de

0=—
whatever is the strategy K (provided that suitable 1ntegrab1hty conditions are

satisfied): necessarily U’ (X(a:)) (which is a positive r.v.) is proportional to (d—g)
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Obviously this intuition needs a rigorous proof: the most general formulation
(in the framework of incomplete markets) is given in [24].

Let us write the equation (2.1) in a vector form: given x € IR", we indicate
by D [x] the diagonal matrix D [X} = diag [ml, ceey x”]

The equation (2.1) can be rewritten as

The process W; = W, + o 'ut is a n-dimensional Wiener process under the
probability Q given by the formula

dqQ _ - L T
d—P—exp(—/O o H~dWs—§/ llo™" ]| ds).

Consider the scalar process Z; = H W;: Z is a one-dimensional Q-Wiener

1NH
process and X (z) = (U’)_l(yd—P) is measurable with respect to the filtration
generated by (Zt)0<t<T' Therefore we have the equality X(a:) =x+ fOT ~vsdZs,
where «, is a suitable scalar predictable process.

The equation (3.1) can be rewritten in the form

dW: - 71D[S } dst
We have therefore

5 T 4 1 T 9 1 1 1
X(z) = x+/ — o7 1u.dS, :x+/ ——2 o e D[—].dS,
) o To = 5

T
Vs

The result of Theorem 2.1 can be rewritten in this form: for every (w,t),
the optimal relative portfolio ui(w) is proportional to the vector (a’c‘r"“)f1 1 and
this is equivalent to saying that the optimal strategy Hy(w) is proportional to
(o'o' ) uD[ ] So we have obtained the mutual fund theorem.

In order to extend this method of proof to more general situations, it is worth
pointing out the essential steps:

e the value of the optimal portfolio X(w) exists and is equal to (U’)f1 (y%)
with a suitable positive constant y;

e the density of the equivalent martingale probability is measurable with re-
spect to a smaller filtration (gt) C (]—"t) and on this filtration there is a
stochastic integral representation property with respect to a (k-dimensional)
P-martingale (N;)o<t<T;

e the martingale (V;) can be written as the value of a portfolio (and identifies
the mutual fund).

Concerning the first statement, we have a general result given by Kramkov—
Schachermayer (see [24] Thm. 2.0 for details): let us first define the set of the
so-called equivalent martingale measures.
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Definition 3.1. We indicate by M the set of all equivalent probabilities Q with
the property that, for every strategy H, if the process Y; = fg H,dS; is uniformly
bounded from below, then it is a Q-supermartingale.

It is usually assumed that the set M is non-empty: this is in some sense
equivalent to an Absence of Arbitrage condition (see [12] and [13] for a more precise
formulation).

The result stated in [24] is the following: if the market is complete (more
precisely, if the set M is a singleton) then X () exists and is equal to () ! (y%)
(with a suitable positive constant y), for every positive z if the utility function
U satisfies an additional property (reasonable asymptotic elasticity), and given a
general utility function U if z is not too big.

4. Infinite-dimensional financial models

There are two situations, in stochastic models for finance, where infinite-dimen-
sional models are used: Large Financial Markets and Bond Markets.

Large Financial Markets were modeled in [4] as markets containing an infi-
nite, countable, set of traded assets, represented by a sequence of semimartingales
(Stn)ogth’ n=0,1,..., on a filtered probability space (Q, F, (F;)o<t<r,P).

In the Bond Market models, it is conventional to assume that at every time
t > 0 there exists a bond P(t,T") that matures at time T for ¢ < T < T™*: we have
in this case a continuum of stochastic processes (P(t, T))ogthgT*'

From the point of view of infinite-dimensional stochastic integration, much
attention has been devoted to Bond Market models: see for instance [3, 5, 15].

The usual approach is to model P(t,.) as a stochastic process with values
in a suitable (Hilbert) space H of continuous functions defined on [0,7*]: for
instance, in the papers [5] or [15], H is an appropriate weighted Sobolev space.
The natural space where the integrands should take values is the dual space H’',
and the quoted papers contain an adaptation of results of infinite-dimensional
stochastic integration.

A different approach was investigated by Bjork et al. (see [3]): they consider
the Bond price process as a stochastic process with values in the space of continu-
ous functions on [0, 7*], and develop a theory of stochastic integration where the
integrand ¢; takes values in the space of signed Radon measures on [0, 7*].

A different method was introduced by M. De Donno and the author in the
papers [10] for the case of a sequence of semimartingales and [11] for the case of
Bond Markets: we shall expose this approach in greater detail.

Let I be a set and consider an indexed family (St””)m el of semimartingales
defined on a filtered probability space (97}', (ft)ogthyP)I in our applications,
I will be IN or [0,7*] (and in the second case we impose that the application
x — S% is continuous with respect to the topology of semimartingales introduced
by Emery in [17)).
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We consider S = (5%),¢s as a stochastic process with values in the product
space IRT: when the latter is endowed with the product topology, its dual space is
formed by the finite linear combinations of Dirac’s deltas (d,).

We call simple integrand a process H of the form H(w,t) = .. H'(w,t) 64,
where z1,...,2, € I and every H' is a scalar-bounded predictable process: given
a simple integrand H, it is natural to define the stochastic integral

H,dS, = / > HidSL (4.1)
10,t] 104) <,

Note that a simple integrand is the mathematical counterpart of a real world

portfolio, which is based on a finite number of assets.

In order to obtain a larger class of integrands, it is convenient to introduce
processes with values in the set of non-continuous (unbounded) linear functionals
on IR’. Denoting by U the set of these unbounded functionals, we give the following
definition:

Definition 4.1. Let H be a U-valued process. We say that H is integrable with
respect to S if there exists a sequence (H™) of simple integrands such that

(i) H™ converges to H a.s;
(i) ( Ik H?dSs) converges to a semimartingale Y for the semimartingale topology.

We call H a generalized integral and define [HdS =Y.

The above definition needs some explanations: the statement (i) means that,
for a.e. (w,t), if z € DomH(w, t), then H"(w, t)(z) converges to H(w, t)(z). Almost
surely means outside of a set negligible for every semimartingale S*: a more precise
and formal definition can be found in [10] and [11].

It is clear that Definition 4.1 makes sense only provided that the limit semi-
martingale Y does not depend on the approximating sequence: this was proved
in [10] (Proposition 5.1) for the case of a sequence of semimartingales and [11]
(Proposition 2.3) for the case of Bond Market models.

We wish also to point out that the Definition 4.1 of an integrable process is
suggested by the notion of an integrable function with respect to a vector-valued
measure (see [12], Section IV.10.7).

In order to compare this approach of infinite-dimensional stochastic inte-
gration with the previously cited approaches, let us point out that in the finite-
dimensional case a fundamental result is the following:

Proposition 4.2. Let f be a positive function: [ satisfies an inequality of the form
f<z+ fOT H.dS; (with a suitable admissible strategy H and a positive constant
x) if and only if, for every Q € M, one has E® [f] <.

The result of Proposition 4.2 was proved by El Karoui and Quenez (see [16]) in
the case of diffusion processes, and by Delbaen-Schachermayer in the general semi-
martingale framework (see [12], and also [13] for a comprehensive presentation).
It is worth pointing out that this result is strictly linked to the so-called optional
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decomposition (proved, in the general semimartingale case, by D. Kramkov [23]):
in fact the optional decomposition is a more general result (the paper [30] by H.
Pham gives an infinite-dimensional version of this decomposition, in the framework
of jump-diffusion processes).

Proposition 4.2 is an essential step in the convex duality approach to the
utility mazximization problem, along the lines of the general papers by Kramkov and
Schachermayer ([24] and [25]). The very technical proof is based on two properties
of the (finite-dimensional) stochastic integrals:

(a) the so-called Memin theorem, which states that limit of stochastic integrals
(for the semimartingale topology) is still a stochastic integral;

(b) the Ansel-Stricker lemma, which states that, if M is a local martingale, H
is M-integrable and the stochastic process fg H,dM; is uniformly bounded
from below, then it is a supermartingale.

The extension of (a) is not satisfied by the approaches given, e.g., by Carmo-
na—Tehranchi or Ekeland—Taflin, while is satisfied with Definition 4.1. More pre-
cisely, we have the following result (see [10] and [11]):

Theorem 4.3. Let H" be a sequence of generalized integrands such that (f H"dS)
1s a Cauchy sequence in the space of semimartingales: then there exists a general-
1zed integrand H such that lim,,_ fH”dS = fHdS.

Unfortunately, the Ansel-Stricker lemma is false for generalized integrands
(see [10] and [11] for counterexamples). Therefore the definition of admissible strat-
egy has to be modified in the following way:

Definition 4.4. A generalized integrand H is called an admissible strategy if there
exist a constant  and a sequence of approximating elementary integrands H"
such that:

(i) fg H"dS; > z a.s. for every ¢;
(ii) the sequence [H"™dS converges to [ HdS for the semimartingale topology.

With this definition of admissible strategy, the results of Proposition 4.2 and
the convex duality approach of [24] and [25] can be extended to infinite-dimensional
models: see [9] for the case of Large Financial Markets and [11] for Bond Market
models.

It is worth pointing out that there are different papers which investigate,
by different methods, the problem of wtility maximization within a Bond Market
model: these are, for instance, the papers by Ekeland—Taflin (see [15]) or Ringer—
Tehranchi ([32]). The latter paper, in particular, obtains a mutual fund theorem.

5. Generalizations of the Mutual Fund theorem

Let us first insist more on the No Arbitrage conditions for an infinite-dimensional

model. When we have an infinite family of semimartingales (Sac)z cp» We indicate

by M the set of all equivalent probabilities Q such that, for every finite subset
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(z1,...,2,) C I, the property described in Definition 3.1 is satisfied by the n-
dimensional semimartingale (Sa“, .. .,Sm"): we suppose that the set M is non-
empty and we say that the market is complete when M is a singleton.

The integral defined in Section 4 (Definition 4.1), which satisfies a sort of
Memin’s theorem (Thm. 4.3) is a good mathematical tool in order to face the util-
ity mazimization problem in an infinite-dimensional market; and when the model
satisfies the properties listed at the end of Section 3, it is natural to expect that a
mutual fund theorem can be obtained.

For instance, the paper [9] contains such a theorem for the case of Large
Financial Markets, and [8] a similar result for the case of Bond Markets. Rather
than to enumerate such results, we prefer to develop an example in the case of
Large Financial Markets.

Let us first mention that these models were introduced by Kabanov and
Kramkov (see [18] and [19]) in order to study the existence (or non-existence)
of Asymptotic Arbitrage possibilities: to this aim, they model a Large Financial
Market as a sequence of finite-dimensional financial models.

But problems such as completeness or pricing of derivatives are hard to study
in this framework: to this extent, Bjork and Néslund (see [4]) choose to model a
Large Financial Market as a sequence of semimartingales defined on a fixed filtered
probability space and investigate the consequences of diversification of risk sources.

Let us examine in greater detail a Factor Model as introduced in [4]. We
assume that every asset price depends on a systematic source of randomness which
affects all the assets and on an idiosyncratic source of randomness which is typical
for that asset. In particular, we assume that the price processes evolve according
to the following dynamics:

dsi = §i_ (a,-dt + B;d N, + o—,-dwg‘)

where (Wi)izl is a sequence of independent Wiener processes and Nt =Ny — Xt
is a compensated Poisson process with intensity A (independent of W for all 7).
The Poisson process models some shocks which may occur in the market and
may affect all the assets. As in [4], the coefficients «;,(;,0; are constants: in
particular we assume that (;,0; > € > 0 for all 7 and that there exists M such
that sup;(|ail, 8i,0:) < M.

Bjork and Néslund studied the questions of No Arbitrage and completeness
and showed that an asymptotic well diversified portfolio can be defined (as limit
of a sequence of portfolios based on the first n assets), in order to complete the
market. The intuitive notion of well-diversified portfolio can be translated in a
more formal way into the definition of generalized integrand given in Section 4: a
thorough investigation of completeness (via the integral defined in the previous
section) was given by M. De Donno in [7]. Here, we want to analyze the problem
of utility maximization in order to obtain a mutual fund theorem.

We take as filtration (Fy)i<7 the (completed) filtration generated by the price
processes, hence by {(W?%);>1, N}. It is well known that every local martingale L
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has necessarily the form

L, = Lo+/ K dN, +Z/ HidW!, (5.1)

i>1

where K, (H');>1 are predictable processes and

/ |Kg|ds—|—Z/ (H))?ds < oo a.s. (5.2)

i>1

Let Q be a probability measure equivalent to P. Then its density has the form
dQ/dP = &(Lr) (we recall that £ denotes the stochastic exponential), where L has
the form (5.1), with Ly = 0. Furthermore, we have that Ky > —1 in order to ensure
that £(L1) > 0 and L is such that £(L;) is a uniformly integrable martingale.

By Girsanov’s theorem, it follows that the process V~V1ﬁ7 =W} fg Hi dsis a
Q-Wiener process, while the process N, = Ny — fot K,ds = N; — fo s)ds is
a Q-martingale (namely fot (1+ K,)ds is the Q-compensator of the pomt process

N).
Since every (S%);>1 is locally bounded, we have that Q € M if and only if S*
is a Q-local martingale and this occurs if and only if

i % + BiKy
o

for all 4 > 1. Then, by condition (5.2), it must be fo i+ BiKy)20;2dt < oo
it is easy to check that this implies that the sequence (al /B:) converges to some
real number hg. This implies that K; = ho =k, HZ = M = h’, and
that there exists a unique equivalent martlngale measure Q, provided that hg < A
(the uniform integrability of the martingale £(L;) is a consequence of the Novikov
condition).

Conversely, on the n-dimensional market, there are infinitely many equiva-
lent martingale measures. In particular, the point process N may have any in-
tensity, and, possibly, even a stochastic compensator. We can see immediately
the difference among every finite (n-dimensional) market and the large (infinite-
dimensional) market:

e every n-dimensional market is incomplete, while the large market is complete;

e in every n-dimensional market the utility maximization problem is difficult
to solve and there is not a mutual fund theorem, while in the large market
the problem becomes easy and we have a mutual fund theorem.

Let us see in greater detail the proof of the last sentence. As in Section 3, the
value X (z) of the optimal portfolio can be written in the form (U”) - (y32) with
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a suitable positive constant y. Note that

dQ

p =flr) = € > hiWi — hoNy

i>1

exp | T Y b | &[> hiWi —hoNy

i>0 j>1

Denote by Wi, the process » i>1 thj. This is a Brownian motion with respect
to the probability Q as well as the process N is a Q-compensated Poisson process
(with compensator A(1 — ho/A)t = (A — ho)t). Furthermore, both W}, and N
coincide with the values of two self-financing portfolios: more precisely, there exists
a pair of generalized strategies H' and H? such that

Wy, = /Hlds, N = /Hst. (5.3)

This is a consequence of market completeness, for more details one can consult [7].
Observe that W), and N can be interpreted as mutual funds, each composed
of a small part of each asset. In particular W}, does not depend on the systematic
risk and contain a small part of all the idiosyncratic risks, while N is based only
on the systematic risk.
X () is measurable with respect to the filtration generated by (W, N), hence
it admits a representation as

T . T
S /0 bu(@)d(Wh)s + /0 s(2)an,

This, combined with (5.3), allows us to find the optimal strategy H(z) = ¢(z)H' +
Y (r)H?. Note that H' and H? depend only on the density of the equivalent
martingale measure, while ¢(z) and ¥ (x) are the sole processes affected by the
choice of the utility function. So, we can claim a mutual fund theorem:

Theorem 5.1. For any utility function U, the optimal portfolio consists of an al-
location between the risk free asset, the mutual fund Wy, and the mutual fund N.
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